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Han-Suck Song

Abstract

This paper develops a formula for pricing a resiidoption with respect to a tenant’s so
called outside option in which two new parameteesiatroduced; the tenant’s transaction
cost of moving and moving threshold. This is theadito simulate the price given a number
of "reasonable" parameter values. We believe teapticing formula developed in this paper
provides a potentially useful way of conceptualigihe way households might actually think
at the time of deciding to buy an option. Simulatresults show, as could be expected, that
the value of an option increases with higher tratiga cost of moving, and decreases with
higher moving threshold. These findings imply hdusds to reflect over what could be a
reasonable level of its moving threshold and tratsa cost of moving. With a low moving
threshold (i.e. a liquidity constrained househeald)l/or a high transaction cost of moving, the
rental option may have a high value for this hoos&hThis value might therefore be higher
than the option value calculated the standard Wayurally, the opposite situation occurs for
a household with a high moving threshold and/avatransaction cost of moving.

Keywords: rent regulation, rent control, rent insurancetakaption, real option



1 Introduction

1.1 Background

Rent control (or rent regulation) systems existémeral housing markets worldwitle.
Typically, protection given by rent control coveesit increases related to increases in
demand caused by an increasing general attraciseriean area (Lind 1999a). Although they
have different features, a common characteristguch rent control policies is that they lack
any mechanism that will result in equality betwéas controlled long run rent levels and the
market rent levels. Both economists and landlosiglly argue that this discrepancy caused
by rent control policies create many drawbacks.ifstiance, there is a widespread agreement
that rent control systems discourage new constmictiause abandonment, retard
maintenance, reduce mobility, generate mismatold®t housing units and tenants, create
black markets, exacerbate discrimination in rehtaising, encourage the conversion of rental
to owner-occupied housing, and generally shortadithe market mechanism for housing
(Arnott 1995). But some types of rent control sgstenay give rise to more severe negative
effects than others do. For instance, Lind (206&hiifies five different types of rent
regulation systems (A-E). While two of these systéfand B) only protects sitting tenants,
the three other systems (C-E) also cover the reobmtracts with new tenants (see appendix
A for further explanation of the various types afagories). Given this classification, it is
most likely that the most severe criticism of reegulation system can be leveled against rent
systems that belong to any of the last three categjo

As a specific example, consider the Swedish ranilation system. According to Lind

(2001), the current system of rent regulation ire8&n belongs the type E, i.e. a system that
protects a sitting tenant against rents higher thammarket rent, and that also aims at keeping
rents in new contracts below the market levelngen and Englund (2003) point out that
this system has caused rent levels to be far belearing levels in most of Stockholm and
central parts of other major cities in Sweden, #iglin turn has caused negative effects like
illegal key money, a flourishing market for secdrahd contracts, rapid conversion of rental
apartment buildings into housing cooperatives, ienkbcked into sub-optimal housing
arrangements etc.

In spite of the fact that different types of renthtrol policies create more or less severe
drawbacks, it may still not be desirable to calmptigh a far-reaching reform that will result
in total absence of specific regulations concerma@rgal contracts and rent protection
mechanisms. One reason not to introduce a rent&laininat only relies on general contract
law, is that sitting tenants may have high transaatosts of moving, but also weak
bargaining power. Therefore, in order to mitigdte hegative effects of regulated rents, as
well as to avoid undesirable effects that may oddinere exist no specific rules for the rental
market at all besides general contract law, if isterest to find other ways of protecting at
least sitting tenants against major increases kebaents.

! For an updated and exhaustive overview and asabjsient regulation systems with main focus on Game
see “Swedish Economic Policy Review”, volume 10020 will treat rent control and rent regulatics a
synonyms in this article.



Furthermore, Ellingsen and Englund (2003) arguéedhaity and efficiency goals that can be
obtained through traditional rent control can b&awoted more efficiently either through
voluntary contracting or through some other cheagervention. Indeed, it is of particular
interest nowadays to discuss the implementatidmafket solutions” based on individual
and voluntary contracting when risk reducing devioe the market are both more developed
and well known, compared to the time period whem centrol policies were introduced.
Therefore, it might be of interest to consider gufatory reform that aims at finding some
kind of market solution that may serve as a sulistiior a regulatory systeﬁL

Lind (1999a) and Lind (1999b) propose the use afensophisticated lease agreements and in
particular some type of “rental option” contrastdiere tenants pay an insurance premium to
obtain a protection against high rent increasesh @&u'market based” risk mitigating
instrument can indeed be an attractive alternatiteaditional rent regulation policies. The
proposed option policy may also increase the piisgito find acceptance for letting rents in
vacant apartments be set so they reflect supphdanthnd. There also exist other arguments
in favour of market solution. For instance, withrket solutions, adaptation to individual
desires can be obtained in a better way. Furtherntioe political risk might be reduced, i.e.
the risk that the protection given by rent regolatsuddenly disappears due to a change in the
political majority. Song (2004) further developsaha rental option can be constructed. It is
the pricing of this kind of rental option that leetmain subject of this paper.

1.2 Some basic properties of the proposed rental bpn policy

The aim of the proposed rental option policy iptovide sitting tenants with protection
against sharp increases in market rent, for instaoe to increases in demand. The insurance
policy may be viewed as a call option. That isr@ant who owns this insurance has a right to
reside in the current apartment after the nextneriew paying a rent that is the lower of the
markeet rent and the so called strike price (dkestient). In other words, the owner of this
option will only exercise it if the market rent eads the strike price at the time of the rent
review (i.e. the maturity date). On the other hahd,tenant will not exercise this option, if

the market rent ends up below the strike priceseshre or she can pay the lower market rent
for the following rental period.For this right, the tenant must pay an option poam

The proposed insurance policy will comprise a thk says that the landlord is obliged to
offer the tenants a rental option. The proposeogiolicy should thus be regarded as a
substitute for rent regulation, and if as — in Sered we start from a situation with rent
regulation, it can be seen as a “trade” where ramst least partly deregulated at the same
time as the landlords are obliged to offer rentasy® The idea of only partly deregulating the
rental market is further embodied by keeping soartiqular regulations concerning rental
contracts. Above all, the rental contracts mushberiting, tenants shall possess the right of
not being evicted under ordinary circumstances,thay shall still have a right to cancel a
contract with at most three month’s notice. For@aerdetailed discussion concerning the
framework of the proposed option policy, see S@@P4). Here, | state the main points of the
proposed option policy:

2 Another way for households to reduce rent risks isnter ownership. But not all households haaigh
economic mean to enter ownership (for instance giméiquidity to meet down payment requirements, see
Atterh6g and Song, 2003). Yet another way is terloing-term lease agreements.

% We always assume that a tenant has a right to fegection of tenancy, in the sense that he eratvays has
a right to reside in the rented apartment as lanigeaor she “behaves well”.
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* When leasing to a new tenant, rents are basedemaiping market rent levels.

* The landlord is the insurer and the landlord isgsu to offer his tenants insurance
against major rent increases.

* Tenants who have not purchased any insurance cgnén@ supposed to pay rents
equal to market rents whenever rents are beingwed.

 For an insured tenant, the new rent will be seath# market rent or the strike rent,
whichever is lower.

* The landlord is obliged to offer tenants a minimamount of different alternatives of
insurance periods, e.g. 5 or 10 years.

* The maximum premium a tenant has to pay for théateption shall not exceed a
pre-specified level, for instance 5% of the peointal payments during the time
before the rent review.

» A tenant shall have a right to split up the costhef option premium at least during a
time period between the purchase of the optiondwhypically will coincide with the
time a new agreement is signed) and the time ofréimé review. In practice, the
partitioned costs of the option should be addatiegeriodic rental payments.

The insurance policy proposed in this paper shbaldnderstood as combining long-term
leases with a rental option, and that these twedyg contracts together define the length of
the insured period. The insured period simply egit@athe sum of the lengths of the two
long-term lease periods that occur before and #fterent review (assuming single rent
review insurance contracts).

To clarify this, consider following example. A teriasigns a new rental contract today at
market rent. The rental contract states that thewdl be reviewed five years from today.

Until that day, the rent will be adjusted with respto yearly changes in some index, e.g. the
consumer price indekAt the same time, he or she also buys a rent@mptith a maturity

date that is equal to the date for the next reneve Then, at the time of the rent review, the
rent will either be set to the strike rent or tharket rent, whichever is lower. The reviewed
rent will after the review again be adjusted acowdo the changes in the underlying index
for yet another five years. Thus the sitting tenaititenjoy a protection against strong rent
increases for a period of ten years.

1.3 The pricing problem considered in this paper

Several authors have dealt with the problem of lbgweg appropriate pricing models for
different kinds of commercial leases with embedaoletions. In particular, so-called upward-
only adjusting leases have received much atteatioong scholars (see for instance Baim
al. 1998; Ward and French 1997; Booth and Walsh 2020@1b; Ambroset al 2002;
Clapham 2004). But also turnover (or overage ocgr@age) leases and leases with renewal
options have been analyzed in the literature (speBaietow and Albert 1998; Hendershott
2002; Hendershott and Ward 2003; Clapham 2003eratuf these articles apply risk-

* Indeed, with an indexed rent tied to the CPI,yaarly changes in the indexed rent should be seffity
foreseeable, since price stability is a comprehlvengoal for Swedish central bank as well as forymather
central banks in developed countries.



neutral valuation approach in a continuous timarggtwhich has its origin in the seminal
papers of Black and Scholes (1973) and Merton (LBi& it is not known by the author if
there exist any articles that explicitly deals wttle problem of pricing residential lease or
rental options. One natural explanation of thishhige that there exist no residential rental
contracts with explicitly defined options like feats.

But note that there typically exist (at least inéslen) one major difference between
commercial and residential rental contracts; regiderental contracts are not time limited as
opposed to commercial leases. As long as a tebahites well”, he or she has a right to
reside in the apartment for the time being. Theeefib can be argued that residential leases
have embedded “multiple” renewal options. Buetow Aibert (1998) discuss the value of a
commercial renewal option for the special casessde has an option to renew a time-limited
commercial lease, where the strike (or renewal) iszdefined as the market rent at the time
the lease expires. Buetow and Albert argue thdt ancoption will still have a value to the
lessee, even if the option by definition will betla¢-money, or have an intrinsic value of zero
at expiration. Without modeling this value, theipslate that the value to the lessee is simply
the present value of the combined cost of relogadimd the locational goodwill, and that this
amount is the most a lessee will pay for this aptithus, we may establish that an option to
renew at market gives the owner of the option swatiee® And of course, if the strike price

of the renewal option is defined in such a way thatoption also gives the lessee an
insurance against sharp rent increases, thenptignowill be even more valuable.

Thus, while the commercial renewal option not agilyes protection against strong rent
increases (given that the strike price is not defias the market rent at the time the lease
expires), but also assures that the lessee camstiag rented unit for another lease period,
the sole object of the proposed residential reméibn is to provide insurance against strong
rent increases; there is typically no need forsademntial tenant to acquire a renewal option.
Nevertheless, option pricing formulas that aretesldo renewal options may be useful in
valuing the proposed residential rental optioncsitney share some common important
features. Therefore, some “standard” renewal oggracing formulas will be presented below
in section two.

The rental option pricing formulas presented bedoe/based on an implicit assumption that a
tenant will stay in the apartment he or she culydives in after the first rent review, no
matter if he or she owns a rental option. In othkerds, the model does not explicitly consider
the fact that a tenant may choose to exerciserhisroright to terminate a current rental
agreement. For instance, if the market rent atithe for the rent review ends up above an
uninsured tenant’s reservation price for the curagartment, this tenant may choose to
terminate the rental contract in order to move th@aper apartment. This right, henceforth
called the “outside option”, may indeed in one waynother affect the value of a rental
option. Therefore, it is of interest to see if thelusion of this outside option in a pricing
model yields different option prices compared ® ‘tstandard” case where this outside
option is not taken into account.

There may exist several ways to incorporate thiside option into a pricing model. In this
paper, | choose to model the impact of the outsf®n by introducing two parameters: a
tenant’s moving threshold (or reservation pricej Hre same tenant’s total transaction cost of
moving to another housing unit. In this paper, Itr@nsaction cost should be interpreted in a

® See also Geltner and Miller (2001, pp. 824) fdiszussion of this problem.
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broad sense; it includes both costs for new housimtbtransaction costs (see further below).
By introducing these two parameters, | try to mdued a tenant actually may think when he
or she will decide upon buying a rental option #teby the landlord rental option (the idea
behind the inclusion of these two parameters isudised in detail in section 3.2 below).

Hence, the purpose of this paper is to derive@ngimodel for a rental option in which a
tenant’s right to terminate his or her current cacitin order to move to another housing unit
is explicitly taken into account when a tenant'sving threshold and total transaction costs
enter the formula as parameters.

Since a vast majority of commercial renewal opfoicing formulas are based on standard
continuous time financial calculus, it is approfeito develop the pricing model for the
residential option in the same manner.

The rest of the paper is organized as follows. Adw section presents some basic facts
regarding the assumed stochastic process govetrengarket rent, some characteristics of
the proposed rental option, and a brief surveyaifesoption pricing formulas from the
literature on lease renewal options. In sectioa @icing model is developed where a tenant’s
moving threshold and relocation costs are incluaegdarameters in the pricing model. In
Section 4, numerical results are presented andsiisd. Finally, section 5 concludes this
study and proposes guidelines for future studielspaticy implications.



2 Rental option pricing — the standard model

2.1 The rental process assumption

In order to derive a pricing formula for the reragtion, we need to define the stochastic
process that governs the market rent. The markétmay be modeled as an exogenous
process, or may be endogenously determined threoigie type of equilibrium condition
(Clapham and Gunnelin 2003). Here, the spot remtge<R; (the value of the rent level at
timet) is assumed to follow an exogenous geometric Biawmotion (GBM), also known as
lognormal random walk, with constant expected dafex and constant volatility: Several
papers modeR; this way (e.g. Clapham 2004; Clapham 2003; Boath\Walsh 2001a and
2001b; Grenadier 1996). Thus | assume that theviiitig stochastic process describes the
evolution of the free market refit:

dR = 4R dt +oR dW (1)

whereW is a Wiener process under the objective (or realdy probability measuréThe
uncertainty in future rent level is thus represdrigdW (amplified with o), wheredWis a
normally distributed random variable with zero mean variancelt. Indeed, wherR follows
(1), the change in the logarithm Rfbetween timeé andT (whereT > t), dinR, is given by:

dinR = (g ~10”)dt +adw. @

From now on though, we always presupposettiad. In other words, we are only interested
in the case in which a tenant signs a contradterbeginning of a new rental period and
hence the value of the option at titrre O.

The logarithm oR is said to follow a generalized Wiener process @eoth and Walsh
2001b). SincalnR is normally distributed, we have that

InRTDN{In Ro+(y—%aij,aﬁ] (3)

Because IRy is normally distributedRy, i.e. the rent level at some future tifigs
lognormally distributed. The expected valueRpf E[Ry], is simply given by

E[R]1=Re". (4)

In order to clarify the basic results concerning filture rent level when it is assumed that
rents is governed by GBM, a simple numerical exangpbiven now. Assume that the market
rent level todayR, is 1000 SEK per square meter and year. Assunmieefiumiore that the
expected driffr and volatility ois 3% and 7,5% per annum respectively. We wtfir

® Grenadier (1995) model the market rent endogegpdstermined of current demand and supply.
" The increment of the standard Wiener processietoredw.



calculate a 90% confidence interval frand then the expected value Ryt both in 5 years
time (T = 5).

A 90% confidence interval fd®y is given by (see appendix B)

I.Roe(y—az 12)T-1640T ’ Roe(y—az / 2)T+l.64aﬁl (5)

Thus, there is a 90% probability that the rent lendive years time will lie between 870 and
1510. From (4), we obtain that the expected v&ll®&] equals 1160 SEK per square meter
and year.

2.2 Risk neutral valuation of the expected option gy-off

While the assumed “real-world” or actual rent pisc€l) above is governed by the objective
probability measure or tle-measure, what really matters in risk neutral viadunais the
stochastic process governed by the risk neutr&)-probability, measure (Bjork 2004). Here,
we denote the risk neutral (or the risk-adjusted}al process by

dR =aRdt+oRdV, ©)

wherea denotes the expected risk neutral drift.

Much like discount rates, finding the risk neutlaft of stochastic process can be based on
intuitive reasoning, derived by calibrating priciregults to market data, or by using a formal
model such as the CAPM (Clapham 2004). Indeed,dbmmonly applied in e.g. the real
options literature, to infer risk neutral drift frogeneral equilibrium arguments (Gunnelin and
Clapham 2003). This makes it possible to motivageuse of risk neutral pricing, even if such
an approach is traditionally motivated by arbitragguments, which is not always a realistic
assumption for real estate (Clapham 2003).

Several papers, for instance Grenadier (1995),Baontd Walsh (2001a and 2001b), and
Hendershott and Ward (2003) discuss how the riskrakdrift o can be estimated using the
continuous time CAPM. In short, the expected risktral drift can be calculated by reducing
the expected actual growth rate of rents with dgpiired risk premium on an investment in an
asset whose return has the stochastic propertients. Indeed, given the continuous time
CAPM, it holds that the risk premium can be expedsasio = Zr™ —r), wherer —r is the
market risk premiumf3is the beta of some process (with stochastic ptiggeof residential
rents) in relation to the market process, and whase‘the market price of risk”. In other
words, the expected risk neutral growth can beesged agr = 4 - Ao

In this case, the geometric Brownian motion exmesbe dynamics d® under the risk
neutral measur®:

dR =(u-A0)Rdt+oRdV.,. (7)



Henceforth, the risk neutral drift will simply bembted bya.?

When the market rent follows GBM, the rent levehdtiture timeT in a risk neutral world is
given by

R, = Rye ™ /2T 8)
and the expected value is given by
E°[R;] = Ree™ (9)

(see Bjork 2004).

The holder of a rental option has the right to et a newT year lease period at a certain
new rent levelR™" (per square meter per period) by a certain fuiare T (day of maturity).
R™" will either be set to the market rent at matury, or the strike pricek, whichever is
lower: R™"= min(K, Ry). Naturally, the tenant will only exercise theioptif it is in-the-
money, e.g. wheRr > K. The payoff function at the maturity date of theion is therefore

given by

max®, -K,0). (10)

Given theQ-dynamics ofR, the price of an rental optidf, with strike priceK, is given by
the risk neutral valuation formula

F =e"E°[max[R, —K,0)]. (11)

In other words, the value of the option, given iodalate (and given today’s rent level) is
calculated by taking the risk neutral expectatibthe payoff function (10) at date of maturity
T and then discounting the expected payoff at aimootisly compounded risk-free ratéor

T years, where is assumed to be a constant. For the particulgoffestructure considered

in this paper, a closed-form analytical pricingnholas can be derived by explicitly evaluating
this expectation (see below).

Since rents are quoted as per square meter peagdarsually paid monthly or quarterly in
advance during a several years’ lease period,diefpfunction (10) should be premultiplied
with the space of the apartment of inter&sand an appropriate annuity factéy,
respectively, in order to calculate the total opti@lue’ In this case the payoff of the option
at maturity is given by

SAmax(R, - K ,0)]. (12)

8Note that in the original Black and Scholes (193{&jon pricing formula for a European call optitime risk-
neutral drift of a stock price is simply given thetrisk-free interest rate By assuming that the risk neutral drift
is given byr, as for instance Ward and French (1997) do, tiemarameter that has to be estimated in order to
use the pricing formula is the volatility, whictearly simplifies the use of the option pricing farta

° | assume that the annuity amo@&t—K will remain constant during the nélwear lease period (or that any
changes in the difference is of negligible size).
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But since we are mainly concerned to compute antheoe prices per square metewill be
set to one henceforth.

From general option pricing theory, we know thag gnicing functior; of the option must
satisfy a fundamental pricing equation (see Blackefes 1973; Merton 1973) given by the
partial differential equation (PDE)

2
a_F+aRa_F+lo-2R26 F

=rF 13
ot R, 2 oR? (13)

subject to the boundary condition given by the fiastoucture (10) above-6ubscript

dropped here to simplify notation). Indeed, anothay of deriving the pricing formulas

below is by solving the fundamental pricing equatwbject to the boundary condition
determined by the particular payoff structure cdesed in this paper. That is, the closed-form
pricing formulas that will be presented below carderived from either risk neutral pricing

or by solving the partial differential equationdbpct to a particular boundary problem (the so
called PDE approach). These two approaches argagnt because whdnis a solution to

the boundary value problem given by the contradtrahs of a derivative (e.g. the payoff
structure (10) abovel; has a stochastic representation formula givernbyisk neutral
valuation formula (11) above. The representatidr) (& called the Feynman-Katochastic
representation formula (see Bjork 2004).

The risk neutral valuation approach may be the nmbgitively appealing method of finding a
pricing formula of a derivate, and | will use it eirever a pricing formula is derived (see
appendix C).

2.3 Review of some pricing formulas

It is possible to construct many different type®pftions. For instance, simple call options
may differ with respect to how the strike pricaletermined. Three examples of determining
the strike price:

1. Fixed strike priceK is contractually set at a fixed rate at tihve0.

2. Indexed strike priceK is set at maturity and will equal the current radjusted by the
cumulative change in some inde§ from t = O till T. Given that the index is
normalized to 1 at= 0, the strike price becomis= Ry X.

3. Strike price as a function of the market reKt:is set maturity and will equal a
percentag® of market rent at tim&. The strike price at maturity k§ = pRy.

Indeed, a discussion of these three alternativededound in real estate articles that study
the problem of valuing commercial leases with remlesptions (see e.g. Buetow and Albert
1998; Booth and Walsh 2001a and 2001b; Clapham)2003

With a fixed strike pricé, the corresponding call option pricing formulalsost identical
with the well-known Black-Scholes formula for thege at a general time< T of a European
call option on a non-dividend-paying stock. For purposes the closed-form pricing formula
for a rent option with predetermined strike pricés given by

-11-



F =e ™ A(R,e” N(d,) - KN(d,)) (14)

whereN denotes the cumulative standard normal distriloutii®, 1] for the valual. Hered;
andd, are given by

q _In(R,/K)+(a+0*/2)T
' oJT
d, = In(R,/K)+(a—0? 12T —d, - 0T

oVT

As stated above, the expected valuRatt timeT under the risk neutral measupdas
E°(R;) = Re™

and from this result an eventually more intuitivalypealing pricing formula can be obtained
by some algebraic manipulatié%:

F =e™ AE°(R;)N(d,) - KN(d,)] (15)

whered; andd; are given by

4 < INECR)/K)+(a? /2T
' oNT
g, - IN(E(R,)/K) - (g2 12)T -

VT

In the second example (with indexed strike prit®g,strike rent is uncertain when the option
contract is written (at tim8. Instead, the strike rent will depend on the atioh of the index
X from the time the option contract is written umiié time of maturityf. Assume that the

risk neutral process of this index evolves accardm

dX, = 7X,dt + o, X, dW* (16)

where (6) and (16) constitutes correlated geomBtaevnian motions and where the
correlation coefficient between the two driving \Wie processes jg Fisher (1978) has
proposed a closed-form solution for pricing calliops when the strike price is uncertain.
Buetow and Albert (1998) and Clapham (2003) haudistl the problem of pricing lease
options when the strike rent is determinedby RyXr. While Buetow and Albert use a

10 This formula is used in Hull (2003), chapter 28ample 28.1, which in fact is a real option example
considering a lease option.
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numerical method to price lease options with indesteike price, Clapham proposes an
analytical pricing formula similar to the one stedliby Fisher (1978) for pricing call option
with uncertain strike prices. The value of an irgkkwption is (at any time up to maturity)
given by (Clapham, 2003)

F, = AREITIN() - R X" T IN(d, ). (17)

q = IN(R, / Ry X,) +(a —mm+G%12)(T —t)

' G2T -t

g, - In(ROIROXt)J:(Za_—rﬂ;&Z/2)(T—t) Cd oV
62T =

G=\o*+a2 -2poo, .

For a constant exercise rent (i.e. replRg& with a constankK), ox = 0 andr = 0, the pricing
formula given by (17) reduces to the pricing forentdr a constant strike rent given by (14)
or (15).

In case 3 (strike rent is defined as a fractiomafket price), the option will always be in-the-
money, i.e. thénequality R > K will always hold sinceRr < Ry for all 0 <p < 1. Buetow
and Albert (1998) report that the value of the oalion should be priced according to

F=e™ (- p)AE[R] = (L- p)ARg@TT/2 (18)

Clapham argues correctly that the formula abowedsrrect since it erroneously contains a
variance term in the exponent. Furthermore, Clappaimits out that there is no information
regarding under which probability measure the etgiem is taken, implying that we do not
know whether the driftzis the objective (real-world) or the risk neutdaift. For our
purposes, it is the risk neutral or Q-measure ghatld be the appropriate one. Thus
according to Clapham the option should be priceiing to the formula

F =e™ (- pAEY[R] = (1= p) AR (19)

which indeed is the correct formufh.

11 Contact the author for a derivation.
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3 Rental option value with outside option

As discussed above in section 1.2, this paper atrdsveloping a pricing model for the
proposed rental option when the so called outspd®o is included in the model by
incorporating the moving threshold and total tratisa cost parameters (section 3.2 below
discusses these two parameters in more detailsiFgalicity, both parameters are assumed
to be exogenously given constants.

For tractability, the pricing formula will be dewgled in a two-period setting where the rent
for each period is supposed to be paid in advareetife rent for the first period is paid at
timet = 0, while the rent for the second period is EitdmeT,). | will also restrict the
analysis to the case when the strike pKds supposed to be known at titne 0.

Though, for convenience, | will first show how ddisdard” option pricing formula (formula
14 or 15 for fixed strike pricK) can be derived for a two-period rental model @setion

3.1). Then, a second two-period model will be depet which comprises the outside option
(see section 3.2). Below, the standard option @icaigin (i.e. at timé¢ = 0) is denotedF(s),
while F(0) denotes the option price where the outside opfidaken into consideration. As
we will see below, given the same option contraet §ame contractual terms regarding the
strike price and exercise datgp) may either be larger or smaller thafs), mainly

depending on the size of the costs that occur ineoutside option is exercised.

3.1 Standard option pricing model revisited

We have seen above that the rental option cansd®Ered to be an instrument that provides
insurance (or hedge) against high future réhEurthermore, we have above implicitly
considered a model with two rental period charéeras follows: at time= 0, a tenant

signs a new rental contract. The rent for the festal period is the market rent level given by
Ry 1. At time T;, the rent will be reviewed. The reviewed renttfue second rental period

(time T to T2) will be set to the market rent for the secondqekIR; », if the tenant has not
bought a rental option at tinte= 0. However, if the tenants has bought a rergtibo, then

the rent for the second period will either be sahe strike pric& or to the market rerR; »,
whichever is lower, i.e. the reviewed rent will ajmin(R; 2, K). In this standard model, the
tenant is supposed to stay in the same apartmiele&t) until timel, whether he or she has
acquired an option or not. Figure 1 below showssitdes outcomes for this model.

Figure 1. Possible outcomes for the standard two-period iriadehich a tenant is supposed to stay in the same
apartment in both rental periods, no matter iftédr&nt owns a rental option or not.

12 The option can also be regarded as an instruroespeculation. Indeed, a tenant may wish to katttre rent
will increase sharply until the next rent reviewspeculating tenant has an opportunity to makeoal geal, i.e.
that the realized present value of the payoff fthmoption will exceed the option premium paidtHaory, this
profit may be infinite. On the other hand, the spator’s loss is limited to the amount paid for thgion
premium, based on the payoff structure given by(Rax K, 0.
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Yes! |————— | Rentperiod 2 = min(Ry,, K).

Own a rental
option?

No!

v

Rent period 2 = Ry ».

Based on this two-period model, it can be showa fsdow) that the expected value of the
rental option will be given by the general risk tralivaluation formula (11) above. In
particular, if the dynamics of the market rentdels a GBM given by equation (6) above, a
“standard” closed-form analytical pricing formular the rental option can be derived (see
formula 14 and 15).

In order to derive an explicit option pricing fortatbased on this two-period model, consider
now a tenant who chooses to not buy an option. iBh#te tenant signs a new rental contract
at timet = 0, and the tenant’s intention is to stay indpartment until timd,. At time T;, the
rent will be reviewed. Whil&, ; is paid at timé& = 0 and therefore known when the rental
contract is writtenR; » is a random variable which is realized at timeThus, the expected
present value of rental payments for this tenagiien by

RO,l + e_rTl EQ[Rl,Z]' (20)

A tenant who wants to hedge against the rent askbuy a rental option at tinie= O, with
strike priceK and time of maturityl;. This option gives the insured tenant the rightdy a
rent for the second period that is the loweK@&ndR; ». In this case, the rent for the second
period is given by the random variable nitp¢, K) and hence, the expected present value of
total costs now becomes

F(S)+ Ry, +e ™E®[min(R,,, K)]. (21)

The maximum price a tenant is willing to pay foe thption could be derived from
indifference pricing. Thus by equating (20) witi)2nd solving foF(s), we get the
following expression for the standard option price:

F (s)=e™E®[R,, -min(R,,,K)I. (22)

SinceRy 2 — min(Ry 2, K) = maxRy2 — K, 0), F(s) can be expressed as the familiar risk neutral
valuation formula

F (s) =e ™E°[max(R,, - K,0)]. (23)

Note that formula (23) fully resembles the risk malvaluation formula (11). Thus, assuming
that the risk neutral processRfis given by the GBM

dR =aRdt+oRdV,,
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the standard option pridg(s) can be calculated using the standard optionmgitwrmula (14)
or (15) above.

3.2 Model for the option value with outside option

As mentioned above, the two-period model above doésake into account the possibility
that a tenant may use his or her right to termitta#ecurrent rental agreement, what we in this
paper call the outside option. To model the impdc¢he outside option, we may stipulate that
there exist roughly two kinds of tenants: those #ra liquidity constrained, and those that are
not. Households that are not liquidity constraiaeel supposed to not face any risk of being
forced to move due to a sharp increase in rentss Ticher households that do not speculate
only give up a possibility to make a good gairhgy do not buy an option. But liquidity
constrained and uninsured households do not omlygp potential gains, these households
also run the risk of having to move to a cheapartapent if rents reach a certain level,
henceforth called themoving thresholdurthermore, if the rent level at time of rentieav
exceeds the moving threshold such that the unidgerents must move, the household will
also facdransactions costdue to the move. This means that liquidity comseéd households
may be extra eager to acquire a rental option,aéalbeif the moving threshold is low and the
tenant’s transaction costs are high.

Hence, | will below develop a pricing formula fdret rental option when the effect of the
outside option is taken into account by introduding new parameters; the moving threshold
parameter denoteBl and the transaction costs parameter, dendtdebr simplicity, | assume
that a tenant has a right to terminate the remtairact at the time of the rent revieW, i.e.
when the tenant has knowledge about the size akthtefor the second rental peridi,».

The definition of the moving threshoRlis straightforward; If the market rent for the sed
period ends up below an uninsured and liquidityst@ined tenant’s moving threshold, i.e. if
Ry 2< B, he or she will stay in the apartment in the sda@mtal period for sure. On the other
hand, ifR; ,> B at the time of the rent review, this tenant withve to another housing unit
due to affordability problems. Therefore the tenaifitface a transaction cost of sike The
definition of the transaction cost parameter i thiodel is much more subtle and
complicated than the definition of the moving thnalsl. In shortM represents all costs that a
tenant that moves will have to pay for the secamdal period. In other words, the sizehbf

is the sum of the rent for the new apartment, tioe¢angible transaction costs and indirect or
intangible transaction costs (see separate dismubglow). In the analysis below, bdhand

M are for tractability assumed to be exogenouslggiparameters, known at tirhe 0.

Figure 2 below depicts the possible outcomes fisrttho-period model.
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Figure 2. Possible outcomes for the two-period model wheraransured will exercise his or her outside option
if the market rent level exceeds the tenants mothingshold at the time of the rent review.

No problem!
Rent period 2 = min(Ry 2, K).

/ Tenant stays in apartment.
Yes!

Own arental R, <B:
option? Rent period 2 = R ».
Tenant stays in apartment.

No!

Ry, 2B:
Tenant moves!
Transaction cost period 2 = M.

The components of the transaction cost parameter

It is a difficult task to define the transactiorstm such a way that its numerical value can be
interpreted in a intuitive way in the model. Usyahansaction cost refers to costs that can be
related to a move, e.g. search costs, direct cbst®ving, new social investments and a
multiple of other factors (see e.g. Lind 1994)otder to simplify the modeM will here be
defined as the sum of the quality adjusted costiiethe new housing unit plus the

“ordinary” transaction costs. Furthermore, thisitatansaction cos¥l is supposed to be
evenly distributed during the second rental periduds allows us to compare for instance the
rent for the second period for the current apartmeéth the total transaction costs in a
straightforward way in case the tenant moves.

In his analysis of default options embedded in @etage retail leases, Sing (2003) argues
that relocation costs for a retail tenant may ideltangible items like costs related to
reinstating the existing store, fitting-up the n&tare, search cost, mover costs and
commission fee, as well as intangible items lik&slof goodwill associated with the existing
store location and disruption of business. Forpingose of modeling the default option, Sing
(2003) assumes that the relocation cost is a oneftimp sum fixed expense, incurring at the
time the default option is exercised.

The same types of costs arise for a householddlatates. The tangible costs are roughly
the same as for the retail lease. For the househelthtangible items concern various types
of utility losses that occur during the (initiagnod after the move, e.g. because it takes time
to find new friends and learn about the charadiesi®f the local neighborhood (best shops,
best parks etc).

These transactions costs, especially the intangisés, can be expected to differ much
between different types of households. The cosbeavery low for a young person with
minimal stuff to move and a social network not rethto the local neighborhood. For a
family with children that goes to a local day-caeater or a local school, and a strong local
network, the cost can be much higher. Measuringeskimd of average cost is therefore
rather meaningless and all figures presented bslawld be seen as examples - and the
prices for the option the price that a family wiitis transaction costs would be willing to pay.
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The model

Now consider the pricing of a rental option wheterant faces a moving threshold. As in the
first model, the tenant signs a new rental contdimet = 0, and the tenant’s intention is to
stay in the apartment until timie. At time T,, the rent will be reviewed.

Again, the tenant chooses between two main stedgefguy or not buy an option with strike
priceK < B. If the tenant buys an option at timhe 0, he or she will for sure stay in the same
apartment until timd,. That is, ifR; 2 ends up abovk, the insured tenant will exercise his or
her option. But now, the situation becomes a Iiittenore complicated if the tenant chooses
to not buy an option, compared with model onehéf inarket rent for the second period at
time of the rent reviewR; > ends up below the moving thresh@&dthen the tenant will stay in
the apartment until tim&, for sure. But ifR; , ends up above the moving threshold, the tenant
will move at timeT,, and as a consequence, the tenant will face aacsion cost of siz®l

(which as explained above, also includes the @yghie new housing unit).

How will this affect the size of the option premiwmiquidity constrained tenant may want to
pay at time = 0? IfM is high, then the tenant may be willing to payeatra option premium
in addition to the standard option prigés). But if the tenant expects thiat , ends up above
his or her transaction colt, the tenant may be willing to pay an amount tedtalow the
standard option pricE(s). Thus, the option valug(o) may either be greater or lower than
F(s), depending on the relationship betwd&&and some expected valueRif; (we will

below derive this result).

Consider first the strategy when the tenant doedup an option. Then the expected present
value of costs for the two periods is given by

1 1
R, +€™E°[R, (R, <B)+M (R,, 2 B)] (24)

wherel(R; » < B) is the indicator function assigning 1 to the cBse< B and 0 otherwise.
Similarly, 1(R; 2> B) is the indicator function assigning 1 to the cRse>B and 0
otherwise'® In other words, if the market rent for the secoswtal periodR; », is below the
moving threshold at the time of the rent review, the tenant wilysin the apartment he or
she currently lives in. But iRy » exceed® at the time of the rent review, the tenant will
move, paying a transaction cost of siéwhich also includes the cost for the new housing
unit, see above’

As mentioned above, |€(0) denote the price a tenant who considers the @&@valmoving
threshold in the pricing of the option is willing pay. Again, assume that the tenant at time
t = 0 buys a rental option with strike prikeand maturity dat&i, which implies that the rent
for the second period is given by the random véiatin(R; ,, K). A tenant who buys an
option will face the expected present value of €gsten by

F (0) + Ry, +€ " E®[MIn(R,,, K)]. (25)

13 More formally, the indicator function of a subgetf a set B is the function with domain B, whosgue is 1
at each point in A and 0 at each point that is iouBnot in A. } is a random variable whose expected value is
equal to the probability of A.

“Naturally, we must assume that M > B, otherwisetémant will move at any time.
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Equating (24) and (25) and solving fefo) yields

1 1
F (0)=e™E®[R,, (R, <B)*M (R, 2 B)-min(R,,, K)]. (26)

Again, note that miig; o, K) = Ry 2— maxRy 2 — K, 0). Therefore (26) can be expressed as

1 1
F (0)=e™E?[R,, (R, <B)+M (R, 2B)-R,, +max(R,, - K,0)].

We can now observe that the last term on the hight side is nothing else but the payoff
function of the rental option at tinlg, and therefore its expected present value is gen
standard option pricé(s). Now define the extra premium a liquidity constesd household
may be willing to pay as

n=F(0)-F(s). (27)

Notice also thaR; ;1(R;, < B) = Ry 2 = — Ry 21(Ry, > B). Hence we may write

1
m=eME°[(M -R,,) (R, = B)]. (28)

By definition, the expectation of a random variakleestricted to the eve, i.e. E[X14], is
given byE[X1,] = E[X | AJP(A).*® Applying this definition on (28), we may now stale
following result.

Proposition 1:

Given the two-period model above, the extra opgicemium a household may be willing to
pay for a rental option, when a known constant mgvthreshold B and a constant
transaction cost M are take into considerationgigen by

m=F(0)~F(s)=e™(M -E°[R,|R,, 2 B)Q(R,, = B). (29)

Because " > 0 and QR.»> B) > 0, we find that the sign dfis defined by the difference
M - EQ[R1,2| R; 2> B). We also see that the total price of the renpéibo with strike price,
moving threshold and transaction coM, is simply

F (0)=F(s)+mm. (30)

There is a natural economic interpretation of tirenula (29): the expected present value of
the premiunvrequals the present value of the difference betwleetransaction cost of
moving and the expected market rent for the sepenidd,giventhatR; » exceeds the
moving threshold at time of renewal, multiplied kvthe probability thaR; » > B.

This result tells us that the sizeF(o) is the result of two offsetting effects. Consiétar
instance an increase of the daft This will result in a higher expected valueRaf; (see
formula (4) above). Then first, with a higher exjgecvalue oR; ,, the expected payoff of the

!5 Note that if the expectation is taken under tkk rieutral measure Q,M)(is exchanged with @\).
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standard optiorR; 2 — K,*® will increase, sd(s) should increase as well. Second, a higher
expected value d®; », givenM, decreases the value of the extra premium acaptdin
formula (29).

To illustrate the discussion above, consider folfmrmwo cases. First, if the outcome at the
time of the rent review is given by > R, , > B > K, then the correspondirigtal payoff of
owning a rental option is given bR, — K ) + (M - Ry 2 =M - K. That is, an insured tenant
will pay K for the second period, instead of moving and panBecauséV > R; ,, the total
payoff in this case is larger than the payoff gibgrthe standard payofR( > — K),

i.e. M —K) > (Ri2— K). In this case, a tenant “would” have been willtogpay an extra
premium zfor the rental option.

On the other hand, the extra premiawill be negative ifM is expected to end up beldvy,,
implying thatF(o) < F(s). Consider the outconf& >>M >B > K. The total payoff =
(Ri2—K)-(Ri2—M)=(M-K), but nowM < R; ». Hence the he total payoff in this case is
less than the standard payd® ¢ > K), i.e. M — K) < (Ry2— K). In this case, a tenant
“would” not have been willing to pay an extra premiszfor the rental option.

The extra premium will be zero@(Ry 2> B) = 0, or if the expected differendé— Ry > will
equal zero (given th&; > B). We can rule out the case ti(R; »> B) = 0, since this will
only happen if the moving threshold tends to irtfinivhich for most households is very
unlikely. Thus the premium will become zero onlyvé expectM to be equal t&; ». In this
case the tenant will be indifferent between stayinthe current apartment or moving to
another housing unit. Therefore, the total payqgtfads the payoff given by the “standard”
option contract, i.e Ry 2 — K ), implying thatF(o) andF(s) will be of equal size.

Note that the rental option will not be exerciskethe market rent for the second period ends
up below the strike prick, implying that the option will be worthless. Alsote that when
Ry 2is only slightly abové, a tenant’siet profit (payoff from option minus option premium
paid) may be negative (see numerical simulatiotsnije

3.2 Explicit pricing formula for the extra option premium

The pricing formula (29) is general in the sensd this valid under different assumptions of
the stochastic rental process governing the earludf the free market reR. If we are only
concerned about finding the size of the extra puvemyi; we do not need to assume that the
risk neutral rental process is given by GBM. Bubider to compare the levels lgfo) and

F(s) with each other, it is necessary thé&) andF(s) are derived using the same assumption
about the stochastic rental process.

Since the pricing formula fd¥(s) above is based on the assumption Baébllows a

stochastic differential equation given by the GBM &bove, it is natural to continue to model
the evolution of rents using this stochastic déferal equation. Given this assumption for the
rental process, we now obtain the explicit pridiagnula for the extra premium assuming
thatM is a known constant (and including the annuitydaB):

'8 To simplify notation, | denote the payoff wilty , — K, instead of max, ,—K, 0), thus assuming that
Ri,> K.
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m=emAMN(z,) - Re"N(z,)) (31)

where

_In(R,/B)+(a+0” /2T
“ o T

_In(Ry/B)+(a-0?I2)T __
z,= T =z -04T.

and where N is the cumulative distribution functionthe N[O, 1] distribution.

Attimet = 0,Ry is equal tdRy 1 in the two-period model above. As usual, if reqp@yments
of equal size are evenly distributed during theosdaental period, it is appropriate to use the
annuity factor A (see also section 4 below).

We can observe that the premium is equivalentlém@ position in a binary (or digital) cash-
or-nothing call with cash payolM and a short position in a binary asset-or-notleizlg

Hence, we can compute the value of the premiunngoye(31) as the difference between the
value of a cash-or-nothing call and a asset-oringtball (see appendix C for an explicit
derivation of the formula for the extra premium).

The total price of the rental optioR(0), is given by

F(o)=F(s)+n (32)
whereF(s) andsrare given by (15) and (31) respectively.
It might be interesting to see when the option puvemvzwill be zero. That is, for which

M* = M, the standard option pri¢gs) will equalF(0). By setting (31) equal to zero and
solving forM, we obtain that

* — aT N(Z:L)
M* =Re —N(zz)' (33)

For all M >M*, F(o) will exceedF(s), and vice vers¥.

3.2 Special case wheB =K

From general option theory, it is well-known thiag fprice of a European call option becomes
more valuable as the strike price decreases, lphallrother variables affecting the call option
price fixed, and vice versa. Thus there exist deoff between paying a low option premium

71t can be shown that ratio of the two distributfanctions,N(z,) overN(z,), will always exceed one. This was
pointed out to me by Fredrik Armerin.
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now and enjoying low rents in the future. We careqiect that a tenant will have a
possibility to choose an arbitrary strike pricettivél fit his or her moving threshold exactly,
but for the sake of the analysis, suppose nowthigaioving threshold and the strike price in
fact coincides. This means that a tenant will freylowest possible premium for obtaining a
rental option with the highest possible strike @rigiven the size of the moving threshBld

If the strike price exceeds the moving threshdid,tenant will naturally avoid buying an
option.

Consider again the strategy when a tenant choosest buy an option. Then the expected
present value of costs is given by (24) above, i.e.

1 1
IQO,I +e_rT1EQ[RL2 (Rl,Z < B) + M (Rl,Z 2 B)]

Now, observe that the expression within the expiectaan be rewritten as

min(R,,,B)+(M -B) (R, = B). (34)

implying that the expected present value of costslie expressed as

1
Ry, +e {E[min(R,,, B)] + E?[(M - B) (R,, = B)]}. (35)

A tenant who buys an option at time 0 will face the expected present value of cgistsn
by formula (25) above. But since we now considsirike priceK that equals the moving
thresholdB, (25) becomes

F (0) + Ry, +€ ME®[min(R,,, B)]. (36)

Therefore, by equating (35) with (36) we obtairt tifie price of the optiork(o) when
B =K is determined by the formula

1
F(0)=e™E°[(M -B) (R,, 2B)]=e ™ (M -B)Q(R,, = B) (37)

where bothM andB can be left outside the expectation since theyaasemed to be known at
timet = 0. Recall that the expected value of the indichinction above equals the risk
neutral probability that that the market rent foe second period ends up above the moving
threshold Q(R; > > B). As mentioned above, in order to evaluate thabability, we can
assume that the evolution of the market rent fall@mother process than the GBM given by
(2) above. But in order to compéféo) with the pricing formula foF(s), given by (15)

above, we must assume that rents follow GBM spetifiy (1). In this cas€(R; > B) is
given byN(z) (see appendix C). Thus, whEn= B, and including the annuity factés the
closed-form pricing formula foE(0) whenK =B is given by?®

F(0) =e ™AM - B)N(z,) (38)

18 Note that we can directly obtain (38) by summing tormula for=(s), given by (15), with the formula for
given by (29). To get the desired result, justaepK with B in (15) (and set the factoBandA to one).
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wherez; is (as usual) given by

 _INR,/B)*(@-0’ 12T
? oNT '

Of course, (38) will yield the same result as (8BenK = B.

Above, we argued that the transaction ddstouldn’t be lower than the moving thresh&ld
otherwise the tenant will always move. In form88), we see directly thél must be greater
thanB in order to obtain a positive option value, sif{g,) cannot be less than zero. Indeed,
whenM =B, then the option value will have an intrinsic \akf zero.
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4 Numerical results and sensitivity analysis

This chapter looks at the input parameters (faptbi affect the value of the rental option
according to the pricing models discussed abovesdlparameters are the current rent or rent
for the first periodry 3, strike rent, time to maturity/rent review;, length of lease peridd
risk-free interest rate Annuity factorA, risk neutral drift rater, market rental volatilityo,
moving threshold, and finally transaction coM.

A short discussion of each of the parameters thigire the pricing formulas fé(s) andF(0)
is presented in section 4.1. In section 4.2, tkalte the simulation of the standard option
price F(s) are presented. Section 4.3 presents how theroptioeF(0) changes with different
assumptions a8 andM

All numerical figures and calculations are in regms. All monetary figures are in SEK per
square metre and year.

4.1 Assumption of the parameters affecting optionnices

We again consider a two-period model as we dichapter three; at time= 0, a tenant both
starts to rent a housing unit, and buys a renttdbopo obtain a hedge against high rental
payments for the second lease period. The renislémethe two periods are given By ; and
min(Ry 2, K) respectively. The rent will be reviewed at timeL years front = 0.

Time to maturity/rent review and length of lease peod

The maturity date of the optiom,, will naturally coincide with the date for the temview.

The value of the option is supposed to increadeiasreases. One obvious reason is that as
increases, so does also the insured second psiog, the length of each of the two lease
periods are assumed to be equal. Furthermore rdfoalipility for the future rent level to
exceed the strike rent is an increasing functiotneftime to maturity. Here, we consider the
lease length of both periods, to be five years. Since the tenant is supposédydhe option
at timet = 0, T, will be equal td_.

A large expected positive yearly paydf ; — K ) during the second lease period may result
in a high option value because the effect of thteoapwill last forL = 5 years. Therefore, it
may be necessary to spread out the cost of therogtinatural alternative is to spread out the
cost of the option over the first lease periodrmuding the part-payments in the ordinary
rental payments. For instance, when the leaseHasdive years, the cost of the option will

be divided into five payments (assuming rents aid pnnually in advance as we do in this
paper). Since the calculated option pridgs) andF(0), are present values, the landlord
should be compensated for the time value of mofeyachieve this, the sizes of the future
yearly option payments during the first period sireply compounded using the real interest
rater. The average option payments per year are deifigigd) andFa,y0) respectively.

The following simple example clarifies the discoessabove. A tenant signs a new rental
contract today (at time= 0) for a 70 square metre apartment. The rentm@aunts to

Ro.1 = 1000 SEK per square metre and year for theffirstyears, shall be paid annually in
advance. The rent will be reviewed after five ydarsanother five-year period. The tenant
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also buys a rental option with a maturity date tiettrally equals the date of the rent review
(i.e. five years front = 0). Assume furthermore that the price of thdakwoptionF(s) is set to
140 SEK per square meter. This implies that the taist of the option amounts to 9800 SEK
(140x70). Consequently, the total size of the faatt-payment will amount to 1960 SEK
(9800/5), or 28 SEK per square metre (140/5). phis-payment will be paid with the first
rental payment in the beginning of year 1. The sdquart-payment will come about with the
second rental payment and so on. To compensaterttiiord for the time value of money,
the size of the second part-payment will equal 28(}, or 28EXP() with continuous
compounding, and so on, wheres the interest rate. The average size of thegmments,
Fav((S) or Fau0), is simply the arithmetic mean of the five paatyments. For instance, with

r = 3%, FayS) will equal 29,8 SEK per square metre, assumimgicaous compounding.
Consequently, the ratio of the average size op#repayments over the annual rental
paymentFa.(s)/ Ry, is in this example 3.0%.

Current rent

The value of the option increases as the curreniRg increases (given that the exercise
priceK is held constant). The reason is simply becauséitfher the current rent is, the
higher is the probability that the rental optionlwe exercised, i.e. th&; , > K.
Furthermore, the probability that the payoff nfRRxy(— K, 0) will be larger will also increase
with higherRy 1 (given that the exercise price is held constant).

Here, the rent for the first perioBy 1, is set to 1000 SEK per square meter and yearmass
to be paid annually in advance. It is assumedth®atent is adjusted annually according to
the change in the consumer price index (CPI) metdt rent review. | assume that rents are
100% CPI adjusted. Since all quantities are expressreal terms, this implies that the rent
during each of the two lease periods will stay tamsin real terms. This also implies that we
can use an annuity factdrto discount the eventually yearly payoffs of timion during the
second lease period to tirig (see below).

Strike price

At timet = 0, a tenant has the opportunity to buy a rempéibn with strike pric& for the
second rental period. Using same reasoning as atvevean establish that the option
becomes less valuable as the strike prices insease

Naturally, there must be some rules regardingespifice alternatives. Firstly, we cannot
expect a system where tenants have a possibiltiidose any level of the strike rent.
Secondly, landlords must offer options with strgteces that can be considered to be within a
reasonable range. Thus, there is a need for mdes®standardized options. One alternative
is to establish that landlords must offer opticeratives with at least three different strike
prices. For instance, the three different strikeg®ffered can be calculated as the current
rent grossed up with 2%, 2.5% or 3% annual reaitiro

Here, following three different strike rent will lised: 1100, 1150, and 1200. Table 1 below
presents the different strike price alternatives e corresponding yearly real growth rates.
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Table 1. Relationship between strike prikeand annual real growth rate in rents, when cumemttis 1000.

Strike prices and corresponding annual real groatigs in rents.

K Annual real growth rate
1100 1.9%
1150 2.8%
1200 3.6%

Risk-free interest rate

The effect of an increase in the real interest oatéhe option value may be difficult to infer.
An increase in the risk-free real interest ratec# the option value negatively through the
discount factor in the pricing formula, all othacfors remained fixed. But from an
macroeconomic point of view, an increase in théirgarest rate may reflect some kind of
boom or expected boom, and thus, higher expecteatigrate in rents, which will have a
positive effect on the option price. Here, the resd-free interest rate is assumed to be 3%
throughout all numerical calculations below.

Annuity factor

The annuity factoA is used to calculate the value of the yearly pyRf, — K that occurs
during the second lease period to timeSince it is supposed that rents are paid annirally
advance, the annuity factor is calculated as

Risk neutral drift rate

A higher expected actual real world growth rater drift, in rents will obviously increase the
expected rental growth. When risk neutral valuatsoapplied, what matters is the risk neutral
drift a. As mentioned in section 2 above, the expectddnesitral growth rate in rents can be
calculated by reducing the expected actual realroate to the risk neutral expected growth
rate by incorporating a risk premium of sizeg, whereA is the so called market price of risk.

It is outside the scope of this paper to calcutferent values otr based on the continuous
time CAPMZ° Instead, following Clapham (2004), | just supptis the expected risk
neutral drift will range from some more or lessitigry minimum value to a maximum value,
though not greater than the real interest raldevertheless, the higher expected the risk
neutral drift, the greater is the expected optialug. Here, given that the real interest rate is
3%, | leta range from 0% to 2%.

Another expression of the risk neutral drift is theal) risk-free interest rate minus the yield;
r —d, where the yieldl can be interpreted as the initial yield of fortamee a multi-family

19 See Hendershott and Ward (2003) for some exaroplé®w risk neutral drift can be calculated usirR®1.
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property. Note that the risk neutral drift may egative as well (see Clapham 2004) and this
might occur if the initial yieldl exceeds.

Market rental volatility

The more volatile market rents, denoteddyyhe higher the chance for the option to have a
high value. Note that an owner of a rental opt®nat interested in the probability of the rent
to decrease as much as he or she is interesthd prabability of the rent level to rise, since
the downside risk is limited to the option premipaid, while the potential gains from higher
rents are unlimited (at least in theory).

Since | do not have access to any data on vojatifitesidential rents (given a non-regulated
environment), | use estimates of volatility for coercial rents and of IPD return figures as a
proxy for volatility o. For instance, based on a data set consistingrofrral office rents from
1981 to 2003 at prime locations in the three m&jeedish metropolises, Badur and
Edwardsson (2004) find that the annual rental udlais about 11.7%. Even if it is difficult

to establish whether the volatility for residentiahts in Sweden will be below or above this
figure, it is likely that residential rents will bess volatile than market rents for offices at
prime locations.

Furthermore, based on IPD annual rental data sstthe period 1976 to 1997, Booth and
Walsh (2001b) estimate the volatility to be jusep®1%. Here, | will use three volatility
values: 7.5%, 10% and 15%.

Transaction cost and moving threshold

The transaction cost and moving threshold parasetser the pricing formula for the rental
option, F(o0), which considers the so called “outside optigkécording to the two-period
model developed in section 3.2 above, an uninsiemraht will at timeT; either choose to
stay in the current apartment and pay a rent efRiz or choose to move to another
apartment, depending on whetlir, ends up below the moving threshold or not. In ¢hee
tenant chooses to move, a transaction cost ohiedl arise.

As mentioned above, the transaction cost paransesempposed to include both the rent for
the alternative housing unit (with lease peri9gds well as other direct and indirect costs
related to a move (see discussion in section 2e)bHere, three different levels of the
transaction cost will be applied: 1200, 1300, aAd0L(SEK per square meter and year). As
usual, the costs are supposed to be paid annoaigviance during the second lease pefiod.
Naturally, the option pric&(0) increases alsl increases.

It is as argued above that there might exist laifferences in transaction costs between
different households group. In order to get sonedirig for what are interesting magnitudes it
might therefore be more interesting to focus ontveéhehange iM implies for a change in
direct and indirect transactions cost. If we aking at a household that rents a 70 square
metre apartment, an increaseMrwith 100 SEK (for instance from 1200 to 1300) neauer

a 5-year period roughly an increase in transactoss of 100x70x5= 35 000 SEK.

% This assumption simplifies the calculations. Nallyy transaction costs, especially direct movingts arise at
the time of a move. Other components of the traiwacost may decline over the years.
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To simplify the presentation below, | will conceattr on cases for which the moving
thresholdB equals the strike rent (i.B.= K, see table 1 above). Recall that this will result
the lowest possible option premium. Table 2 belammarizes the discussion above.

Table 2.Key input parameter values.

Key input parameters Parameter values

Lease period, L 5 years

Time to maturity, T, 5 years

Initial/current rent, Ry 1 1000 (SEK per square meter and year)

Strike rent, K 1100, 1150 and 1200 (SEK per square meter and year)
Interest rate, r 3%

Drift rate (risk neutral), @ 0%, 1% and 2%

Volatility, o 7.5%, 10% and 15%
Moving threshold, B B = K (SEK per square meter and year)
Transaction cost, M 1200, 1300 and 1400 (SEK per square meter and year).

4.2 Simulation of the standard option priceF(Ss).

Table 3 below presents our numerical results ostimulation of the standard option price
F(s), given by formula (14) or (15) above, for diffaterift and volatility environments and
various strike price assumptions. This table shihvesaverage yearly payments of the
standard option premium in relation to the sizéhefyearly rental payments during the first
rental period, given by the ratiyS)/Ro,1.

Table 3. Average yearly part-payments of option premiunnelation to yearly rental payments during the first
rental periodf..¢(s)/Ro1. The length of the two lease periods equals tioneaturity;L = T, = 5 years. The rent
for the first lease period iBy; = 1000. Strike rent i&. Real risk-free interest is= 3%. Spot rent follows a
geometric Brownian motion with constant risk neudidft a and volatility o.

K Fad(S)/Ro1 (Average per year)
o=7.5% o=10% o=15%
Panel A: a=0%
1100 2.7% 4.5% 8.2%
1150 1.7% 3.3% 6.9%
1200 1.1% 2.5% 5.8%

Panel B: a=1%

1100 4.3% 6.3% 10.4%
1150 3.0% 4.9% 8.8%
1200 2.0% 3.7% 7.5%

Panel C: a=2%

1100 6.6% 8,7% 12.9%
1150 4.7% 6.9% 11.1%
1200 3.3% 5.4% 9.5%

As expected, we can see that the ratig(s)/ Ro,1 increases with higher values of the
expected risk neutral dritr and higher values of the volatility, but decreases with higher
strike priceK. Note that the share of the average yearly ogtisurance) premiums in
relation to yearly rental payments seem to be afwaable size (say less than 5% or 6% of
rental payments), as long asloes not exceed 1% amtoes not exceed 10%. For larger
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values ofa or g, the ratioFa.(S)/Ry 1 probably becomes too large to be an attractive
alternative for a majority of the tenants.

4.3 Simulation of option price including the outsi@ option, F(0)

The analysis in chapter three shows that therebreagome theoretical justification for the
idea that the existence of an outside option migctathe price of a rental option. In order to
perform simulations of the rental option prie@), that is, the option price that includes the
effect of the outside option, formula (32) will Bpplied. This pricing formula contains the
moving threshold parametBy and the transaction cost paramédter

In order to keep the analysis as simple as possibnsider the special case when the
moving threshold equals the strike relt<B). As explained above, this implies that the
option price will be lowest possible with respexKt(recall that a tenant will not sign an
option contract iK > B).

Base results
Table 4 below presents the numerical results fmase case scenarid € B = 1150;
a = 1%) under different volatility assumptions ankere the transaction cdgtvaries from
1200 to 1400. For comparison, | also present aecoptjon expenses based on the
calculations of-(s) in table 3 above (within parenthesis). The sizby i.e. the size of the
transaction cost that will make the standard oppidce F(s) to equalF(0), is also presented
(see formula 33 above). Appendix D presents seitgifinalysis for other strike price
alternatives and other drift assumptions{0% anda = 2%).

Table 4. Average yearly part-payments of option premiunneiation to yearly rental payments during the first
rental period;Fa.(0) / Ry1 andF,.((s)/Ry 1 respectively (latter within parenthesis). The kngf the two lease
periods equals time to maturity;= T, = 5 years. The rent for the first lease perioRjis= 1000. Strike rerk =

B = 1150. Real risk-free interestriss 3%. Spot rent follows a geometric Brownian motwith risk neutral drift

a = 1% and volatilityo. WhenM = M*, F(s) = F(0), i.e. the premiumg = 0.

K=B M ~ Fag0)/Ry1 (Average per year)
Within parenthesist,,(s)/Ro,1 from table 2 above

a=1% g=7.5% 0=10% o=15%
(3.0%) (4.9%) (8.8%)
1150 1200 1.2% 1.3% 1.4%
1150 1300 3.5% 3.9% 4.3%
1150 1400 5.8% 6.6% 7.1%
M* = 1280 M* = 1340 M* = 1460

The numerical results show that theMagncreasesk-(0) also increases, which is quite
intuitive. What may be less clear-cut is the relaship betweef(s) andF(0). For instance,
consider the case when the volatility is 7.5%. Tagmlready shown above in table 3, the
ratio Fav((S)/Ro1 amounts to 3.0%. Furthermore, when a househataiséaction cost
amounts tavi* = 1280, ther(s) andF(o) will be equal (i.eFav(s)/Ro 1 = Fawf0)/Ro,1)). For
all other values oM, the extra premiunr= F(0) — F(s) will either be positive (when

M > 1280), or negative (wheévi < 1280). Thus the implementation of the outsideoopby
introducing the moving threshold parame®y énd the transaction cost paramebdy in the
option pricing model (compare figure 1 and 2) réseather interesting price effects; given
that the moving threshold equals the strike prige K), the option price determined the
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“standard way”F(s), may either be lower or higher than the optiaonethat takes into
account the outside optid¥(0), depending on the size of a household’s tramsacibst.

In other words, the numerical results suggestithmmay be important for a household to take
into consideration the size of the household’s mgvhreshold and transaction cost in order
to form an opinion of what a reasonable optiongr@ght be. In particular, if rental option
prices are determined the “standard way” by thar@s(i.e. the landlord), then the standard
option priceF(s) may either be lower or higher than a househaldlingness to pay for the
optionF(0), depending on the household’s estimation of ine af its moving threshold and
transaction cost.

It is not likely that a household will have the opipinity to choose a strike rekitthat will
perfectly fit the household’s moving thresh@dinstead it is more likely that there will be
some standard alternatives offered. For instarmgsider the case in which a household’'s
moving threshold amounts to 1150, but that only sivike price alternatives are available:

K =1100 anK = 1200. Since the higher strike price alternatsveot an interesting alterative
(a household will not buy an insurance whiére B), the only available option alternative is
the one with strike price 1100. This means thabibtéon price will be higher, holding all
other factors constant, since the option priceciases with lower strike prices. As mentioned
above, the minimum option price will be obtainedenK = B.

Table 5 below differs from table 4 above in onlyeamay: the strike price is now 1100 SEK
per square foot and year and not 1150. First, ps@&d when the strike price becomes lower,
we can see that the standard option price incrdasassual presented as the ratio
Fa((S)/Ro,1; see values within parenthesis). For instancelevthe price ratid-ayyS) / Ro,1
amounts to 3.0% whef = 1150 ando = 7.5%, the price ratio is now 4.3% due to a lower
strike price. Consequentlf#(o) and therefore each value of the price r&tig(o) /Ro,1in

table 5 is higher than each of the correspondihgegain table 4. To conclude, we may say
that it might be important for a landlord to of'eminimum number of different standard
strike price alternatives with, say at most 100 Sfe#veen each alternative.

Table 5. Average yearly part-payments of option premiunnelation to yearly rental payments during the first
rental period;Fa.(0) / Ry1 andF,.((s)/Ry 1 respectively (latter within parenthesis). The kngf the two lease
periods equals time to maturity;= T, = 5 years. The rent for the first lease perioRjis= 1000. Strike rerk =
1100. Moving threshold = 1150. Real risk-free interest iss 3%. Spot rent follows a geometric Brownian
motion with risk neutral drifor = 1% and volatilityo:

Fag(0)/Ro.1 (Average per year)

K(B) M Within parenthesist,,((s)/Ro,1 from table 2 above
a=1% o=7.5% o=10% g=15%
(4.3%) (6.3%) (10.4%)
1100 (1150) 1200 2.5% 2.8% 3.0%
1100 (1150) 1300 4.8% 5.4% 5.8%
1100 (1150) 1400 7.1% 8.0% 8.7%
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5 Conclusionand policy and research implications

While there exist a number of studies on the vadunabtf commercial lease options, only a

few articles have discussed residential rentabogtimainly because there exist no real world
applications with option contracts on the residdrgector. The few articles written on
residential options have not focused on valuati@biems, but on how different types of
voluntary lease agreements with option like featwan be used as attractive alternatives to
traditional rent regulation policies. Indeed, teatal option policy discussed in this paper is
supposed to be a “market based” risk mitigatindyimsent that gives a protection similar to
rent regulation, in a sense that it provides gjitand insured tenants with protection against
sharp increases in market rent.

One of the most interesting and important questiorsfudy when discussing new rent
insurance instruments like the rent option studiiek, is whether the insurance can be sold to
households at a reasonable price. Based on filateriaatives methods, which has been
commonly applied in the commercial lease optiomatbn literature the last ten years, this
paper shows that it is possible to obtain pricesemtal options that seem to reasonable.

This paper proposes a formula for pricing a regidenption with respect to a tenant’s so
called outside option. We believe that the papevides a potentially useful way of
conceptualizing the way households might actudiliykt at the time of deciding to buy an
option. As could be expected, the proposed optanation model predicts that the value of
an option increases with higher transaction cosha¥ing, and decreases with higher moving
threshold. These findings imply households to ctftever what could be a reasonable level of
its moving threshold and transaction cost of movinth a low moving threshold (i.e. a
liquidity constrained household) and/or a high s&tion cost of moving, the rental option
may have a high value for this household. Thiseahight therefore be higher than the
option value calculated the standard way. Natur#llg opposite situation occurs for a
household with a high moving threshold and/or a f@msaction cost of moving.

If rent regulation is replaced with a system where mandatory for the landlord to offer a
rental option, and where a ceiling of say 4% isodticed for the price for the option, the
calculation above can also be used to find “redslefiderms for the option. Using table 4 it
could be argued that such an option would protgairest real rent increases higher than
roughly 3% per year. A lower strike rent would measubsidy from the landlord to the
tenant, a subsidy that might be motivated taking account the advantages for the landlord
of a deregulated market.

Even if there exist no real world application aftkind of rental option, there are still a
number of research questions that could be stddrggreparatory purposes. Some examples
concern the valuation model. For instance, the dyidg rental process will probably be
based on residential rent indices, mainly charemtdrby location, standard and size. One
fundamental question that arises is whether thiepirice will depend on previous trends in
rents or not. With mean reverting or trend revertients, it might be more appropriate to
develop option pricing models based on some vergidhe Ornstein-Uhlenbeck (O-U)
process instead of assuming geometric Browniananolhdeed, in the commercial lease
option literature, O-U processes have been apgdhedhermore, estimation of important
parameters like the risk neutral rental drift, e@nblatility, households’ moving thresholds
and transaction costs are important. It is alser@sting to conduct theoretical microeconomic
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studies in the fields of incentive and insurancaneenics (e.g. asymmetric information with
adverse selection and moral hazard issues). Fjrihlypaper has discussed the valuation of
single review option contracts. Going forward, fiegit examination of valuing multiple rent
review contracts, as well as valuing rental incatneams (i.e. property valuation) with
several (as well as single) review dates would agamnted.
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Appendix A

Arnott (1995) distinguishes between first and selcganeration rent control. Lind (2001)
argues that this distinction is too crude to bduisenstead, Lind (2001) identifies five types
of rent regulation (A-E).While the two first typé&-B) covers sitting tenants, the three other
types (C-E) cover all tenants, both new tenantssittidg tenants. A very short summary of
each of the five types of rent regulation is préseémelow. For a full discussion, see Lind
(2001).

Type A is called “weak transaction cost-related regulation” and protects a sitting tenant
against rents higher than the market rent.

Type B is called “strong transaction cost-relatekt regulation” and protects a sitting tenant
against certain types of increases in market rents.

Type C is called “monopoly-related rent regulati@md protects all tenants against rents
higher than the market rent.

Type D is called “overshooting-related rent coriteold aims at smoothing changes in rents.

Type E is called “segregation-related rent contesltl aims at keeping the rents for all tenants
below the market rent level in certain areas.
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Appendix B
This appendix shows that a 90% confidence intehoraRy is given by (5) in section 2, i.e. by

lROe(y—azlz)T—l.ewﬁ Roe(p—azlz)T—mzwﬁl_ (B.l)
The change in IR between timé = 0 andT, is normally distributed so that
INR; —InR, =In%D N[m, ]

where

m:(a—%aij ands=ovT.

Therefore we have thatf is normally distributed so that

INR DN[InRO+(a—%02JT,Uﬁ] (B.2)
From (A.2) we now obtain that a 90% confidencerwvdéfor InRy is given by the interval
{In R, +(a —%JZJT - 1640+T,INR +(a —%UZJT + 164m/ﬂ.
That is, we have that a 90% confidence intervaRfois

, €

1 1
INR+ a-=0? |(T-t)-1640VT  InR+ a-Z0? |(T-t)+1640\T
{e [ 2 ) [ 2 ) } (B.3)

Simplifying (B.3) gives (B.1).

Note that an arbitrary confidence coefficient carabplied. For instance, if we want a 95%
confidence interval foRy, then just replace 1.64 with 1.96 above.
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Appendix C

We shall show how the pricing formula for the optigremiumsrgiven by (31) in the main
text

=6 (MN(2,) - R N(2,)).

where

_ In(R,/B) + (a +0°? 12)T)
2 oNT

_In(Ry/B)+(a-0? /)T __
z, = - =z -0oT.

can be derived.

To start with, we have a risk neutral stochastacpss for the market rent given by the
following geometric Brownian motion (GBM) under thisk neutral probability measu€g:

dR =aRdt+oRdV,. (C.1)

wherea andoare assumed to constants, and whedenotes th€-Wiener process. We also
consider an interest raté¢o be a constant.

Now observe that the premium is equivalent to g lpaosition in an cash-or-nothing call and
a short position in an asset-or-nothing call. Tlwescan expresg as

nn =F (0)-F(s)

=e E°[(M 1—R112) (R, 2 B)] 1
=e™E°[M (R,, =2 B)]-e™E°[R,, (R, = B)]
=CC -AC

whereCC denotes the expected present value of a long positia binary cash-or-nothing
call, and wherdCdenotes the expected present value of a shorigositbinary asset-or-
nothing call. The payoff to the cash-or-nothing balppens at maturity (timg) and equals

Mif R,>B
Ootherwise

1
M (R122|B)={

whereM denotes a prespecified amount of cash (payof®. mbving threshol® represents a
non-negativerigger price (compare Nielsen, 1999).

Similarly, for the asset-or-nothing call, the pdyaiftimeT; equals
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1 R,if R,=B
Rl,z (Rl,z > B) ={ L2 -2

Ootherwise

where agairB represents a non-negativegger price. But now the payoff equals the rent
level R, itself if Ry > B. To simplify notation belowT will from henceforth denote time of
maturity, i.e.T = Ty, and similarlyRr will denote the rent for the second periBg,, which is
set at maturity.

Below, we will make use of the following two resu(see Bjork, 2004). If the market rent
follows GBM then

R =Rl (C.2)
and the expected value is given by

E°[R,] = Re™. (C.3)
Using the result (C.2) above, we can expfsas

RT - e(a‘%ﬂz)'HUVT =R e~ (C5)
whereX is a stochastic variable with distribution

15

XDNKa—EaJTpV?}
sinceV(T) — V(0) has the Gaussian distributidifo, T *%.?* Now let

m= (a 1 G'ZJT

2

and

s=o+T.
Hence, we may express the distributiorXais

X ON[m,s]. (C.6)

The probability density function (pdf) of the staslic variableX with distribution as above,
@(x), is given by

ZL\We observe thaX is a linear combination of the normally distribtdistochastic variable V(T) — V(0) (see
Bjork, 2004).
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L gtemiies) (C.7)

P(x) = ot

For stochastic variabl with distributionN[m, s], recall that

QX <X) = J_Xw%Te’Wz’zdw:N(x_smj (C.8)

whereN denotes the cumulative distribution function (aaffthe N[O, 1] distribution. Recall
also the following symmetry property of the stambaormal pdf

1- N(x) = N(=). (C.9)

Starting with the price of the cash-or-nothing 0@IC, we have that

1 1
CC=e"E®?M (R, 2B)]=e"ME[ (R, = B)]

={E°[ (R 2B)]=Q(R, 2B)} = "MQ(R, 2 B)
="M -Q(R: <B)).

Using (C.5) we obtain

CC =e"M(1-Q(Re* <B)) :{In(ROeX)<In(B) = X <In(%}}
_ B

=e"M[1-Q X <In| — |||
) [ Q( ) ”(Rom

Using (C.6), (C.8) and (C.9) we now obtain that

ce = e‘”M[l—Q[X < m(REm _ e—mm(l— N(x; mD
Aol
‘e_”MN(ar{ ()t

=e "TMN(z,).

where we used that —&p) = In(b/a). Thus we have showed the cash-or-nothing call par

For the asset-or-nothing callC, the price is given by
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1 o
AC =e¢E°[R (R 2B)]= [Re*¢(x)dx

In(B/Ry)

where¢(x) denotes pdf given by (C.7) above and where awehmade use of (C.5) again.
Inserting the pdf (C.7) and using tha¢%e= € yields

- “ 1 —xe >
AC=¢ T J' Roex—ze (x-mY/( 2s )dX
In(B/Ry) 2718

— e RO 1 _ e—((x—m)z—Zszx)/( ZSZ)dX
In(B/Ry) 2rs

= R, 1 e—(x2—2(m+sz)x+m2)/( 2sz)dx_

In(B/R,) 2rs’

To evaluate this integral, the important trick nigvto first complete the square in the
exponent of the second-ordepolynomial, and then to simplify the two remainitegms, i.e.

X2 =2(m+s*)x+m? = x* =2(m+s*)x +(m+s?)? —(m+s?)? + m?
= (X~ (M+5%))2 —(M+52)2 +m? = (x— (m+82))2 —m? - 25’m— s* + m?

=(x—(m+s%))? -2s’m-s".
Thus

“ 1 (v 2 2 4 2
e (x—(m+s)+2s“m-s")/( 2s )dx

AC=e™" R, >
In(B/R,) 2ns

- e—rT Ro 1 _ e(s4+252m)/(252)e—(x—(m+52))/( 25%) dx
In(B/R,) 2rs

- e—rT Roe(s4+232m)/(2s2) 1 e—(x—(m+sz))/(232)dx
In(B/R,) V 278’

- e—rT Roe(52/2)+m 1 e—(x—(m+sz))/( ZSZ)dX

In(B/Ry) V 2rs”
=e Re"’ 2)”“Q(Y > In(%ﬁ

—a T (s?/2)+m 1- Y <] EB]
e

YON[m+s?,9].

where
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Now,

y-(m+sz)J

S

atrn=[! oou|

whereN denotes the cdf of thd[0, 1] distribution. Thus

AC = ~IT (s?/2)+m 1- Y <] EJJJ
e Re ( Q[ < n(RO

=T Roe('52/2)+m 1-N MJ
S
:e—rTROe(52/2)+m 1-N _1 In E —(H—%Uz)T‘l'a-zT
oNT R,
=eTRe ™2 1-N| ——in| = |~ (@ +30?)r
oNT R,

el

- e—rT RoeaT N (21)

where the second exponent is obtained according to

e(5,2/2)+m — eJZT/2+(a—U2/2)T — eaT.
Thus we have showed that the value of the extnaipira is given by the formula

7 =™ (MN(z,) - Rye” N(2,).

where

. = IN(R,/B)+(a+0?/2)T

T

_In(R,/B)+(a-0c*12)T _ _
z,= p—— =z -0T.

Note that a regular European call option is eqentato long position in an asset-or-nothing
call and a short position in a cash-or-nothing wéiére the cash payoff on the cash-or-
nothing call equals the strike price (see Hull,20Qielsen 1999). Thus we can use the
calculations above to derive the closed-form pgdmrmula for a rent option with
predetermined strike prid€ given by (9) in the main text, i.e.
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F =e™ AR N(dy) - KN(d,))

whered; andd, are given by

q _In(Ry/K)+(a+c* /2T
: o
d, = In(R,/K) +(a-c?12)T _ d, - T,

oJT

Here, the asset-or-nothing call is the first terd ¢he cash-or-nothing call is the second term.

Finally, note that by replacing the risk neutraftder in (C.1) with the short rate of interest
and by replacing the reRy with the common notation for the stock pri€g,and of course
dropping the annuity factdk, we obtain the famous Black-Scholes formula fduivey a
European call option on a stock with strike ptcand date of maturity (see Black and
Scholes, 1973)

Appendix D

The three tables presented in this appendix shawdption prices, (presented as average
yearly part-payments of the option premium in ielato yearly rental payments during the
first rental periodFavg(0) /Ro,1 andFayS)/Ro,1 respectively), change with different parameter
assumptions. The tables are related to sectiom4t2 main text. All monetary figures are in
SEK per square metre and year. Table D1 showstsdsulzero drift assumptiom (= 0%),
table D2 fora = 1%, and finally table D3 fax = 2%. As we did in section 4.2, we assume for
simplicity that the household has an opportunitipiy a rental option with a strike prige

that equals the household’s moving threstld

As expected, the expenses for the option premieme@&ses with higher rental drift
assumptions. For example, when the risk neutrttliddreases from 0% to 1% (assumiig

B =1100,M = 1200,0 =7.5%), the option payment rafQ.(0) /Ry 1 increases from 2.2% to
3.1%. We also notice the relatively large decliméhie expense ratio that follows an increase
in the strike pric&K (and consequently the moving threshB)d

Table D1. Average yearly part-payments of option premiumelation to yearly rental payments during the first
rental period;Fa.¢0) / Ry andFa((S)/Ro 1 respectively (latter within parenthesis). The kngf the two lease
periods equals time to maturitly;= T, = 5 years. The rent for the first lease perioBijgs = 1000. Strike rent is
K. The moving threshol® is for simplicity set to equd{. Real risk-free interest is= 3%. Spot rent follows a
geometric Brownian motion with risk neutral drift= 0% and volatilityo.

Fag(0)/ Ry 1 (Average per year)

K=B M Within parenthesisFa,ds)/Ro s
a= 0% 0=7.5% o=10% o=15%
2.7%) (4.5%) (8.2%)
1100 1200 2.2% 2 6% 2.8%
1100 1300 4.4% 5.1% 5.6%
1100 1400 6.7% 7.6% 8.4%
(1.7%) (3.3%) (6.9%)
1150 1200 0.8% 1.0% 1.2%
1150 1300 2.3% 3.0% 3.6%
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1150 1400 3.9% 5.0% 6.0%

(1.1%) (2.5%) (5.8%)
1200 1200 0.0% 0.0% 0.0%
1200 1300 1.0% 1.5% 2.0%
1200 1400 2.1% 3.1% 4.1%

Table D2. Average yearly part-payments of option premiumeiiation to yearly rental payments during the first
rental period;Fa.(0) / Ro1 andF,.((s)/Ry 1 respectively (latter within parenthesis). The kngf the two lease
periods equals time to maturitly;= T; = 5 years. The rent for the first lease perioBig= 1000. Strike rent is
K. The moving threshol8 is for simplicity set to equad. Real risk-free interest is= 3%. Spot rent follows a
geometric Brownian motion with risk neutral drift= 1% and volatilityo.

K=B M Fag(0)/Ro1 (Average per year)
B Within parenthesisFay(S)/Ro 1
a=1% g=7.5% g=10% g=15%
(4.3%) (6.3%) (10.4%)
1100 1200 3.1% 3.3% 3.3%
1100 1300 6.2% 6.5% 6.6%
1100 1400 9.4% 9.8% 9.9%
(3.0%) (4.9%) (8.8%)
1150 1200 1.2% 1.3% 1.4%
1150 1300 3.5% 3.9% 4.3%
1150 1400 5.8% 6.6% 7.1%
(2.0%) (3.7%) (7.5%)
1200 1200 0.0% 0.0% 0.0%
1200 1300 1.6% 2.1% 2.5%
1200 1400 3.3% 4.2% 5.0%

Table D3. Average yearly part-payments of option premiumelation to yearly rental payments during the first
rental period;Fa.(0) / Ro1 andF,.((s)/Ry 1 respectively (latter within parenthesis). The kngf the two lease
periods equals time to maturitly;= T; = 5 years. The rent for the first lease perioBig= 1000. Strike rent is
K. The moving threshol® is for simplicity set to equa{. Real risk-free interest is= 3%. Spot rent follows a
geometric Brownian motion with risk neutral drift= 2% and volatilityo.

K=B M Fag(0)/Ro1 (Average per year)
B Within parenthesisFay(S)/Ro 1
a=2% 0 =7.5% 0 =10% 0 =15%
(6.6%) (8.7%) (12.9%)
1100 1200 4.1% 4.0% 3.8%
1100 1300 8.2% 8.0% 7.6%

-43-



1100 1400 12.4% 12.0% 11.4%
(4.7%) (6.9%) (11.1%)
1150 1200 1.6% 1.7% 1.7%
1150 1300 4.7% 5.0% 5.0%
1150 1400 8.1% 8.3% 8.4%
(3.3%) (5.4%) (9.5%)
1200 1200 0.0% 0.0% 0.0%
1200 1300 2.4% 2.7% 2.9%
1200 1400 4.9% 5.4% 5.9%
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