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Lecture 3, Tuesday September 20

Reading instructions. The central object of this lecture is the second
fundamental form of a semi-Riemannian submanifold. It describes how a
semi-Riemannian submanifold is shaped (or “curves”) in an ambient semi-
Riemannian manifold. Using it, the curvature of the ambient manifold can
be related to that of the submanifold (via the Gauss and Codazzi equations).
There is also a relation concerning the acceleration of a curve (as viewed in
the submanifold/ambient manifold). Using these relations, the curvature
and geodesics of the sphere, the hyperbolic space, and more general semi-
Riemannian hypersurfaces called hyperquadrics can be computed.

The main material for the lecture is Chapter 4 of O’Neill’s book [2].
However, Chapter 4 of Bär’s lecture notes [1] is also highly recommended.

Exercises.

(1) O’Neill [2] problems 4.1, 4.2, 4.4 (pp. 123–125).
(2) Let Hn

ν (r) and Snν (r) be the pseudohyperbolic space and pseudo-
sphere respectively, cf. Definition 23, p. 110 of O’Neill’s book. For
a general semi-Riemannian manifold (M, g), let

G = Ric − 1

2
Sg,

where Ric is the Ricci tensor and S is the scalar curvature of (M, g).
G is called the Einstein tensor. Compute the Einstein tensor of
H4

1 (r) and of S4
1(r).

Note that S4
1(r) is de Sitter space, a Lorentz manifold of interest in general

relativity. The universal covering space of H4
1 (r) is called anti de Sitter

space.
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