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Chapter 1
Objectives

Over the past decade, wireless technologies have become the primary enablers of
mobile internet services, machine type communications and the networked society at
large. It is envisioned that advanced wireless technologies of the networked society
will not only provide high bit-rate mobile broadband services at low cost, but they
will also enable vehicles, sensors and actuators to form the "Internet of Things".
Ultimately, the Internet of Things will transform the way we live, interact, create
businesses and manage virtually all segments of society.

Since the late 90’s,Multiple InputMultipleOutput (MIMO) systems have emerged
as one of the prime wireless technologies for achieving high data rates and spectral
efficiency, and at the same time improving the energy efficiency and reliability of
commercially deployed cellular systems. Indeed, MIMO systems are recognized as
the singlemost important technology components of the new generation of integrated
cellular, local area and short range communication systems, which are commonly
referred to as the 5th generation communication systems. This new generation of
communication systems are the technological foundation of the Internet of Things
and thereby the networked society.

Multiple antenna techniques offer the combination of three advantages over tradi-
tional Single Input Single Output (SISO) systems, namely the gains associated with
diversity, increasing array size and their capability of spatially multiplexing multiple
users. The aggregate effect of these gains is the order of magnitudes higher user
bit rates than achievable by existing 3rd and 4th generation wireless standards in a
spectrum and energy efficient manner.

The gains associated with multi-antenna systems strongly depend on the avail-
ability of Channel State Information (CSI) at the transmitter and the receiver. This
key observation has served as the basic motivation of my research reported in the
present dissertation and the associated publications. Specifically, due to their great
impact on the achievable gains in MIMO systems, my research has focused on two
key aspects of spectral and energy efficient communication by means of multiple
antennas:
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2 1 Objectives

• How to model and analyze the inherent trade-off between spending time, fre-
quency and power resources on acquiring CSI and on transmitting user data in
multiple antenna systems ?

• How to design multiple antenna receivers that operate spectrum efficiently and
provide high bit-rates to users when perfect CSI is not available ?

Within the broad field outlined by the above two research and system design
questions, the objective of my research has been to develop mathematical models
of single and multi-user systems, that provide exact results on the achievable mean
squared error and spectral efficiency by multiple antenna cellular base stations. This
objective was motivated by the desire of gaining insight in the achievable gains
of multi-antenna systems, in which perfect CSI is not available. Interestingly, the
intimate relationship between the amount of resources spent on CSI acquisition, the
resources left for data transmission, and the associated CSI acquisition and receiver
algorithms were not available in the literature prior to my research. Therefore, the
main objective of my research has been to develop mathematical methodology and
generate numerical results that fill this research gap. Ultimately, the objective of my
research has been to develop rigorous methodology based on mathematical analysis
and gain engineering insights by applying this methodology to the most important
use cases of employing multi-antenna systems for high spectral efficiency.



Chapter 2
Technology Motivation and Problem
Formulation

2.1 The Evolution of Multi-Antenna Systems: From Single User
to Massive Multi-user Multiple Input Multiple Output
Systems

Conventional communication systems equipped with a a single transmit antenna
and a single receive antenna are called SISO communication systems (Figure 2.1,
upper left). This intuitively clear terminology explicitly refers to a signal model that
involves the convolution of the complex impulse response of the wireless channel
(typically represented as a random variable h) and the single input x to model the
single output y:

y = h? x+ n, (2.1)

where n is complex baseband additive white Gaussian noise. The above equation
is for a single realization of the complex single output y.

The value of multiple antenna systems as a means to improve communications,
including improving the overall system capacity and transmission reliability, was
recognized in the early ages of wireless communications. Specifically, adaptive
transmit or receive beamforming by means of employing multiple antennas either at
the transmitter or the receiver roots back to classic papers that appeared in the 1960s
and 1970s [1, 2, 3]. In particular, Widrow et al. described the Least Mean Square
(LMS) adaptive antenna array, which is a technique to adaptively determine the
weights that are derived from the received signal to minimize the mean squared error
(MSE) between the received signal and a reference (pilot) signal [1, 3]. Applebaum
proposed a multiple antenna array structure that adaptively suppresses sidelobe
energy when the desired signal’s angle-of-arrival (AoA) is known, such as in a radar
system.

Starting from the 1980’s, there has been a renewed and increased interest in
employing multiple antenna techniques in commercial systems, particularly mobile
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interference 
cooperation 

Single Cell SISO Single Cell SIMO and MISO Single Cell MIMO 

Single Cell MU MIMO Multi-Cell MU MIMO Network/Cooperative  
MU MIMO 

Fig. 2.1 The evolution of multiple antenna systems from single cell single input single output
transmissions to cooperative network multiple input multiple output transmissions.

and cellular systems, where multipath and unintentional interference from simulta-
neously served users was the main and increasing concern [4]. However, it was not
until the cost of digital signal processing was dramatically reduced and commer-
cial wireless systems matured in the late 1990s that adaptive beamforming became
commercially feasible, and large scale industrial interest has started to take off.

While traditional SISO systems exploit time- or frequency-domain processing and
decoding of the transmitted and received data, the use of additional antenna elements
at the cellular base station (BS) or user equipment (UE) side opens up the extra
spatial dimension to signal precoding and detection. Depending on the availability
of multiple antennas at the transmitter and the receiver, such techniques are classified
as Single Input Multiple Output (SIMO), multiple input single output (MISO) or
MIMO (Figure 2.1, upper middle and upper right). Specifically, space-time and
space-frequency processing methods in SIMO, MISO and MIMO systems make use
of the spatial dimension with the aim of improving the link’s performance in terms
of error rate, data rate or spectral and energy efficiency [3].

In the context of cellular networks, for example, in the scenario of a multi-
antenna enabled BS communicating with a single antenna UE, the uplink (UL) and
downlink (DL) are referred to as SIMO and MISO respectively. When a multi-
antenna terminal is involved, a full MIMO link may be obtained, although the term
MIMO is sometimes also used in a collective sense including SIMO and MISO as
special cases.
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A MIMO system, in which the transmitter and receiver are equipped with M
and N antennas respectively, is conveniently characterized by the multi-dimensional
version of (2.1) as follows:

y = H︸︷︷︸
N×M

x︸︷︷︸
M×1

+ n︸︷︷︸
N×1

∈ CN×1, (2.2)

where x and y represent the complex M and N dimensional input and output
vectors of the MIMO system respectively.

While a point-to-point multiple-antenna link between a BS and a UE is referred
to as Single-User Multiple Input Multiple Output (SU-MIMO), Multi-user Multiple
Input Multiple Output (MU-MIMO) features several UEs communicating simulta-
neously using the same frequency- and time-domain resources (Figure 2.1, lower
left). By extension, considering a multi-cell system, neighboring BSs sharing their
antennas and forming a virtual MIMO system to communicate with the same set of
UEs in different cells are called cooperative multi-point (CoMP) or network MIMO
transmission/reception (Figure 2.1, lower middle and lower right).

2.2 Channel State Information Acquisition and Transceiver
Design: Major Challenges in Multiple Input Multiple Output
Systems

As noted, the spectral and energy-efficient operation of wireless systems in general,
and multiple antenna systems in particular, relies on the acquisition of accurate
channel state information at the transmitter (CSIT) and channel state information
at the receiver (CSIR) [5]. The main reasons for this are that (1) transmitters of
modern wireless systems adapt the transmitted signal characteristics to the prevailing
channel conditions and (2) the effect of the channel on the transmitted signal must
be estimated in order to recover the transmitted information. As long as the receiver
accurately estimates how the channel modifies the transmitted signal, it can recover
the signal from the impacts of the wireless channel. In practice, pilot signal-based
data-aided techniques are used not only due to their superior performance in fast
fading environments, but also due to their cost efficiency and inter-operability in
commercial systems. Consequently, channel estimation methods have been studied
extensively and a large number of schemes, including blind, data-aided, and decision-
directed non-blind techniques, have been evaluated and proposed in the literature
[6, 7, 8].

As the number of antennas at the BS and the simultaneously served users grows
large, it is desirable to have pilot based schemes that are scalable in terms of the
required pilot symbols and provide high quality CSI for UL data detection and DL
precoding. To this end, MU-MIMO systems employing a large number of antennas
typically rely on channel reciprocity and employ uplink pilots to acquire CSI at
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Fig. 2.2 Trade-offs associated with channel estimation, reference (pilot) signal design in MU-
MIMO systems

BSs. Although solutions for non-reciprocal systems (such as systems operating in
frequency division duplex (FDD)mode) are available [9], it is generally assumed that
massive MIMO systems can advantageously operate in time division duplex (TDD)
mode exploiting channel reciprocity [10, 11].

Pilot reuse generally causes contamination of the channel estimates, which is
known as pilot contamination (PC) or pilot pollution. As there are a large number of
channels to be estimated in MU-MIMO and massive MIMO systems, accurate CSI
acquisition scaling with the number of BS antennas becomes a significant challenge
due to the potentially limited number of pilots available. Indeed, PC limits the
performance gains of non-cooperative MU-MIMO systems [10, 12]. Specifically,
PC is known to cause a saturation effect in the signal-to-interference-plus-noise
ratio (SINR) as the number of BS antennas increases to a very large value. This is in
contrast to the PC exempt scenario where the SINR increases almost linearly with
the number of antennas [12]. It is therefore clear that the trade-offs associated with
the resources used for pilot signals and those reserved for data transmission is a key
design aspect of modern wireless communication systems.
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2.3 Fundamental Trade-Offs in the Design of Multi-user
Multiple Input Multiple Output Systems

Although pilot-based CSI acquisition is advantageous in fast fading environments,
its inherent trade-offs must be taken into account when designing channel estimation
techniques for various purposes. These purposes include demodulation, precoding
or beamforming, spatial multiplexing and other channel-dependent algorithms such
as frequency selective scheduling or adaptive modulation and coding scheme (MCS)
selection [13, 14, 15]. The inherent trade-offs between allocating resources to pilot
and data symbols include the following, as illustrated in Figure 2.2:

• Increasing the power, time, or frequency resources to pilot signals improves the
quality of the channel estimate, but leaves fewer resources for uplink or downlink
data transmission [13, 14, 15].

• Constructing long pilot sequences (for example, employing orthogonal symbol
sequences such as those based on the well-known Zadoff-Chu sequences in Long
Term Evolution (LTE) systems) helps to avoid tight pilot reuse in multi-cell
systems), helps to reduce or avoid inter-cell pilot interference. This is because
long pilot sequences enable to construct a great number of orthogonal sequences
and, consequently, help avoid pilot reuse in neighbor cells, and thereby address
the root cause of PC. On the other hand, spending a greater number of symbols
on pilots increases the pilot overhead andmight violate the coherence bandwidth
[15, 16].

• Specifically in MU-MIMO systems, increasing the number of orthogonal pilot
sequences may increase the number of spatially multiplexed users at the expense
of spending more symbols when creating the orthogonal sequences [13, 14].

In particular, increasing the pilot power increases the signal-to-noise ratio (SNR)
of the received pilot signal, and thereby improves the quality of channel estimation
in terms of the MSE of the channel estimate [17]. Unfortunately, increasing the pilot
power may also lead to the SNR degradation of the data signals, and may exacerbate
the PC problem in multi-cell scenarios [18]. In addition to these inherent trade-offs,
the arrangement of the pilot symbols in the time, frequency, and spatial domains
have been shown to have a significant impact on the performance of MU-MIMO and
massive MIMO systems in practice, see for example [13, 14, 19].





Chapter 3
Research Methodology and Investigations

The motivations and objectives formulated in the preceding chapters determined
the research directions, methodology and set the scope of the scientific investiga-
tions carried out in the course of the dissertation. The main objectives called for
developing (i) mathematical models that facilitate the performance evaluation of
MU-MIMO systems and (ii) methodologies that help determine key performance
metrics both symbolically and numerically. Ultimately, the objective of my research
was to propose mathematical models and methodology that help the design and
evaluation of SU-MIMO and MU-MIMO systems that are more efficient – in terms
of key performance indicators, such as MSE or spectral efficiency (SE) – than the
currently deployed such systems.

In the area of resource management techniques applicable in MIMO systems, I
initially focused on techniques that enable the efficient management of the transmit-
ting power as a scarce resource. Specifically, I examined the impact of distributing
the overall power budget available at the MIMO transmitter on the quality of channel
state information acquisition and associated data communication. The mathematical
models developed during these studies and their analysis lead to closed form results
that capture the impact of distributing the available power budget between pilot and
data signals on the mean squared error of the received data symbols. A particularly
useful feature of these expressions is that they do not only capture the impact of the
power distribution, but also the number of receive antennas. Subsequently, I exam-
ined the impact of the inevitable channel state information errors on the quality of
data reception in terms of the mean square error of the received data symbols. In this
regard, my ultimate goal was to design MIMO receiver structures that minimize the
mean square error in the presence of channel state information errors. To this end,
I applied the methodology of quadratic optimization, which enabled me to propose
novel MIMO receiver structures. Indeed, these novel receiver structures provably
minimize the mean square error of the received data symbols. By combining these
two families of results, it became possible to determine the optimal receiver structure
and the optimal pilot-to-data power ratio in the uplink of MIMO systems.

Next, I refined the mathematical models and associated analysis techniques to
enhance their practical applicability. To this end, I extended the receiver models
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to explicitly capture the correlation among the receiver antennas. In practice, the
correlation structure heavily depends on real-life antenna system parameters, such
as antenna spacing, operational frequency or the statistics of the angle of arrival.
Due to these extensions, I obtained results that allow to investigate the impact of
antenna correlation on the quality of the received data symbols in terms of mean
square error.

Since channel state information acquisition at the receiver involves the important
trade-off between estimation quality and the complexity of the estimation algorithm,
I proposed model extensions that explicitly capture the behavior of the popular least
square and the minimummean square estimators. I developed a technique that allows
the derivation of the mean square error of the received data symbols when employing
these channel estimation techniques.

Finally, I extended these results in the direction of establishing the receiver and
the associated PDPR that are together able to minimize the MSE of the received data
symbols. I verified and extended these results by means of computer simulations.
These results clearly indicate that employing the optimal receiver and appropriately
setting the Pilot-to-Data Power Ratio (PDPR) become more important as the number
of receiver antennas increases. This result may seem surprising at first sight and has
a large impact on the currently ongoing standardization of MU-MIMO systems,
especially on the standardization of the pilot signals. Clearly, these standards play a
key role not only in tuning the performance but also in ensuring the interoperability
of modern SU-MIMO and MU-MIMO systems.



Chapter 4
Theses of the Dissertation

4.1 Notation and Terminology Used in the Theses

We consider the uplink transmission of a single cell single-user or multi-user (SU-
MIMO or MU-MIMO) wireless system, in which the Mobile Stations (MSs) are
equipped with a single transmit antenna. The single user or the multiple users is/are
scheduled on multiple frequency channels that facilitates composing pilot sequences
that consist of multiple pilot symbols and thereby facilitate creating orthogonal pilot
sequences. Such set of frequency channels are also referred to as transmission or
resource blocks. It is assumed that eachMS employs an orthogonal pilot sequence, so
that no interference between pilot signals is present in the system. This is a common
assumption in single cell massive multi-user MIMO systems in which a single MS
may have a single antenna [10]. The BS estimates the channel h (column vector of
dimension Nr , where Nr is the number of receive antennas at the BS) by employing
Least Square (LS) or minimum mean squared error (MMSE) channel estimators to
initialize the linear MMSE equalizers for data detection.

4.2 Thesis I: Pilot-to-Data Power Ratio in Single User Systems

Thesis I considers a single input multiple output SIMO system in which the MS
balances its PDPR, while the BS uses LS channel estimation to initialize its linear
MMSE equalizer. It is important to emphasize that the term single user refers to a
single scheduled user per frequency channel at a time, whereas hundreds of users
can be served by using suitable time- and frequency domains schedulers. Thesis I
is concerned with calculating the MSE of the uplink estimated data symbols based
on the uplink received data signal and the available channel estimate by the multiple
antenna BS.

11



12 4 Summary

4.2.1 Notation and Terminology Used in Thesis I

It is assumed that he channel is quasi-static frequency-flat within each resource block.
Therefore, it is equivalent to model the whole pilot sequence as a single symbol per
resource block with power Pp , while each data symbol is transmitted with power P.

Furthermore, we will use the following notation and terminology. EachMS trans-
mits an orthogonal pilot symbol x j that is received by the BS. Thus, the column
vector of the received pilot signal at the BS from the j th MS is:

yp
j =

√
Pp
j α jhj x j +np, (4.1)

where we assume that hj is a circular symmetric complex normal distributed
vector with mean vector 0 and covariance matrix Cj (of size Nr ), denoted as
hj ∼ CN (0,Cj ), α j accounts for the propagation loss, np ∼ CN (0,σ2 I) is the con-
tribution from additive Gaussian noise and the pilot symbol is scaled as |x j |

2 = 1,∀ j.
Since we assume orthogonal pilot sequences, the channel estimation process is inde-
pendent for eachMS and we therefore drop the index j. With a LS channel estimator,
the BS estimates the channel based on (4.1) assuming

ĥ =
yp

√
Ppαx

,

that is:
ĥ = h+

np

√
Ppαx

; |x |2 = 1. (4.2)

It then follows that the estimated channel ĥ is distributed as follows:

ĥ ∼ CN (0,R), (4.3)

with R , E
{
ĥĥH

}
= C+ σ2

Ppα2 I.
Furthermore, in this thesis, we will use the following notation. The channel

estimation error w , ĥ−h is also normally distributed with a covariance inversely
proportional to the employed pilot power:

w ∼ CN (0,Cw); Cw ,
σ2

Ppα2 INr .

Equations (4.2)-(4.3) imply that h and ĥ are jointly circular symmetric complex
Gaussian (multivariate normal) distributed random variables [20], [21]. Specifically,
the covariance matrix of the joint probability density function (PDF) is composed
by autocovariance matrices Ch,h, Cĥ,ĥ and cross covariance matrices Ch,ĥ, Cĥ,h as

[
Ch,h Ch,ĥ
Cĥ,h Cĥ,ĥ

]
=

[
C C
C R

]
,

and R = C+Cw.
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From the joint PDF of h and ĥ the following conditional distributions are deter-
mined.

Result 4.2.1 Given a random channel realization h, the estimated channel ĥ condi-
tioned to h can be shown to be distributed as

(ĥ | h) ∼ h+CN (0,Cw). (4.4)

Result 4.2.2 The distribution of the channel realization h conditioned to the estimate
ĥ is normally distributed as follows:

(h | ĥ) ∼ Dĥ+CN
(
0,Q

)
, (4.5)

where D = CR−1 and Q = C−CR−1C.

4.2.2 Thesis I

With the above terminology and notation, the main result is stated as follows.

Theorem 4.1. In the case of Nr uncorrelated receiver antennas at the BS, the channel
covariancematrix is diagonal in the formofC= %I, where % ∈R+, and the covariance
matricesD,Q areD= dI,Q= qIwith d = %(%+ σ2

Ppα2 )−1, q = %(1−d). Furthermore,
the MSE of the equalized symbols is

E {MSE} = d2Nr

(
G(a,1+Nr )+ prG(1+Nr,1+Nr )−1

)
+

+
b
pr

(
G(a,Nr )+ prG(Nr,Nr )−1

)
−2d ·

(
prG(Nr,1+Nr )

)
+1;

where P is the transmit power employed by the MS for transmitting the data symbols,
p = α2P, a = σ2, α is the propagation loss, σ2 is the noise power at the receive
antenna, b = qp+σ2, R , E

{
ĥĥH

}
= C+ σ2

Ppα2 I = r I, and

G(x, y) ,
1
pr

e
a
pr xEin

(
y,

a
pr

)
,

and Ein(n, z) ,
∫ ∞

1 e−zt/tn dt is a standard exponential integral function.
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4.3 Thesis II: Minimum Mean Squared Error Receiver in the
Presence of Channel State Information Errors

Thesis II is concerned with deriving an explicit formula for a receiver that minimizes
the MSE of the estimated data symbols when the receiver has a non-perfect channel
estimate. Thesis II also derives a closed form expression for the MSE when this
optimum receiver is used, as a function of the number of receive antennas and the
applied data and pilot power.

4.3.1 Notation and Terminology Used in Thesis II

Thesis II concerns the uplink of a MU-MIMO system, in which the MS transmit
orthogonal pilot sequences s =

[
s1, ..., sτp

]T
∈ Cτp×1, in which each pilot symbol is

scaled as |si |2 = 1, for i = 1, .., τp . The pilot sequences are constructed such that they
remain orthogonal as long as the number of spatially multiplexed users is maximum
τp . Specifically, without loss of generality, the number MU-MIMO users is K ≤ τp .
In practice, K � Nr , where Nr is the number of antennas at the BS.

Thesis II is valid for the comb type arrangement of the pilot symbols [22]. Given
F subcarriers in the coherence bandwidth, a fraction of τp subcarriers are allocated
to the pilot and Fd = F − τp subcarriers are allocated to the data symbols. Each MS
transmits at constant power Ptot , however, the transmission power can be distributed
unequally in each subcarrier. In particular, considering a transmitted power Pp for
each pilot symbol and P for each data symbol transmission, the sum constraint of
τpPp + (F − τp)P = Ptot is enforced. Using the above notation and assumptions, the
Nr × τp matrix of the received pilot signal from a specific MS at the BS can be
conveniently written as:

Yp = α
√

PphsT +N, (4.6)

where it is assumed that h ∈ CNr×1 is a circular symmetric complex normal
distributed column vector with mean vector 0 and covariance matrix C (of size Nr ),
denoted as h ∼ CN (0,C), α accounts for the propagation loss, N ∈ CNr×τp is the
spatially and temporally additive white Gaussian noise (AWGN) with element-wise
variance σ2

p , where the index p refers to the noise power on the received pilot signal.
For each MS, the BS utilizes pilot sequence orthogonality and estimates the

channel by replacing yp =
√

Ppαĥx based on (4.6) assuming:

ĥ = h+w =
1

α
√

Pp

Yps∗(sT s∗)−1 = h+
1

α
√

Ppτp
Ns∗, (4.7)
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where s∗ =
[
s∗1, ..., s

∗
τp

]T
∈ Cτp×1 denotes the vector of pilot symbols and (sT s∗) = τp .

By considering h ∼ CN (0,C), it follows that the estimated channel ĥ is a circular
symmetric complex normal distributed vector ĥ ∼ CN (0,R), with

R , E{ĥĥH } = C+
σ2
p

α2Ppτp
INr . (4.8)

The distribution of the channel realization h conditioned on the estimate ĥ is
normally distributed and denoted as follows:

(h | ĥ) ∼ Dĥ+CN
(
0,Q

)
, (4.9)

where D , CR−1 and Q , C−CR−1C.

4.3.2 Thesis II

Using the above notation and terminology, we have the following results.
Let κ be the index of a tagged user in a MU-MIMO system of K users, κ = 1 . . .K ,

and let G?
κ denote the receiver vector that minimizes the MSE of the estimated data

symbols of the tagged user.
The optimal MU-MIMO receiver vector for User-κ is as follows:

Theorem 4.3.1 The optimal G?
κ can be derived as:

G?
κ = ακ

√
Pκ ĥH

κ DH
κ ·

·*
,
α2
κPκ

(
Dκ ĥκ ĥH

κ Dκ
H +Qκ

)
+

K∑
k,κ

α2
kPkCk +σ

2
dI+

-

−1

. (4.10)

Next, it is of great interest to determine the MSE of the estimated data symbols
when employing G?

κ as the receiver of the tagged user. To this end, the following
result holds.

Theorem 4.3.2 The unconditional MSE of the received data symbols of User-κ
when the BS uses the optimal G?

κ receiver is as follows.
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MSE =

sκ ·
Nr

(
− sκr + e

bκ
sκ r

(
bκ + (1+Nr )sκr

)
Ein

(
1+Nr,

bκ
sκr

))
s2
κr

+

+ bκ ·
−sκr + e

bκ
sκ r

(
bκ +Nr sκr

)
Ein

(
Nr,

bκ
sκr

)
s2
κr2

−

−2 · e
bκ
sκ r NrEin

(
1+Nr,

bκ
sκr

)
+1,

(4.11)

where Ein(n, z) ,
∫ ∞

1 e−zt/tn dt is a standard exponential integral function.

4.4 Thesis III: The Impact of Antenna Correlation on the
Pilot-to-Data Power Ratio

Thesis III is concerned with determining the MSE of the estimated data symbols at
multiple antenna receivers with correlated receive antenna structures. Specifically,
Thesis III allows for an arbitrary correlation matrix structure at the multiple antenna
receiver, derives a closed form expression for the MSE of the received data symbols
as follows and thereby captures the tradeoff between the pilot and data power, with
regards to the MSE of the equalized data symbols.

4.4.1 Notation and Terminology Used in Thesis III

The following notation is used to describe the conditional distributions of the actual
and estimated channel between the served user and the multi-antenna BS. Given a
random channel realization h, the estimated channel ĥ conditioned to h is distributed
as

(ĥ | h) ∼ h+CN (0,R−C). (4.12)

Furthermore, the distribution of the channel realization h conditioned to the
estimate ĥ is normally distributed as follows:

(h | ĥ) ∼ Dĥ+CN
(
0,Q

)
, (4.13)

where D = CR−1 and Q = C−CR−1C.
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Furthermore, Thesis III uses the following notation. Let C = ΘHSCΘ be the
singular value decomposition of C. Then R = ΘHSRΘ, D = ΘHSDΘ and Q =
ΘHSQΘwithSR = SC+

σ2

Ppα2 I,SD = SCS−1
R , andSQ = SC−SCS−1

R SC wherematrices
S• are real non-negative diagonal matrices. Specifically, we will refer to the diagonal
elements of SD and SR using the notations dk = SDkk and rk = SRkk , respectively.
Also, let v =Θĥ, then v is a random vector with distribution CN (0,SR), since

E(vvH ) = E(ΘĥĥHΘH ) =ΘE(ĥĥH )ΘH =

=ΘRΘH =ΘΘHSRΘΘH = SR .

That is, the elements of v are independent, but they have different variances.

4.4.2 Thesis III

Using the above notation, the main result is stated as follows.

Theorem 4.4.1 The mean square error (MSE) of the uplink received data with
arbitrary covariance matrix C of the uplink channel can be calculated as

MSE = T1+T2+T3+1, (4.14)

where

T1 =
∑
k

∑
`,`,k

dkd` ·

·

∫ ∞

x=0
xe−xσ

2/(α2P) 1
x+ rk

1
x+ r`

∏
i

ri
x+ ri

dx+

+
∑
k

d2
k

∫ ∞

x=0
xe−xσ

2/(α2P) 2
(x+ rk )2

∏
i

ri
x+ ri

dx;

T2 =
1
α2P

∑
k

mk

∫ ∞

x=0
xe−x

σ2
α2P

1
x+ rk

∏
i

ri
x+ ri

dx;

and

T3 = 2
∑
k

dk

∫ ∞

x=0
e−x

σ2
α2P

1
x+ rk

∏
i

ri
x+ ri

dx,
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where SM , α
2PSQ+σ

2I is a diagonal matrix with diagonal elements mk = SMkk =

α2Pqk +σ2, where qk = SQkk .

4.5 Thesis IV: Block and Comb Type Channel Estimation

Thesis IV derives analytical results for the spectral efficiency ofMU-MIMO systems,
in which the overall resources must be shared between channel estimation and data
transmission. Specifically, using similar notation and terminology asThesis II, Thesis
IV shows that the spectral efficiency in MU-MIMO systems is not only a function of
the PDPR, but it also depends on the specific channel estimation scheme, as given
by the following results.

Theorem 4.5.1 (Spectral efficiency with LS estimation) AssumeC= cINr , where
c ∈ R+, then the average spectral efficiency with LS channel estimation and MMSE
receiver is

S̄LS =
(τ− τp)

τ

(
2G(x0)−G(x1)−G(x2)

(Nr −1)!
− log(d−1)2

)
(4.15)

with x1,2 =
1
2

*
,
− 2σ2−2dσ2+b

p(d−1)2 ±

√(
2σ2−2dσ2+b

p(d−1)2

)2
− 4σ4

p2 (d−1)2
+
-
, x0 =

σ2

p , p = α2P, b =

qp+σ2, q = c(1− c/r , r = c+ σ2

α2Ppτp
,

and where

G(x) =MeijerG1,3
2,3

(
0,1

0,0,Nr

�����
x
r

)
, (4.16)

is the Meijer G-function.

Theorem 4.5.2 (Spectral efficiency with MMSE estimation) Assume C = cINr ,
where c ∈ R+, then the average spectral efficiency with MMSE channel estimation
and MMSE receiver is

S̄MMSE =
(τ− τp)

τ

(
log(pb)+

2G(x3)−G(x4)
(Nr −1)!

)
(4.17)

with x3 =
σ2

p , x4 =
σ2

pb , b = qp+σ2, q = σ2c
σ2+α2cPpτp

, and G(x) defined in 4.5.1.

4.6 Thesis V: The Pilot-to-Data Power Ratio in Multiuser Systems

Thesis V derives analytical results for the MSE of the received data symbols and
the overall spectral efficiency of MU-MIMO systems, in which the overall resources
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must be shared between channel estimation and data transmission, and the receive
antennas are correlated according to an arbitrary correlation structure.

Let

Ψ` , α
2
`P`Q` +

K∑
k,`

α2
kPkCk +σ

2
dINr , (4.18)

and

Ψ` =ΘH
` S`Θ` (4.19)

denote the singular value decomposition (SVD) ofΨ` . Furthermore, define the linear
transformed version of the estimated channel ĥ` as:

ν` , S−1/2
`

Θ`D` ĥ`, (4.20)

and denote the distribution of ν` as:

ν` ∼ CN (0,Ω` ), (4.21)

where

Ω` , E(ν`νH` ) = S−1/2
`

Θ`D`R`DH
` ΘH

` S−1/2
`

,

and denote the SVD of Ω` :

Ω` =ΘH
Ω`

SΩ`ΘΩ`, (4.22)

where ΘΩ` is an orthogonal matrix.
Also, denote the linear transform of ν` , with ω`

ω` , ΘΩ`ν` , (4.23)

and its diagonal covariance matrix with SΩ.
With this notation, the MSE and the SE can be calculated as follows:

Theorem 4.6.1 Denote the variance of ωi with ξ2
i . Then, |ωi |

2 is exponentially
distributed with parameter λi = 1/ξ2

i , and the mean squared error of the received
data symbols can be calculated as:

MSE =
∫
x

1
α2
`
P` x+1

f (x)dx, (4.24)

while the spectral efficiency can be calculated as:
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η = −

∫
x

log


1
α2
`
P` x+1


f (x)dx, (4.25)

where α` represents the large scale fading (path loss) of User-`, and f (x) is the
the density function of

∑Nr

i=1 |ωi |
2:

f (x) = eT1 eAxeNr λNr , (4.26)

where ei is the i-th unit vector (whose only nonzero element is 1 at position i), and
the matrix A is:

A =
*.....
,

−λ1 λ1
−λ2 λ2

. . .
. . .

−λNr

+/////
-

. (4.27)

For the special but important case, when all non-zero ξi (and λi) are distinct
(different), we have the following result.

Proposition 4.6.2 When all non-zero ξi (and λi) are distinct (different), then

f (x) =
N∑
i=1

λie−λi x

N∏
j=1, j,i

(
1−

λi
λ j

) , (4.28)

and the mean squared error can be calculated as:

MSE =
N∑
i=1

−λ
−N

2
i e

λi
p Ein

(
1, −λip

)
p

N∏
j=1, j,i

(
1−

λi
λ j

) , (4.29)

where p = α2P` .
The SE can be calculated as follows:

η =

N∑
i=1

−λ
2−N

2
i e

λi
p Ein

(
1, −λip

)
N∏

j=1, j,i

(
1−

λi
λ j

) . (4.30)

In the special but important when all variances of ω are equal, the following
proposition holds
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Proposition 4.6.3 Suppose ξi = ξ = λ−1/2, ∀i ≤ N . Then, f (x) follows the Erlang
distribution as follows:

f (x,N, λ) =
λN xN−1e−λx

(N −1)!
, (4.31)

and the MSE is given by:

MSE =
λ

p
e
λ
p Ein

(
N,
λ

p

)
, (4.32)

and the spectral efficiency can be calculated as:

η =
G

( λ
p

)
aN (N−1)!

, (4.33)

where

G(x) ,MeijerG3,1
1,0

(
−Nr ;−(Nr −1)
−Nr,−Nr,0; .

�����
x
)
, (4.34)

is the Meijer G function.
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