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Abstract

We analyze a new subdomain scheme for a time-spectral method CBC-
GWRM that applies to initial-value problems. Whilst spectral methods are
commonplace for spatially dependent systems, finite difference schemes are
typically applied for the temporal domain. The GWRM is a fully spec-
tral method in that it spectrally decomposes all specified domains, includ-
ing the temporal domain, with multivariate Chebyshev polynomials. The
CBC-GWRM is benchmarked against two finite difference methods. For the
linearised Burger equation the CBC-GWRM is ∼ 30% faster than the semi
implicit Crank-Nicolson method for a maximum error ∼ 10−5. For the forced
waved equation the CBC-GWRM managed to average over the small time-
scale in the entire temporal domain, whilst the explicit Lax-Wendroff method
transitions from fast scale to the slow. The CBC-GWRM has also been ap-
plied to the linearised ideal MHD equations for a screw pinch equilibrium.
The growth rate of the most unstable mode was computed to an accuracy
< 1%.

Keywords: Time-spectral, spectral, weighted residual methods, Chebyshev

1. Introduction

In the field of fusion plasma physics there is a sub-discipline devoted to
the analysis of linearised magnetohydrodynamic equilibria and the evolution
of unstable modes [2, 5, 7, 12, 17]. The analysis consists of linearising the gov-
erning magnetohydrodynamic equations for a fusion plasma equilibrium. The
equilibrium is then perturbed and the different mode growth rates are calcu-
lated. These initial-value partial differential equations are routinely solved



numerically. This gives valuable insight into the dynamics of fusion plasmas
and their evident limitations set by turbulence. However, the simulations are
very time-consuming and computationally inefficient.

The original time-spectral method [13] is a fully spectral method that
spectrally decomposes all domains including spatial, temporal, and parame-
ter domains. The spatial domains are overlapped for the purpose of having
a two-point contact. This subdomain method ensures spectral accuracy in
the entire domain. Unfortunately, the resulting global matrix may become
too large when dealing with physical relevant systems [3, 4, 8].

There are two popular methods for dealing with this issue. One such
method is to use parallel algorithms that solve for large sparse matrices [10,
16], and another is to create independent spatial domains that can be solved
locally with boundary-solvers that connect the subdomains [4, 6, 8, 11, 15].

This brings us to the current spatial subdomain scheme termed the Common-
Boundary-Condition (CBC) Method. This method solves the ”private” (in-
dependent subdomains) locally and separately, but the ”boundary” equations
that connect the subdomains are solved globally. This is strikingly similar
to finite element/spectral methods where continuous subdomains are used.
However the advantages of the CBC method over global spectral methods
are that the amount of global equations have been decreased and that all of
the computation is done in spectral space.

The paper is organized as follows. The first section briefly summarizes the
generalized weighted residual method, which is the foundation of the time-
spectral method. Section two lays out the new spatial subdomain scheme that
has been implemented, which is then followed by benchmarks in section three.
The benchmarks include the linearised 1D Burger equations, forced wave
equation, and the linearised ideal MHD equations. Section four contains a
discussion, including some observations, possible objections, and resolutions.
Then the paper closes with a conclusion in section six.

2. Method

The time-spectral method is built upon the generalized weighted residual
method GWRM. This is the basis of all schemes henceforth employed. A brief
review of the GWRM is presented here. For a full and detailed presentation
the reader is directed to the publication [13].
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2.1. Weighted residual formulation

We start by assuming an arbitrary partial differential equation,

∂u

∂t
= Du + f. (1)

where D is an arbitrary linear or non-linear operator and f(t,x;p) is a force
term. The solution u(t, x; p) is approximated with a multivariate Chebyshev
expansion series in time, space, and parameter space.

u(t, x; p) ≈ U(τ, ξ;P ) =
K∑
k=0

′
L∑
l=0

′
M∑
m=0

′aklmTk(τ)Tl(ξ)Tm(P ) (2)

Since Chebyshev polynomials are orthogonal in the range [−1, 1], a change
of variables is performed; σ = (z − Az)/Bz, Az = (z1 − z0)/2, and Bz =
(z1 + z0)/2. Here σ signifies the transformed variable and z is the physical
variable. The weighted residual formulation is obtained by substituting (2)-
(1), multiplying the residual with weight functions, and integrating over the
entire domain. The result being∫ p1

p0

∫ x1

x0

∫ t1

t0

RTq(τ)Tr(ξ)Ts(P )wtwxwpdtdxdp = 0. (3)

The residual has the form

R = u(t, x; p)− [u(t0, x; p) +

∫ t1

t0

(Du+ f)dt′], (4)

and the weight function,

wz = (1− σ2)−1/2. (5)

The final form of the algebraic equations takes the form,

aqrs = 2δq0brs + Aqrs + Fqrs (6)

This is a simple and general formula that contains the initial conditions brs,
the linear/non-linear operator term Aqrs, and the force term Fqrs. Equation
(6) can then be solved with a semi-implicit root solver (SIR) [14]. However, if
the PDE was solved in the entire computational domain then the CPU time
scales as ((K+1)(L+1)(M+1))3 and the memory as ((K+1)(L+1)(M+1))2.
This is of course unacceptable.
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2.2. Subdomain scheme

A remedy for high CPU times and memory requirements is introducing
subdomains. The entire computational domain D = {(t, x) : [0, T ], [0, L]}
is discretized into s overlapping spatial elements, see Figure 1. For example
s = 3 would give a discretized domain Ω = {Ω1 = [0, x1],Ω2 = [x1 − ε, x2 +
ε],Ω3 = [x2− ε, L]}, where ε is a small overlapping distance. This procedure
allows us to use fewer Chebyshev modes in our ansatz for each subdomain.
Also, by overlapping the subdomains we increase convergence rates because
point-wise and gradient continuity is ensured.

Figure 1: GWRM subdomains with overlapping region dx∼10−4 − 10−6 (red dots) and
Chebyshev roots xk = cos((2k − 1)π/2K), k = 1. . .K (blue dots).

The system of equations we wish to solve include Ns spatial subdomains,
Ne number of physical equations, K temporal modes, and L spatial modes.
This results in N = NsNe(K+1)(L+1) equations to solve for the coefficients
in the ansatz 2. Can the global amount of equations be reduced in some way?

The idea now is to realize that only x̄sBC = Φ̄s
BC equations need to be

solved globally, where x̄sBC is the common boundary condition variables. The
reason for this is that the equations in each individual subdomain x̄sP = Φ̄s

P

are only dependent on x̄sBC . A consequence is that the private equations can
be solved locally in each iteration level. Furthermore, we have the functional
dependence x̄sBC = Φ̄s

BC(s − 1, s, s + 1) which can be seen graphically in
Figure 2.
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Figure 2: CBC subdomain schematic with algebraic equations. The private variables are
explicitly dependent on the boundary variables in the given subdomain and implicitly on
those of the neighbouring subdomains.

The reduced set of global equations are then solved iteratively by SIR [14].
SIR solves the algebraic set of equations by iterating the following equation,

x̄i+1
BC = [ ¯̄I + ( ¯̄Ri − ¯̄I)( ¯̄J iBC)−1](x̄iBC − ϕ̄iBC) + ϕ̄iBC ≡ Φ̄i

BC(x̄iBC). (7)

Thus the Jacobian J̄ iBC needs to be computed,

JBCpq =
∂(x̄BC − ϕ̄BC)p

∂x̄BCq
= δpq − Tpq, (8)

where δpq is the Dirac delta function and Tpq includes the explicit and implicit
derivatives;

Tpq =
∂ϕBCp
∂xBCq

+
ν=s+1∑
ν=s−1

NeNp∑
i=1

∂ϕBCp
∂xνP i

∂xsP i
∂xsBCq

. (9)

The indices p and q refer to common BC variables and the index i refers to the
private variables. The first term is the explicit derivative. The second term
shows that the common BC variables are indirectly dependent on the private
variables in the neighbouring subdomains, hence the implicit derivatives. The
index ν is introduced in the sum to neglect subdomains that are not directly
influencing the current common BC variables.
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A work flow of the Common Boundary Condition subdomain scheme can
be seen in the box below.

CBC - subdomain scheme

Comment: Define the bounded computational domain D = {(t, x) :
[t0, t1], [x0, x1]}, then discretize the spatial domain into overlapping sub-
domains Ns. The partial differential equations numbering Ne with initial
conditions are then spectrally decomposed

Precompute: Total set of equations xi = ϕi(x̄), i = 1..N , where
N = NeNs(K + 1)(L + 1) is the total number of equations to solve.
Create set of private equations x̄sp = Φs

p(x̄
s
p, x̄

s
BC) and common BC equa-

tions x̄sBC = Φs
BC(x̄sBC , x̄

s
BC) by extracting the appropriate indexes from

the global set of equations.

Step 1: Initial common boundary condition values X̄s
BC are substituted

into x̄sp = Φs
p(x̄

s
p, X̄

s
BC), so that only private variables are unknown. Call

on SIR to solve private equations.

Step 2: Compute all common BC ϕ̄BC expressions by solving global
system of equations consisting of the private values from (1).

Step 3: Repeat step 1) with the common BC values from step 2.

Final: Update solution vector.

The explicit and implicit derivatives in Eq. 9 are straightforward to obtain
analytically. However, the ∂xsP/∂x

s
BC coefficients in the sum require some

attention. The first step is to create a vector of all private equations fi =
zi−Φi(z), i = 1. . .NeNp, where z and Φ(z) only contain the private variables
and equations from x and Φ(x). An implicit dependence of the common
BC variables on the private variables is then established on the z variables,
and then the partial derivatives are saved in matrix Fij = ∂fi/∂zj, i =
1. . .NeNp and j = 1. . .NeNBC . This matrix then contains expressions that
describe how the private variables depend on the common BC variables.
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The implicit derivatives in Fij are evaluated with current private values form
current scheme iteration and the bj = [∂xsP/∂x

s
BC ]j variables are obtained by

solving the linear algebraic system of equations Fijbj = 0.

3. Benchmark

The benchmark tests chosen are the linearised Burger equation, the Wave
equation, and the linearised ideal MHD equations. Non-linear problems will
be solved in a forthcoming paper. All CBC-GWRM simulations are carried
out on one global temporal interval, i.e. there are no time steps/intervals.

3.1. Linearised 1D Burger equation

The first case deals with accuracy. The linearised 1D Burger equation is
stated as follows,

∂u

∂t
+ b

∂u

∂x
= κ

∂2u

∂x2
. (10)

where κ is the viscosity and b is a constant. The initial condition and bound-
ary conditions are,

u(0, x) = sin(πx)ebx/2κ, (11)

u(t, 0) = u(t, 1) = 0. (12)

This gives an exact solution that can be used for accurate benchmarks (Fig-
ures 3a,3b),

u(t, x) = sin(πx)ebx/2κ−(b2/4κ+κπ2)t (13)
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(a) Solution (b) Error

Figure 3: CBC-GWRM solution and error with κ = 0.01 and b = 0.06; m = 7, n = 6 and
Ns = 7.

The CBC-GWRM has been compared with two finite-difference methods
concerning CPU time vs. accuracy (see Figure 4), and memory consumption.
The first is the explicit Lax-Wendroff method and the second is the implicit
Crank-Nicolson method. For comparable accuracies of ε ∼ 10−3 the CBC-
GWRM got a CPU runtime of 0.250 s and memory of 22.2 MB. This was
achieved with the parameters Ns = 2, m = 4, and n = 5. The Lax-Wendroff
method with M = 340 time steps and N = 45 spatial steps achieved a run-
time of 0.940 s and memory 54.2 MB. The Crank-Nicolson method achieved
0.090 s and 20.2 MB with parameters M = 60 and N = 80. Thus we see that
for the small accuracies the C-N method is approximately two times faster
than CBC-GWRM and 10 time faster than L-W with comparable memory
consumption to CBC-GWRM.

However, when the accuracy is increased to ε ∼ 10−5, the CBC-GWRM
with Ns = 3, m = 6, and n = 6 achieves a CPU time of 0.733 s and memory
of 38.2 MB. The C-N method achieved a CPU time of 1.06 s and memory of
43.1 MB, whilst the L-W method was unable to reach a comparable accuracy.
The result being that CBC-GWRM is faster and more memory efficient than
both FD-methods for higher accuracies. With the same parameters and
accuracy ε ∼ 10−5 the GWRM without the CBC-scheme achieves a CPU
time t = 0.266 s and memory 23.2 MB. See Discussion for more details
concerning the CPU time of the GWRM with and without CBC scheme.
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Figure 4: Error plot vs CPU time [s]

The three methods have been analysed with optimal parameters so as to
receive the best accuracy for a given computational time. The data points
can be seen in Figure 4, which shows how all three methods scale in this
regard. A simple curve-fit of the data in Excel shows that the L-W method
scales εLW ∼ t−0.6

CPU , and C-N method scales slightly better at εLW ∼ t−0.9
CPU .

The spectral convergence properties of the CBC-GWRM allows it to scale
much better than the FD methods, leading with a scaling εGWRM ∼ t−3.47

CPU .
It can also be calculated that the CPU time scales linearly tCPU ∼ N1

s with
regards to the number of subdomains used, see Figure 11, in Discussion. This
feature of the CBC-GWRM becomes highly advantageous when considering
physical systems that require high local spatial accuracy.

3.2. Wave Equation

The forced wave equation employed is a second order hyperbolic equation
that features two time scales. The wave equation is used to test efficiency,
because in some cases, accuracy at small scales may be ignored in favour of
large scale dynamics. The wave equation has the form,

∂2u

∂t2
= c2∂

2u

∂x2
+ f(t, x). (14)
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which can be posed as two partial differential equations:

∂v

∂t
= c2∂

2u

∂x2
+ f(t, x),

∂u

∂t
= v.

and the initial and boundary conditions are,

u(t, 0) = u(t, 1) = 0,

v(t, 0) = v(t, 1) = 0,

u(0, x) = sin(πx),

v(0, x) = αAsin(βx).

Here A, n, α, β and c are free parameters. The forcing equation chosen is,

f(t, x) = A(c2β2 − α2)sin(αt)sin(βx).

This gives an exact solution,

u(t, x) = cos(ncπt)sin(nπx) + Asin(αt)sin(βx). (15)

For the test shown here the free parameters are set to A = 10, n = 3, T = 80,
α = 4π/T , β = 3π and c = 1. The CBC-GWRM solution and the exact
solution can be seen in Figure 5a,5b. For the time interval t ∈ [0, 80] the
CBC-GWRM requires a high number of temporal Chebyshev modes m≥12
to achieve a desirable average of the fast time scale dynamics. With the
parameters Ns = 4, m = 14, and n = 5 the computation of the wave equation
took 13.7 s to complete with a memory of 283 MB. The solution at x = 0.2
can be seen in Figure 6.
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(a) CBC-GWRM (b) Exact

Figure 5: CBC-GWRM and exact solution of the forced wave equations in the range
t = [0, 80]. CBC-GWRM parameters are Ns = 5, m = 12, and n = 5.

Figure 6: Top-Left: CBC-GWRM solution in the range t = [0, 80] with Ns = 4, m = 14,
and n = 5. Temporal plot at x = 0.2 showing how the CBC-GWRM method resolves the
slower time scale.

The L-W method reaches a comparable average with parameters M =
3200 and N = 40 in 4.51 s. It can be seen in Figure 7 initially follows the fast
time scale until the solution advances further away from the wall, in which
case it transitions to the slow time scale.
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Figure 7: Lax-Wendroff temporal plot at x = 0.2 with t = [0, 80] compared to the exact
solution. M = 3200 and N = 40

Figure 8: Crank-Nicolson temporal plot at x = 0.2 with t = [0, 80] compared to the exact
solution. M = 200 and N = 50

In Figure 8 the C-N solution is presented with the exact solution. The
parameters used for the C-N solution is M = 200 and N = 50, which gives
a run time of 4.37 s. The C-N method fails to average correctly as it is
slightly out of phase. With implicit finite difference schemes the problem of
stability becomes a weak criterion, compared to the strong stability criterion
for explicit methods. However, since the forced wave equation is a hyperbolic
equation, the C-N method needs to resolve the phase of the wave in order to
be accurate. Furthermore, the phase can only be resolved by following the
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strong stability criterion, in which case implicit method shows no favourable
qualities over explicit schemes.

The CBC-GWRM is approximately 2−3 times slower for the forced wave
equation test than its finite difference counterparts. The main reasons being
that the implicit derivatives in Eq. 9 are solved for analytically, and the
amount of ∂xsP i/∂x

s
BCq coefficients increase substantially with the number

of equations and temporal modes. However, the attractive properties of
stability and efficiency are both present in the spectral scheme. Therefore, it
still stands that the CBC-GWRM will be competitive at higher accuracies.
With the same parameters the GWRM without the CBC-scheme achieved a
CPU time t = 4.51 s and memory 30.1 MB (see Discussion).

3.3. Ideal MHD

The ideal mhd model is a set of coupled partial differential equations that
describe the dynamics of a perfectly conductive fluid. The ideal mhd equa-
tions provide the simplest description of plasma dynamics. The equations
are stated as

∂ρ

∂t
+∇ · (ρ~v) = 0, (16)

ρ
( ∂
∂t

+ ~v · ∇
)
~v +∇p− ~J × ~B = 0, (17)

∂p

∂t
+∇ · (p~v) + (Γ− 1)p∇ · ~v = 0, (18)

∂ ~B

∂t
+∇× ~E = 0, (19)

∇× ~B − µ0
~J = 0, (20)

~E + ~v × ~B = 0. (21)

First we have the fluid equations; the continuity Eq. 16 that describes the
conservation of mass density ρ; the equation of motion (17) which solves for
the fluid velocity ~v; and the energy equation (18) describes the evolution of
the pressure profile p; ( ∂

∂t
+ ~v · ∇

)( p
ρΓ

)
= 0, (22)

where Γ = 5/3 is the ratio of specific heats. The second set involves the
electromagnetic equations that describe the evolution of the magnetic field
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~B, electric field ~E, and the current density ~J ; Faraday’s law (19), Ampere’s
law (20), where µ0 is the permeability in vacuum, and Ohm’s law (21).

The goal is to solve for ideal MHD instabilities that occur in a magneti-
cally confined cylindrical plasma with coordinates (r, θ, z). The CBC-GWRM
is applied to the linearised ideal mhd equations about an equilibrium, which
consequently consists of 14 (7 real and 7 imaginary) coupled partial differen-
tial equations. A perturbation ∝ exp[i(mθ + kz)] is then introduced, where
m and k are the azimuthal and transverse mode numbers, respectively.

The inner boundary conditions need to ne handled with some care to
avoid singularities at r = 0 [9]. The outer boundary r = 1 condition is that
of a perfectly conducting wall, hence the radial variable components are set
to zero at the wall.

(a) Perturbed radial velocity (b) Perturbed radial pressure

Figure 9: Perturbed screw-pinch, CBC-GWRM m = 7, n = 5 and Ns = 3.

The equilibrium chosen is a simple screw-pinch equilibrium,

Br = 0, Bt = r, Bz = 0.05,

p0 = 1− r2, Jt = 0, Jz = 2.

The equilibrium was then perturbed with the modes m = 1 and k = 5. The
perturbed radial velocity and pressure is shown in Figures 9a,9b. Initially
the perturbed variables are dominated by a host of different waves, which is
why the simulation has to advance far enough t ∈ [0, 10] for the dominating
unstable mode to become distinguishable.
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Figure 10: Eigenfunction ξ(r) of perturbation m = 1, k = 5. CBC-GWRM (line) ωCBC =
0.841 m = 7, n = 5 and Ns = 3; Bateman ωB = 0.835 (point-line)

The growth rate obtained from the CBC-GWRM is compared to a shoot-
ing code developed in [2]. The CBC-GWRM calculated a growth rate ωCBC =
0.841 whilst the shooting code obtained a growth rate ωB = 0.835. This is in
an excepted range of less than a 1% error. For higher accuracy it is advised
to use multiple time intervals with fewer temporal modes. Also, this lin-
earised MHD test shows the advantage of using a Chebyshev spectral ansatz
because of its ability to average over small scale dynamics. The initial waves
that propagate are of no interest, so they are average out, which leaves the
dominating unstable mode.

4. Discussion

The CBC-GWRM has several favourable properties; 1) Spectral conver-
gence and accuracy in both time and space 2) Chebyshev polynomial prop-
erties such as the mini-max property and the polynomials are purely real 3)
Sparse matrices 4) Reduced global matrix where only the internal and ex-
ternal boundary conditions are solved 5) Subdomains are parallelizable. The
first three points are common properties of spectral methods, while the work
here is focused on points 4-5. The number of operations reduces by ∼ (2/L)3

and the memory by ∼ (2/L)2 when only the internal and external bound-
ary conditions are solved globally. This is because the two highest spatial
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Chebyshev modes are allocated for the two boundary conditions.
Another venue of potential gains in speed for the CBC-GWRM lies in the

fact that the ∂xP/∂xBC variables can be calculated numerically. This can
be done with either forward difference or center difference. The number of
private equations for one physical equation in each subdomain of, for example
the Burger equation is (L−1)(K+1). The private set of equations need to be
solved twice for each common boundary condition and temporal mode. The
total number of operations is then 4Ns(K+1)(L−1)3(K+1)3. The standard
GWRM scheme with sparse band matrix algorithms scales approximately as
N1.5
s . Thus the ratio of the total number of operations is,

4Ns(L− 1)3(K + 1)4

N1.5
s (L+ 1)3(K + 1)3

=
4(K + 1)

N0.5
s

(L− 1

L+ 1

)3

. (23)

From Eq. 23 it can thus be argued that the CBC-GWRM could be more
efficient than the standard method given that Ns is large. For example;
L = 5 and K = 5 gives the criterion that Ns > 50 for the CBC-GWRM
to be more efficient. This is perfectly reasonable since many fluid dynamics
applications suggest subdomains Ns � 100.

Figure 11: CPU time [s] with increasing subdomains for 1D linearised Burger computation;
CBC-GWRM (red), standard GWRM (blue), crude approximation of theoretical paral-
lelized CBC-GWRM tp∼0.7(tCPU/Ns) (green), and an approximated parallelized time
that follows Amdahl’s law for CBC-GWRM (black)

Also, it is not surprising that the unoptimized CBC-GWRM, i.e. no
parallel implementation, is slower than its counterparts for bigger problems
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since the extra steps involved in calculating the Jacobian of boundary con-
ditions is solved in consecutive order. The work done in each subdomain
can be allocated to multiple processors, which would decrease the compu-
tation time. Figure 11 shows how the CPU time scales with the number
of subdomains Ns∈[5, 30] for the CBC-GWRM and the standard GWRM
(all equations solved globally). The standard GWRM outperforms the CBC-
GWRM quite substantially. However, when approximations of the parallel
speed-up gains are made we see that CBC-GWRM could potentially out-
perform the standard GWRM, whilst using less memory consumption. A
crude approximation can be made by positing that ∼70% of the code is par-
allelizable and dividing by the number of subdomains. This assumes that
one processor can be allocated for each subdomain. Another, more realistic
picture, follows the speed-up gains ascertained from Amdahl’s Law [1]. Am-
dahl’s law is formulated as S = 1/[(1 − p) + p/s], where S is the speed-up
gain, s is the proportion of the code that can be computed in parallel, and
p is the unoptimized computation time of p. If parallelism is accounted for
the discrepancy in CPU time can be resolved (see Figure 11).

5. Conclusion

The CBC-GWRM solves a set of ordinary or partial differential equations
in the temporal domain and the spatial domain with a weighted residual
method. This allows the method to obtain a high accuracy and to efficiently
average over small scale dynamics, which can be seen in the linearised Burger
test and forced wave equation test. From the outset of this work the time-
spectral method solved all subdomains simultaneously from the global set
of algebraic equations. The goal then was to break down the problem into
smaller pieces. CBC-method provides a solution to that problem.

For the 1D linearised Burger equation the CBC-GWRM was compared
to finite difference methods. For a lower accuracy the implicit scheme out-
performed both the explicit and the spectral method. The maximum error of
the CBC-GWRM solution scales εGWRM ∼ t−3.47

CPU , compared to εLW ∼ t−0.6
CPU

and εLW ∼ t−0.9
CPU . This allows CBC-GWRM to be 30% times faster than

Crank-Nicolson for accuracies ε∼10−5. The CBC-GWRM CPU time also
scales linearly with increasing subdomains N1

s which is and improvement
from the standard GWRM N1.5

s .
A case has been made that the CBC-GWRM is capable of being more

efficient than the global GWRM if the ∂xp/∂dxBC variables are computed
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numerically. This allows the CBC-GWRM to be more competitive when
many subdomains are used. More importantly, the CBC subdomain scheme
can be parallelized so that the full potential of multiple CPUs and GPU
acceleration can be harnessed.

The ideal MHD equations were solved within 1% accuracy for the insta-
bility growth in a screw-pinch, which agrees well with previous simulations
[12]. This shows that the CBC-GWRM is capable of solving complex physical
systems that are relevant for numerical modelling of fusion plasma physics.
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