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1 Introduction

This talk explores the representation of cohomology classes through harmonic
forms. We begin by revisiting some essential definitions.

Definition 1.1. A differential form a € QP(M) is called closed if do = 0, and
it is called ezact if there exists n € QP~1(M) such that dn = a.

Given the operator d : QP(M) — QPT1(M) and its property d o d = 0 (see
Lemma 7.2.11, the spring DG course), it follows that every exact forms is indeed
closed.

Definition 1.2. Two closed forms a, 5 € QP(M) are called cohomologous if
a — B is exact, i.e. there exists a form 1 € QP~!(M) such that o — 3 = dn.

This property establishes an equivalence relation on the space {a € QP(M) | da =
0}.

Definition 1.3. The set of equivalence classes - closed forms in QP (M) modulo
the exact forms - forms a vector space over R, that is known as the p-th de
Rham cohomology group HY,(M,R).

The primary goal of this talk is to prove the following theorem.

Theorem 1.4 (Hodge). Let M be a compact Riemannian manifold. Then
every cohomology class in HYp(M,R) (0 < p < d = dimM ) contains precisely
one harmonic form.

The general strategy, illustrated by the Hodge theorem, is fundamental in
geometric analysis. The main idea is to choose a particular representative from
a class of geometric objects (here a cohomology class). The selection is achieved
either by imposing a suitable differential equation or, alternatively, by mini-
mizing a specific functional within the given class. In this case, the imposed
differential equation is d*n = 0, which, alongside the standard cohomology class
equation dn = 0, results in the harmonic equation Ay = 0. We will illustrate
the Hodge theorem using a variational method. The central technical tool will
be Rellich’s embedding theorem, which will be restated below in the particular
form required for our purposes in Lemma



Proof. Uniqueness. Assume we have two cohomologous harmonic differential
forms wy,ws € QP(M). For the case where p = 0, it follows that w; = wa, since
every class of Hl,(M) contains just one element.

If p > 0 there exists a form n € QP~1(M) such that w; — ws = dn. Conse-
quently,

(W1 — wa, w1 — wy) = (W1 — wo,dn) = (d*(wy —ws),n) =0,

where, in the last step, we use the fact that w; and ws are harmonic, implying
d*w; = 0 and d*ws = 0 (see Proposition 2.1, Talk 7).

Since the scalar product is positive definite, we conclude that w; = wy which
implies uniqueness. O

To establish the existence, a more challenging task, we will use Dirichlet’s
principle. Let wg be a closed differential form, representing a given cohomology
class in H?(M). Then any form cohomologous to wy can be written as

w=wy+da witha € QP 1(M).

Now we minimise the L?-norm D(w) = (w,w) in the class of all forms co-
homologous to wp. Assume that the infimum is achieved by a smooth form 7,
and let n + tdf with 8 € QP~1(M) be a variation of that form. Then 1 has to
satisfy the following Euler-Lagrange equations for D

d
=~ (n+tdB,n+tdp),_,

= 2(n, dp) (1)
= 2(d"n, B)

which implies d*n = 0, and hence the harmonicity of 7.

Since our objective is to minimize the L?-norm, we need a space that is
complete with respect to L?-convergence. Thus, we have to work with the space
of L? forms, instead of the space of the smooth forms. For technical reasons, it
is necessary to define the Sobolev space in the current context.

0

Definition 1.5. Let F be a vector bundle over M and s : M — E a section of
E with compact support. A section s is contained in the Sobolev space H*"(E),
if for any bundle atlas with the property that on compact sets all coordinate
changes and all their derivatives are bounded and for any bundle chart from
such an atlas

p: By —=UxR"

we have that ¢ o sy is contained in H*"(E)

Remark 1.6. It is possible to obtain such an atlas by making coordinate neigh-
borhood smaller if necessary



Consider a new scalar product on QP (M)
((Wa w)) = (dwv dw) + (d*w7 d*w) + (wa w)

and the norm .
ol g2y 1= ((@,0)) 3
We cousider a completion of the space QP (M) of smooth p-forms with respect
to the [|-|| ;71,2 (5s)-norm. The resulting Hilbert space will be denoted as H;’Q(M),
or simply H'2(M), when the index p is clear from the context.

Recall that for a given open set V C R? and a smooth map f : V — R", the
Euclidean Sobolev norm is given by

af or\:
gy i= ([ £+ [ 2L 20)

For every xg € M there exists an open neighborhood U and a diffeomorphism
@ : AP(M)jg =V xR"

where V is open in R? and n is the dimension of the fibers of AP(M) and it
equals (g) We also define the projection 7 : V' x R™ — V which maps the fiber
over x € U to a fiber {m(p(z))} x R™.

Lemma 1.7. On any subset U' of U with U' C U and V' = 7(p(U")), the
norms

HUJHHLz(U/) and ”(p(w)”Hiu?Cl(V’)

are equivalent.

Proof. 1If we restrict ourselves to relatively compact subsets U’ of U, we know
that all coordinate changes lead to equivalent norms. Then, it is enough to find
for every z in U’ a neighborhood U” on which the norms are equivalent, since
the claim then follows by a covering argument.

Recall that the local coordinates defined by the chart (exp; L U) are called
normal coordinates with center p. We also will need the following result.

Theorem 1.8. In normal coordinates, we have for the Riemannian metric
gij(O) = Jij, F;k(O) =0 for all i,j, k.

We can assume that 7 o ¢ is the map onto normal coordinates with center
xg, thus by continuity there exists € > 0 such that in the neighborhood U” of
xo we have

|glj('r) _61]| Sé‘, for 17.7 = 17"ad’ (2)
D) <e fori,jk=1,..d, (3)

To continue we will need first to obtain some quantities.



Let o, 8 € QP(M) and write them as

o= Qil..ipdxil A Adz'®,
B = Bj.,dx? A Adatr.

then
<a,f>= Oéiluipﬂjl-'j;ngzljlgl2j2"'gZPJP'

Recall that W
k=1

Then

< da,df >= agzlklp aﬁaj;ljp gk‘lg'Lljlg’LQjQ “gipjp

Recall (from the talk 5) that if w € Q'(M) we have that

Similarly, 5
ak?il ip 1

(d*a)il..’ip_l = 7gkl (81‘[ - F la]ll er 1> .
Then

304ki1..ip,1

d*a, d*f > =< g™ < 9l — F‘]Z;lajilwip—l) dz® A .. Adatv,

orn mn

8ak“ ip—1 aﬂm]l -Jp— 1gklgmng11_]1 gip71jp71
Ox! ox™

aakll lp 1 /8 g
T
890 mn J1--Jp—1

_ J1--Jp—1 1J kl_mn i171 ip—1Jp—1
I ) LT R A e

OB . .
n <ﬁj1jp1 _1r /Bv”jl..jp1> dzdt A N dTdP >

gipfljp—l

+ Fil]‘—‘:nnajil--ip_lﬂrjl..jp_lg ...g“’*ljpfl.
Recall, that we actually considered the following L?-product as following
(o, B) =/ <a,f>x(1), «a,BeQPU)
M

Then set , )
W= w;i i, dz"t A... Adx'®



and observe that

ow;, i Ow;, i
1 d 1.4 J1-J 1 d
||<p(w)||H61;2u[(V”) _ /,/ Wiy i .o.;jlnjpdx dx /” m P, . Ldx...dx

_ P AW Xt ipJ 1 d
—/ Wiy iy Wy g, 00 da L dx
17

] B B g
" 61’1 8xj

where V" = m(¢(U”)). Now using the estimates (2, and equalities (), (),
for some ¢ > 0 we obtain

clle@llgre o < /VN <w,w > /gdrt...dz? —1—/ < dw,dw > \/gdz"...dz"

1"

= (w,w) + (dwu dw) S (w7w) + (dwu dOJ) + (d*w7d*w) = ||w||H1,2(U//)

To get the upper bound we proceed in the similar way, using the aforementioned
estimates and equalities plus equality @ In particular, to bound (d*w,d*w)
with (dw, dw) and (w,w) we just use inequalities of the following type

aakil...ip_lﬁle i< 1 ’aakh...ip_l
Ox! e 2 Ox!

2 2
+ |ﬁrj1~~jp—1| )

Then the claim holds for sufficiently small € > 0, that is for a sufficiently
small neighborhood of xg. The claim follows by a covering argument O

With the help of Lemma [I.7] the results for Sobolev spaces in the Euclidean
settings can be extended to a Riemannian manifold. In particular, the following
result holds.

Lemma 1.9 (Rellich’s theorem). Let (wn)nen C Hy?(M) be bounded, i.e.
lwnll g1z ary < K-

Then a subsequence of (wy,) converges w.r.t. the L*-norm

wllL2(ary = (@, w)?
to some w € HY?(M).

Corollary 1.10. There exists a constant ¢, depending only on the Riemanian
metric of M, with the property that for all closed forms [ that are orthogonal
to the kernel of d*,

(8,8) < c(d"B,d*B) (7)



Proof. We prove by contradiction. Assume there exists a sequence of closed
forms S, orthogonal to the kernel of d* such that
(Bns Brn) = n(d" B, d" Bn). (8)
Define )
Ap 1= (ﬁnv ﬁn)_i-
Multiplying both sides of (8) by A, we obtain

(d*()‘nﬁn)ad*()‘n/gn)) < ()\nﬁna)\nﬁn) = -

1
-

S|

Since df3,, = 0, we have
[AnBallgrre = AnBr, AnBn) + A2 (dBr, dBn) + (d*(AnfBn), d* (AnfBn))
=1+ (d*(Anﬁn)ad*(Anﬁn)) <1+ %

By Lemma up to selecting a susequence, \,f, converges in L?-norm to
some form . By @D d*(AnBn) converges to 0 in L?, and so for any ¢

(d*,p) = (b,dp) = lim (Anfn, dp)

and hence d*y = 0.
And again, since by assumption 3,, are closed, we have

(d, 9) = (¥, d7p) = lim (Aafn, d"¢)
= 1im (d(AnfBy),9) =0

n—oo

(10)

and dy = 0.
Since d*1) = 0 (so it belongs to the kernel of d*) and 3, is orthogonal to the
kernel of d* by assumption

(1, Anfn) = 0.
Recall that (A8, AnfBn) = 1, then

lim (¢, \pBn) =1,
n—oo
which contradicts to (10]). O

Proof. Existence part of Theorem[I.]} We begin by roughly outlining the idea
of the proof. We minimize the functional D(w) = (w,w) for w in the cohomology
class we consider. Then we pick a w that minimizes D(w). Then, using we
get that, (d*w, 8) = 0, which together with the assumption dw = 0 implies that
w is harmonic.

However, there are some important details being missed when doing this.
Firstly, we don’t know whether the w that minimizes D(w) is in the cohomology



class. Indeed, we will construct w as a weak limit point, and will then
give us that (w,dB) = 0 for all 8 € QP~1(M), which means that w is weakly
harmonic. And due to the Laplacian being a uniformly elliptic operator we get
by regularity theory that w is smooth and harmonic in the usual sense. But we
also need to assure that the w we construct as a weak limit does not leave the
considered cohomology class. Also in order to use we need to ensure that
w + ddpf does not leave the set we are minimizing over, so we need to minimize
D over the set of weak limit points of the cohomology class we consider.

We now carry out the rigorous argument. Let C,,, be the set of all weak
limit points of forms in the cohomology class of wy € QP (M), i.e.

Cu = {w € L?| Iom)52, CQP7H(M) : lim (wo-tdan, ) = (w, ) Vi € QP(M)}.

We shall now classify C,,, as all w being weakly in the same cohomology class
as wp, i.e. we shall show that for all w € C,,, there exists a € L? such that

(@, d%p) = (w = wo, ) Vo € QP(M). (11)
First we note that for w € C,,, we have
(W—wo, ) =0 (12)

for all ¢ such that d*¢ = 0, since we have (w — wp, ¢) = lim, e (da, + wo —
wo, ) = limy, oo (ap, d*p) = 0 if d*¢ = 0. Now, let 1 := w—wp, where w € C,,.
Define a linear functional I on d*(QP(M)) by

U(d*p) == (n,¢).

Since d* and the scalar product is linear, [ is linear. Also [ is well-defined since
d*p1 = d*¢o implies d*(¢1 — p2) = 0 and so by we have that I(d*¢1) =
(d*p2).

Not define m : QP(M) — kerd; as the projection onto the kernel of d*,
and let ¢ € QP(M) and consider @) := ¢ — 7(¢). By definition of m we have
d*¢ = d*. So we have

W(d* ) = U(d"™p) = (n,). (13)
Because v is orthogonal to ker d* we have by Corollary that
19l 2 < clld™Pll. = clld™oll 2 - (14)

Together, , and Cauchy-Schwartz imply

[l(d*p)| < clnllzs ld*ell L. -

So [ is bounded on d* (2P (M)) and we can extend [ continuously to the L? closure
of d*(QP(M), which then becomes a Hilbert space. Denote the extension of [
again by [. Since [ is now a bounded linear funcitonal on a Hilbert space, we



can use Riesz representation theorem, which gives us an o € d*(QP(M) such
that

(a,d"p) = (1, ¢)
for all ¢ € QP(M). This is exactly (LI).
Now that we have we are ready to wrap up the proof. Consider

= inf D 15
ri=of Dw) (15)
for an arbitrary closed wy € QP(M). Since D(w) = Hw||iz we can choose a

minimizing sequence of (wn)32, and may assume that ||wy| ;. < x4+ 1 for
all n. But a bounded sequence in a Hilbert space always has a subsequence that
converges weakly. Denote the weak limit by w, hence we may assume that (wy,)
converges weakly to w, i.e. (wn, ) = (w,p) for all p € QP(M). Also, since C,,
is the closure with respect to weak limit points, w is contained in C,,.

Now we use that D is weakly lower semicontinuous with respect to weak
convergence

k < D(w) < liminf D(w,) =0,
n—oo

which gives us that D(w) = k. Using this fact, we are ready to use (1)) with w
in place of 7, since w+dpf € C,,, (this is easily seen from the classification )
and D(w) = k. Of course, we can not carry out the last equality in , since we
do not yet know that w is equivalent to a smooth form. But we have (w,df) =0
for all B € QP~1(M). Also, we have that (w,d*p) = 0 for all ¢ € QPT1(M),
since by we have (w, d*p) = (w—wo, d*p) + (wo, d*¢) = (o, d*d* @) +0 = 0.
Together, (w,dB) = (w,d*¢) = 0 means that w is weakly harmonic. Hence w
is a weak solution to Laplace’s equation. And since the Laplace operator is
elliptic, we get by regularity theory that w is smooth and harmonic in the usual
sense. For details, see [T, A.2].

Now we are almost done. We have shown that there exists a harmonic
w € QP(M) which is weakly in the same cohomology class as wy, i.e. holds.
But we still need to show that w is in the same cohomology class as wy, i.e. that
o in is smoothE When we have proved this, we are done. We shall use
the Sobolev embedding theorem which reduces the problem of showing that «
is smooth, to showing that it is contained in H*? for all k € N. For details see
[1, A.1]. But this is not so difficult to see. We have («, d*p) = (w —wp, ). This
means that da exists, weakly, and is smooth (it is equal to w — wg). Hence all
other derivatives (starting with d) will exist and be bounded. Also (o, df) =0
for all B € QP~1(M), since a € d*(Q°(M), and derivation conserves weak
convergence. So weakly d*« = 0. Hence all weak derivatives of a exists and are
continuous, and since we are on a compact manifold, they are contained in H k,2
for arbitrary k and we are done. O

Corollary 1.11. Let B, be the L*-closure of {do : « € QP~1(M)}, and B be
the L*-closure of {d*3 : B € QP (M)}, and H, be the set of harmonic p-forms.

IThis is equivalent to showing that Cw; N Cuy = 0 for wi,wy in different cohomology
classes.



Then the Hilbert space Lg consisting of square inteagrable p-forms admits the
orthogonal decomposition

L2(M)=B,® B ®H,.
Moreover, we have H, = BIJ; N B;L,

Proof. First we note that {da : a« € QP~Y(M)} and {d*B : B € QPF1(M)}
are orthogonal to each other, since (do, d*3) = (d*a, ) = 0, and by a standard
continuity argument ((-,w) is continuous), we get that B}, and B;; are orthogonal.
From this fact we have that

2 * 1 L
L2(M) =B, ® By o (Br nB;").

So all that is left is to prove that H, = B;- N B;L. But w € BIJ; N B;L implies
(w,da) = 0 and (w,d*3) = 0 for all « € QP~1(M) and 8 € QP (M). And the
last step of Theorem was proving that this implies that w is smooth and
harmonic, so we are done. U

Corollary 1.12. Let M be a compact differentiable manifold. Then all coho-
mology groups Hyp(M,R) (0,< p < d:=dimm) are finite dimensional.

Proof. Firstly, since M is a differentiable manifold, we may equip it with a
Riemannian metric. And by Theorem [T.4] we know that each cohomology class
may be represented by a form which is harmonic with respect to the chosen
metric. Due to this fact, we may define a scalar product on HgR(M ,R) by
([u], [v])me := (ug,vo) L2, where ug and vy are the unique harmonic representa-
tives of the equivalence class. If we assume HY,(M,R) to be infinitely dimen-
sional there therefore must exist an orthonormal sequence of harmonic forms
(Mn)neny w.r.t. (+,-)r2. Le. we have (9, 7m) = dpm. But since 7, are harmonic,
they satisfy dn, = d*n, = 0, so we have ||77n||H1,2(M) = 1. So Rellich’s theo-
rem (Lemma gives us a subsequence of (7,) that converges in L2, which
contradicts the orthogonality assumption. O
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