Introduction to Macdonald polynomials: Lecture 2

by M. Noumi [February 12, 2021]

1 Schur functions

1.1 Symmetric polynomials e,(x), h;(z) and pg(x)
e Three sequences of symmetric polynomials in x = (x1,Z2,...,%y)

er(z): elementary symmetric functions,  hi(x): complete homogeneous symmetric functions

er =ep(x) = Z xiywi, (r=0,1,2,...), e(z)=0 (r>n),
1<y <<ip<n

(1.1)
hy = hy(z) = Z itk = Z X,y (1=0,1,2,...).
J1 ot pin=l 1< <<ji<n
pr(z): power sums
pr=pp(x) =2 +ab+ 4 2b (k=1,2,..). (1.2)
e The ring of symmetric polynomials:
Clz]® = {f €Clz] | o(f) = [ (0 € &n)} =Cler(), ..., en()]. (1.3)
The elementary symmetric polynomials ej(x), ..., e,(x) are algebraically independent over C.
e Alternating polynomials:
Clz]®*8" = {f € Clz] | o(f) = sgn(0)f (0 € &,)} = A()Clz]®", (1.4)
where A(z) stands for the difference product (Vandermonde determinant):
Az) = H (zi — xj) = det (‘r?_j)?,jzl (1.5)
1<i<j<n
e How can one express hj(x) and pi(z) in terms of eg(z) 7
hi =eq, ho = e% —e9, hg = 6:1" — 2e1e9 + €3, hy = eil — 36%62 + 2e1e3 + e% —ey4, ... (16)
pL=e€1, p2 =e€] —2e, p3 =€} —3erey + e, ps = €] —Aejey + deres + 23 — dey, ... '
e Wronski formulas: h; +— e,.
h; — hj—1e1 + hj_seq — - - - + (—1)1_1h161_1 + (—1)l€l =0 (l =1,2,.. )
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where m = (mq,...,my) € N*, |m|=my +ma+ -+ +my, |m| =mi +2ma + - - + nmy,.

e Newton formulas: pp +— e;.

Pk — Pk—1€1 + Pk—2€2 — -+ + (—1)k71p16k_1 + (—1)kk6k =0 (k =1,2,.. )
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e Generating functions: These recurrence formulas, determinant formulas and explicit formulas
can be proved by means of the generating functions.

B(u) =1—euten’ — -+ (1) epu" = (1 —z1u) -+~ (L~ zqu)  (e0 = 1),

1 (1.9)
H(u) = 1+ hyu+ hou® + hyu? + - = S
(u) + hiu + hou” + hgu® + (1 _ xlu) ... (1 — xnu) ( 0 )

The Wronski formulas arise from the relation F(u)H (u) = 1 of the generating functions. As to
power sums, we have

H(u) = exp (Z ;pkuk> , E(u)=exp (— Z ;pkuk> , (1.10)
k=1 k=1

The Newton formulas are obtained from

uH'(u) uFE'(u) - k
P(u) = =— , P(u)= pru”. 1.11
1.2 Monomial symmetric functions
e Two C-bases of C[z]®»
Clz]®" = @) Cma(z) = @ Csa(x) (1.12)
AEPR AEPy

my(x): monomial symmetric function of monomial type A:

my(z) = Z 2# = * + (monomials obtained from z* by permutations) (1.13)
PEGH.A
Note that A€ Py, p€ S, A = p <X w.rt. the dominance order (partial order).
Single column:  m ;) (z) = ex(z).  Single row: m)(z) = pi(x),

e Bach symmetric polynomial f(z) € C[x]®" is uniquely expressed as a finite linear combination
of monomial symmetric functions my(x).

f(z) = Z aymy(x) (finite sum) (1.14)



1.3 Schur functions

e The Schur functions sy (z) attached to a partition A € P,, can be defined in two ways.
First definition: (combinatorial definition)
()= Y ™) (1.15)
TESSTaby, ()
as a sum of certain weights over all semi-standard tableauz (column strict tableaux) T' of shape .

Second definition: (determinantal definition)

Aj+n—j Aj+n—j
o) = ST g S Dy (1.16)
det (z i*J)i,j:1 Alx)

as a ratio of two determinants of Vandermonde type.
Theorem s$°"P(z) = s{(z) (A € Py).
This theorem implies that s)(z) € N[z]®", N = Zx,.
We will explain below how one can prove the equivalence of two definitions of the Schur func-

tions, on the basis of Cauchy’s lemma and the generating function of Cauchy type. At this moment,
we explain some consequences of this theorem.

e Evaluation formula: The value of sy(z) at the point ¢ = (t"~1,¢t"~2 ... 1) is evaluated as

1— t>\i—)\j+j—i

sx(t’) =t" ] — n(d) = (i— 1. (1.17)

1<i<j<n i>1
From this, we obtain the hook-length formula for 3,\(1, ..., 1) = #SSTab,(A):
Ai—Nj+j— n+ c>\
sx(1,...,1) @ggn i ., #SSTab,,( I;IA (1.18)
For each box s = (i,j) € A, the content c)(s) and the hook-length hy(s) are defined by
ex(s) =7 —1, ha(s) = ax(s) +a(s) +1 =X —j+ N —i+ 1. (1.19)

e Self-duality:
s/\(t‘H‘s) B su(tM_‘s)

= A n)- 1.20
S@ @) MHEPY (120
1.4 Cauchy’s lemma
In what follows, we set sy(z) = s{°(x).
e Cauchy’s lemma: For two sets of varialbes z = (x1,...,25), ¥y = (Y1, -+, Yn),
1 " A(x)A
det () __A@AW (1.21)
L=y /5 = [Ii=1 (1 — zy;)

e Generating function: (Kernel function of Cauchy type)

— Z sx(z (1.22)
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1.5 Equivalence of the two definitions

For a semi-standard tableau T" of shape A, consider the subdiagram g consisting of the boxes s € A
such that T'(s) <m—1. Then p is a partition, and the skew diagram (difference) A/ is a horizontal
strip, i.e. u C A satisfies the condition A; > p; > Aiy1 (i > 1). The combinatorial definition of
s5°mP(7) can be understood as the recursion formula with respect to n:

SOy, ) = > S (@, a )z (1.23)
pnCA: hes

In order to establish the equivlance s$°™P(x) = s°(z), we prove that sy(z) = s$¢*(z) satisfies the
same recursion formula by using Cauchy’s lemma.

1.6 Some remarks on the Schur functions



