
Introduction to Macdonald polynomials: Lecture 3

by M. Noumi [February 19, 2021]

1 Schur functions (2)

1.3 Two definitions of the Schur functions

• The Schur functions sλ(x) attached to a partition λ ∈ Pn can be defined in two ways.

First definition: (combinatorial definition)

scomb
λ (x) =

∑
T∈SSTabn(λ)

xwt(T ), (1.1)

as a sum of certain weights over all semi-standard tableaux (column strict tableaux) T of shape λ.

Second definition: (determinantal definition)

sdetλ (x) =
det
(
x
λj+n−j
i

)n
i,j=1

det
(
xn−j
i

)n
i,j=1

=
det
(
x
λj+n−j
i

)n
i,j=1

∆(x)
(1.2)

as a ratio of two determinants of Vandermonde type.

Theorem scomb
λ (x) = sdetλ (x) (λ ∈ Pn).

This theorem implies that sλ(x) ∈ N[x]Sn , N = Z≥0.

We will explain below how one can prove the equivalence of two definitions of the Schur func-
tions, on the basis of Cauchy’s lemma and the generating function of Cauchy type. Before doing
so, we explain some consequences of this theorem.

• Evaluation formula: The value of sλ(x) at the point tδ = (tn−1, tn−2, . . . , 1) is evaluated as
follows:

sλ(t
δ) = tn(λ)

∏
1≤i<j≤n

1− tλi−λj+j−i

1− tj−i
n(λ) =

∑
i≥1

(i− 1)λi. (1.3)

For each box s = (i, j) ∈ λ of a Young diagram λ, the content cλ(s) and the hook-length hλ(s) are
defined by

cλ(s) = j − i, hλ(s) = aλ(s) + lλ(s) + 1 = λi − j + λ′
j − i+ 1. (1.4)

Then, this evaluation formula can be rewritten as the hook-length formula

sλ(t
δ) = tn(λ)

∏
s∈λ

1− tn+cλ(s)

1− thλ(s)
. (1.5)
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Taking the limit as t → 1, we obtain

sλ(1, . . . , 1) = #SSTabn(λ) =
∏

1≤i<j≤n

λi − λj + j − i

j − i
=
∏
s∈λ

n+ cλ(s)

hλ(s)
(1.6)

• Self-duality:
sλ(t

µ+δ)

sλ(tδ)
=

sµ(t
λ+δ)

sµ(tδ)
(λ, µ ∈ Pn). (1.7)

1.4 Cauchy’s lemma

In what follows, we set sλ(x) = sdetλ (x).

• Cauchy’s lemma: For two sets of varialbes x = (x1, . . . , xn), y = (y1, . . . , yn),

det

(
1

1− xiyj

)n

i,j=1

=
∆(x)∆(y)∏n

i,j=1(1− xiyj)
. (1.8)

Exercise: Prove this formula.

• Generating function: (Cauchy formula, Kernel function of Cauchy type)

n∏
i,j=1

1

1− xiyj
=
∑
λ∈Pn

sλ(x)sλ(y). (1.9)

We rewite the determinat side of (1.8) as

det

(
1

1− xiyj

)n

i,j=1

= det

( ∞∑
l=0

xliy
l
j

)n

i,j=1

=
∑

l1>···>ln≥0

det
(
x
lj
i

)n
i,j=1

det
(
ylij
)n
i,j=1

=
∑

l1>···>ln≥0

∆l1,...,ln(x)∆l1,...,ln(y).

(1.10)

where
∆l1,...,ln(x) = det

(
x
lj
i

)n
i,j=1

, ∆δ(x) = ∆n−1,n−2,...,0(x) = ∆(x). (1.11)

Then, by Cauchy’s lemma, we obtain

n∏
i,j=1

1

1− xiyj
=

∑
l1>···>ln≥0

∆l1,...,ln(x)

∆(x)

∆l1,...,ln(y)

∆(y)
=
∑
λ∈Pn

sλ(x)sλ(y), (1.12)

through the correspondence li = λi + n− i (i = 1, . . . , n).

1.5 Equivalence of the two definitions

For a semi-standard tableau T of shape λ, consider the subdiagram µ consisting of the boxes s ∈ λ
such that T (s) ≤ n−1. Then µ is a partition, and the skew diagram (difference) λ/µ is a horizontal
strip, i.e. µ ⊆ λ satisfies the condition λi ≥ µi ≥ λi+1 (i ≥ 1). The combinatorial definition of
scomb
λ (x) can be understood as the recursion formula with respect to n:

scomb
λ (x1, . . . , xn) =

∑
µ⊆λ: h.s

scomb
µ (x1, . . . , xn−1)x

|λ|−|µ|
n . (1.13)
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In order to establish the equivlance scomb
λ (x) = sdetλ (x), we prove that sdetλ (x) satisfies the same

recursion formula by using Cauchy’s lemma. Note here that

scomb
λ+(1k)(x) = (x1 · · ·xn)kscomb

λ (x), sdetλ+(1k)(x) = (x1 · · ·xn)ksdetλ (x) (1.14)

for k = 0, 1, 2, . . .. Hence we have only to show the recurrece formula

sdetλ (x1, . . . , xn) =
∑

µ⊆λ: h.s

sdetµ (x1, . . . , xn−1)x
|λ|−|µ|
n (1.15)

for partitions λ ∈ Pn such that λn = 0.

In the following we set

fl1,...,ln(x) =
∆l1,...,ln(x)

∆(x)
=

det
(
x
lj
i

)n
i,j=1

∆(x)
(l1, . . . , ln ∈ N), (1.16)

so that fl1,...,ln(x) = sdetλ (x) for li = λi + n − i (i = 1, . . . , n). Then the Cauchy formula (1.12) is
equivalent to ∑

l1,...,ln≥0

fl1,...,ln(x)y
l1
1 · · · ylnn =

∆(y)∏n
i,j=1(1− xiyj)

. (1.17)

Setting yn = 0, we obtain∑
l1,...,ln−1≥0

fl1,...,ln−1,0(x)y
l1
1 · · · yln−1

n−1 =
∆(y1, . . . , yn−1)∏n−1

i,j=1(1− xiyj)

y1 · · · yn−1∏n
j=1(1− xnyj)

. (1.18)

The right-hand side is expanded as∑
k1,...,kn−1

fk1,...,kn−1(x1, . . . , xn−1)y
k1
1 · · · ykn−1

n−1

∑
r1,...,rn−1

xr1+···+rn−1
n yr1+1

1 · · · yrn−1+1
n−1 (1.19)

Equating the coefficients of yl11 · · · yln−1

n−1 of the both sides, we obtain

fl1,...,ln−1,0(x1, . . . , xn) =
∑

(k1,...,kn−1)
∈[0,l1)×···×[0,ln−1)

fk1,...,kn−1(x1, . . . , xn−1) x
∑

i li−
∑

i ki−(n−1)
n , (1.20)

where [a, b) = {k ∈ Z | a ≤ k < b} denotes the interval of integers. We now consider the case where
l1 > · · · > ln ≥ 0. In (1.20), the summand of the right-hand side is alternating in (k1, . . . , kn−1).
Hence the range of summation can be cut off as follows:∑

(k1,k2,k3,...)∈[0,l1)×[0,l2)×[0,l3)···

=
∑

(k1,k2,k3,...)∈[l2,l1)×[0,l2)×[0,l3)···

=
∑

(k1,k2,k3,...)∈[l2,l1)×[l3,l2)×[0,l3)···

= · · · =
∑

(k1,...,kn−1)∈[l2,l1)×[l3,l2)×···×[0,ln−1)

(1.21)

This means that

fl1,...,ln−1,0(x1, . . . , xn) =
∑

(k1,...,kn−1)

fk1,...,kn−1(x1, . . . , xn−1) x
∑

i li−
∑

i ki−(n−1)
n , (1.22)
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where the summation is taken over all (k1, . . . , kn−1) such that

l1 > k1 ≥ l2 > k2 ≥ · · · ≥ ln−1 > kn−1 ≥ 0. (1.23)

We define λ ∈ Pn and µ ∈ Pn−1 by setting

li = λi + n− i (i = 1, . . . , n), ki = µi + n− i− 1 (i = 1, . . . , n− 1). (1.24)

Then formula (1.22) is rewritten as

sdetλ (x1, . . . , xn) =
∑
µ

sdetµ (x1, . . . , xn−1)x
|λ|−|µ|
n , (1.25)

with the summation over all µ ∈ Pn−1 such that

λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ · · · ≥ λn−1 ≥ µn−1 ≥ 0, (1.26)

or equivalently, λ/µ is a horizontal strip.

• Jacobi-Trudi formula: In formula (1.17), we have

1∏n
i,j=1 1− xiyj

=

n∏
j=1

( ∞∑
k=0

hk(x)y
k
j

)
=

∑
k1,...,kn≥0

hk1(x) · · ·hkn(x)y
k1
1 · · · yknn . (1.27)

By comparing the coefficients of yl11 · · · ylnn in (1.17), we obtain the Jacobi-Trudi formula

sλ(x) = det
(
hλi−i+j(x)

)n
i,j=1

(λ ∈ Pn). (1.28)

1.6 Some remarks on the Schur functions

• For a fixed partition λ ∈ Pn, the following combinatorial objects are all equivalent to each other.

(a) semi-standard tableaux T ∈ SSTabn(λ).

(b) non-decreasing sequences of partitions ϕ = λ(0) ⊆ λ(1) ⊆ · · · ⊆ λ(n) = λ such that λ(i)/λ(i−1)

are horizontal strips.

(c) Gelfand-Tsetlin patterns

λ
(n)
1 λ

(n)
2 . . . λ

(n)
n−1 λ

(n)
n

λ
(n−1)
1 λ

(n−1)
2 . . . λ

(n−1)
n−1

. . .
. . . . .

.

λ
(2)
1 λ

(2)
2

λ
(1)
1

(1.29)

(d) n-tuples of non-intersecting paths on the lattice {1, . . . , n}×N with starting points (1, 0), . . . (n, n−
1) and ending point (n, ln), . . . , (n, l1). (In this combinatorial context, the Jacobi-Trudi formula is
a consequence of the Lindström-Gessel-Viennot theorem.)

• Schur functions as the characters of polynomial representations of GLn.

– (GLn,GLn)-duality and the Robinson-Schensted-Knuth (RSK) correspondence
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