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Objectives 

• Introduce the matrix exponential (ME)-distribution 
as a new fading channel model. 

• Present a unified, tractable, and powerful 
performance evaluation framework for wireless 
system with fading channels. 

• Exemplify the ME-distribution (and its 
generalizations) in related areas. 
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Evolution 

arXiv preprint arXiv:1612.06809 (2016). 
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Outline 

• Preliminaries 
• Performance Analysis Framework 
• New ME-distr. Properties 
• Applications 
• Other Uses of ME-distr. 

– (ME-distributed discrete-time signals) 
– (ME-distribution generalizations) 
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PRELIMINARIES 
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Preliminaries: Matrix Exponential 

• ME-series definition 
 

• ME-limit definition 
 

• Derivative 
 

• Integral 
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Matrix exponential func. in Matlab: expm(.) 
Exponential func. in Matlab: exp(.) 



Preliminaries: 
Matrix Exponential Distribution (1) 

• cdf 
 

• pdf 
 

• Moments 
 

• Laplace transform 

The ME-distribution is dense on t>=0 
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Sum of products of Exp., Trig., and Poly. 



Preliminaries: 
Matrix Exponential Distribution (2) 

• Companion form 
 
 

 
 
 

• Rational LT 
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Preliminaries: 
Matrix Exponential Distribution (3) 

• Convolution 
 



Preliminaries: 
Matrix Exponential Distribution (4) 

• Maximum 
 

• Minimum 
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PERFORMANCE ANALYSIS FRAMEWORK 
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ME-distributed fading (1) 

• Gamma- and exponential-distributions are special cases of the 
ME-distribution class. 

• ME-distribution is dense on positive g. 
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ME-distributed fading (2) 

• Examples of ME-pdfs 
– Gamma pdf 

 
 

– Oscillating pdf 
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ME-distributed fading (3) 

• pdfs can also be approximated with ME-pdfs 
– In general a hard problem [35] 

• Suggestions of approximation methods 
– Least squares in pdf domain [1] 
– Truncated continued fraction in LT domain [1] 
– Pade’ approximation in the LT domain [1] 

• ME-distribution (or ME-pdf) may be directly 
fitted to measured fading channel gains [2] 



Effective SNR Processing (1) 

TX RX 

Block fading channels 

SNR processing examples Effective (SNR) channel model 

i) 

TX RX 

ii) 

MRC, SDC 

TX RX 

Block fading channels 

TX RX 

iii) 

TX Diversity, 
Coherent BF, SDC 

TX RX 

iv) 

OSTBC 
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Translate unprocessed SNR(s) and ”complex” 
systems to an equivalent (but simpler) system  
which is charachterized by an effective SNR. 



Effective SNR Processing (2) 
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Effective Channel Algebra 

• SDC between branch 
2+3 and then MRC with 
branch 1 
 

 
 

• MRC of the two 
strongest branches  
 
 
      = max(G1+G2, G1+G3, G2+G3) 
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Perf.-evaluation and –metrics 

TX RX 

Block fading channels 

Communication system model examples Performance metric examples 

i) 

TX 
(AMC) 

RX 

ii) 

TX 
(ARQ) 

RX 

iii) 

CSI 

ACK 

• Outage probability 
• PEP/BER/SER (fast fading) 
• … 

 
 
 

• Ergodic capacity 
• Effective capacity 
• … 

 
 
 

• Throughput 
• Effective capacity 
• … 
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Performance Analysis Framework 
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Perf. metric 



NEW ME-DISTRIBUTION 
PROPERTIES 
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New Integral of ME-pdf  
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Note: The standard integration approach,                                                       requires a non-singular matrix! 



Maximum of Two ME-distr. r.v.s 

• Alternative forms 
for max and min  
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Expectation of Function 
The Matrix Exponential Distribution – A Tool for Wireless System Performance Analysis 



APPLICATIONS 
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Applications 

• We have a new cdf (pdf), the ME-distr.! 
• Question: Where can we apply it? 

 
We look in the  
bookshelf and in 
the litterature! 
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Outage Probability 
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Adaptive Modulation and Coding 
(Rate-Adaptive Transmission) 

TX 
(AMC) 

RX 

CSI 

• Transmission rate selected  
equal to the channel capacity 

Block fading channels 
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Effective Capacity (1) 

• ”The EC identifies the maximum constant arrival rate that a 
given service process can support in orter to guarantee a 
desired statistical QoS specfied with the QoS exponent    ” 
 

• Definition (when the service rate varies independently) 
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Effective Capacity (2) 
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Effective Capacity (3) 
The Matrix Exponential Distribution – A Tool for Wireless System Performance Analysis 



Basic Retransmission-Schemes 

ARQ 
TX 

ARQ 
RX 

ACK 

• Retransmit: Repeat packet 
• Combine packets: No 

 
 

 
 

• Retransmit: Repeat packet 
• Combine packets: Yes 

 
 
 

 
• Retransmit: Incremental blocks 
• Combine blocks: Yes 

RR- 
TX 

RR- 
RX 

ACK 

IR- 
TX 

IR- 
RX 

ACK 

 
 
• “ARQ” 

 
 
 
 
 

• RR-HARQ 
 
 
 
 

 
• IR-HARQ 

Block fading channels 
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ARQ Throughput 
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Truncated-HARQ Throughput Analysis 
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(We know that                                                                                                     ) 



Persistent-HARQ Throughput Analysis 
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Persistent-HARQ with diversity order 2 
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3-phase NC Bidirectional Relaying 
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System Model: 
ARQ with Independent Interference  

• Signal ME-pdf 
 

• Sum-interference 
 

– Individual ME-pdfs 
 

– Sum-interference pdfs 
 

• Outage probability 

where 
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ARQ with Independent Interference  
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ARQ with Independent Interference  
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Throughput Analysis – Dependent 
Signal and Interference 
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Modulation and Detection 
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OTHER USES OF THE ME-DISTR. 
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ME-distributed  Time-discrete Signals 

• Lloyd-Max Quantization 
 
 
– with ME-distr. 

• Panter-Dite formula 
 
 
 
 

 
 
– Alternativ Integral repr. 
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ME-distributed  Time-discrete Signals 

• Entropy 
 
 

• Mutual Information 
– The signal and noise are 

assumed ME-distributed 
Not yet solved in closed-form ! 
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Type-I pdf: 
Matrix Gaussian-like 
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Type-II pdf: 
Bivariate Matrix Gaussian-like 
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Type-III pdf: 
Matrix Rayleigh-like 
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Summary 
• structured, refined and extended the ME-distribution approach for perf.  

analysis of wireless comm. systems with ME-distributed fading SNR. 
• New tools derived, new communication cases analyzed, new channel 

fading models introduced. 
• Analyzed: 

– Effective capacity of AMC 
– Throughput of persistent/truncated-(H)ARQ  
– Throughput of 3-phase NCBR 
– SER/BER of Modulation and detection, etc. 
– Throughput of ARQ w (in)dependent Interference 

• Widened the use of the ME-distribution to discrete-time r.v. signals: Max-
Lloyd Quantization, Panter-Dite formula, Entropy, Mutual information… 

• Generalized the ME-distribution to new Matrix distributions. 
 
 

The Matrix Exponential Distribution – A Tool for Wireless System Performance Analysis 



Conclusion 

• The ME-distribution approach can be helpful 
for wireless system performance analysis in 
communication theory, information theory, 
and related areas. 
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END 
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