
A Causal Graph Kernel Embedding via Distance
Covariance

Alex Markham
(pronouns: they/them)

September 21, 2021
Applied CATS Seminar



About me

I grew up mostly in south
Texas

I BA in philosophy and math

I MS in formal philosophy
with David Danks at CMU

I PhD with Moritz
Grosse-Wentrup in Munich
and Vienna

I here to work with Liam on
causality, graphical models,
and algebraic statistics



About me

I grew up mostly in south
Texas

I BA in philosophy and math

I MS in formal philosophy
with David Danks at CMU

I PhD with Moritz
Grosse-Wentrup in Munich
and Vienna

I here to work with Liam on
causality, graphical models,
and algebraic statistics



About me

I grew up mostly in south
Texas

I BA in philosophy and math

I MS in formal philosophy
with David Danks at CMU

I PhD with Moritz
Grosse-Wentrup in Munich
and Vienna

I here to work with Liam on
causality, graphical models,
and algebraic statistics



About me

I grew up mostly in south
Texas

I BA in philosophy and math

I MS in formal philosophy
with David Danks at CMU

I PhD with Moritz
Grosse-Wentrup in Munich
and Vienna

I here to work with Liam on
causality, graphical models,
and algebraic statistics



About me

I grew up mostly in south
Texas

I BA in philosophy and math

I MS in formal philosophy
with David Danks at CMU

I PhD with Moritz
Grosse-Wentrup in Munich
and Vienna

I here to work with Liam on
causality, graphical models,
and algebraic statistics



Outline
A Causal Graph Kernel Embedding via Distance Covariance

Ancestral graphs
Independence relations and causality
Unconditional equivalence class
Hamming similarity

The dependence contribution feature map
Distance covariance
Feature map
Orthant equivalence class
Group isomorphism

The dependence contribution kernel
Kernel function
Isometry



Outline
A Causal Graph Kernel Embedding via Distance Covariance

Ancestral graphs
Independence relations and causality
Unconditional equivalence class
Hamming similarity

The dependence contribution feature map
Distance covariance
Feature map
Orthant equivalence class
Group isomorphism

The dependence contribution kernel
Kernel function
Isometry



Outline
A Causal Graph Kernel Embedding via Distance Covariance

Ancestral graphs
Independence relations and causality
Unconditional equivalence class
Hamming similarity

The dependence contribution feature map
Distance covariance
Feature map
Orthant equivalence class
Group isomorphism

The dependence contribution kernel
Kernel function
Isometry



Ancestral graphs
Independence relations and causality

I type of loopless mixed graph (generalization of directed
acyclic graphs)

I three edge types: (i) directed, (ii) bidirected, and (iii)
undirected

I encode conditional independence statements and Markov
factorization of joint probability distribution; closed under
marginalization and conditioning

I causal interpretation: (i) immediate cause, (ii) shared latent
cause, and (iii) selection bias

I causal assumptions allow predicting effects of interventions
and counterfactual reasoning
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Unconditional equivalence class

I two ancestral graphs are unconditionally equivalent (denoted
A ∼U A′) if their corresponding MAGs have the same
unconditional m-separation statements

I fully bidirected graphs are representatives of the equivalence
classes
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Ancestral graphs
Hamming similarity

I binary operator, denoted •, returns fully bidirected graph, with
edges only where input graphs have same edge type

I consider set of unconditional equivalence classes over
ancestral graphs with m vertices, Am/∼U = Um

I (Um, •) is a group
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The dependence contribution feature map
Distance covariance

I nonlinear measure of dependence

I X ⊥⊥ Y ⇐⇒ dCov(X ,Y ) = 0

I for given samples from RVs X and Y , dCov is the
(Frobenius) inner product between their corresponding
doubly-centered distance matrices

I defined more generally in terms of random vectors, but we
only look at restricted case of random variables

I this allows us to define the dCov matrix for a set of RVs,
analogous to the usual covariance matrix Σ
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The dependence contribution feature map
Feature map

I computing the dCov matrix for n samples of m RVs: start in
Rn×m, move to Rn×n×m, and then end in Rm×m

I the dependence contribution feature map ϕ instead ends in
Rn×m×m

I retaining the n dimension allows us to see how much each
individual sample “contributes” to the dCov matrix that
would result from averaging over n

I furthermore, subtract the critical values corresponding to a
given α, so that the result is not just related to covariance but
more explicitly to dependence
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Orthant equivalence class

I two points in real space are equivalent (Y ∼O Y ′) if they lie in
the same orthant

I binary vectors are representatives of the equivalence classes

I consider the set of orthant equivalence classes over the
codomain of ϕ, i.e., m ×m symmetric real matrices with
positive diagonal entries, ϕ(Rm)/∼O = Om

I denoting the Frobenius inner product as �, then (Om,�) is a
group
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Group isomorphism

Let a : U 7→ O, where Oj ,j ′ =

{
1, if EU (j , j ′) = ‘↔’ or j = j ′

−1, otherwise
.

Then a is a group isomorphism between (Um, •) and (Om,�).

intuition: comparing unconditional independence of ancestral
graphs is the same as comparing orthants of samples in our kernel
space, i.e., ancestral graphs are embedded in the kernel space
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The dependence contribution kernel
Kernel function

I recall, ϕ : Rn×n×m → Rn×m×m

I the codomain of ϕ is a reproducing kernel hilbert space, so we
can use the kernel trick

I instead of explicitly projecting samples using ϕ and then
comparing them in that space using an inner product, we can
directly compare them using the kernel function
κ : Rn×n×m × Rn×n×m → Rn×n

I the dependence contribution kernel κ is the cosine similarity
(using the Frobenius inner product and norm) in the kernel
space defined by ϕ

I we normalize the space in this way so that distance ( arccos)
is less affected by magnitude of covariance (because we’re
more interested in dependence)
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The dependence contribution kernel
Isometry

I the isomorphism between (Um, •) and (Om,�) allow us to
prove:

I Hamming distance between ancestral graphs is isometric to
1− κ̃

I this provides a strong theoretical justification for using κ in
kernel methods (which often use kernel functions to compute
distances) when the underlying causal structure of the
samples is of special interest
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Questions?

Thank you!

This talk is based on my paper:
https://arxiv.org/abs/2106.03480

https://arxiv.org/abs/2106.03480
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