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Develop a framework for (optimal) data driven control
under minimal assumptions

MAIN OUTCOMES:

 Sufficient Statistics for the control problem

* Optimal regualarization schemes found in closed form, no need for
hyperparameter tuning

* Provide link with recently proposed procedures (SPC/DeePC/DDPC)



“noise” ( = unmeasurable stationary signal)

y(k)

v

yr (k)

A

*

Data D := {z(k) := [u(k);y(k)] : Kk =1,.., Ny} measured historical data, possibly collected in closed-loop



GENERAL FORMULATION

Given (at any “present” time t)

Zini ‘= {u(s),y(s); s < t}: initial conditions
D: 1/0 data from the system

U, Y: constraint sets

li(uys): loss function

Ci(ug) = |lyr — ysllo + llur — ugl|%



GENERAL FORMULATION

Given (at any “present” time t)

Zini ‘= {u(s),y(s); s < t}: initial conditions
D: 1/0 data from the system

U, Y: constraint sets

li(uys): loss function

Find Optimal us (future control inputs) such that

1. E[¢;(us)|D] is minimized
2. Constraints are satisfied (possibly probabilistically)

Receding horizon framework: apply first future control and repeat optimization



“noise” ( = unmeasurable stationary signal)

y(k)
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Assumptions:

1. Linear time-invariant predictor

y(t) = g(tlt =1) +e(t)

(ee} o o
gttt —1) = Z(b}éut—k + OLYt—k Z|¢;§| <0 Z‘¢Z| < 0
k=1 k=1 k=1

2. (Conditional) Martingale difference property with constant conditional variance

Ele(t)|Z;]=0 Var{e(t)|Z7} = Var{e(t)} = o

27 = ofz(s) = [u(s); y(s)), s < t}



gt —1) = qu}éut_k + OLY—k
k=1

Assumptions:

e Model M = {¢¥, ¢7;k =1,..,00} (unknown, possibly infinite dimensional)
e Prior distribution M ~ p(M)

Elli(uf)|D] <= |p(M|D)
N——— —’

= E[E[f; (uy ) M]|D]
N\ ——’
Li(uy) = B[l (up)IM] o llyr — fup, zini)llg + lur — urlz




gt —1) = Zﬁb}f;ut—k + OLY—k
k=1

Assumptions:

e Model M = {¢¥, ¢7;k =1,..,00} (unknown, possibly infinite dimensional)
e Prior distribution M ~ p(M)

Elli(us)|D] <= |p(M|D)

QUESTION: Is this system identification?



INTERMISSION
GENERAL CVaR FORMULATION

CVaR

A
{ \

wy :=argmin E[Li(uy)|Li(uy) > £, D]
urclys,l

s.t. P[Li(us) > £|D] = a.

Ifa=1CVaR =E|[Li(uy)|D]
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Assumptions:

e Model M = {¢¥, ¢7;k =1,..,00} (unknown, possibly infinite dimensional)
e Prior distribution M ~ p(M)

Remark: Sample Complexity Model Class >> Nyut0 = |D|
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Assumptions:

e Model M = {¢¥, ¢7;k =1,..,00} (unknown, possibly infinite dimensional)
e Prior distribution M ~ p(M)

Remark: Sample Complexity Model Class >> Nyut0 = |D|
Long story short (two extreme alternatives)

1. Model free/nonparametric: Constrain M so that sample complexity =~ Ngu1q = |D)|
(LONG ARX MODEL/Nonparametric stable model)

2. Model based: Constrain M to be of “low (sample) complexity”



gt —1) = Zﬁb}f;ut—k + OLY—k
k=1

Assumptions:

e Model M = {¢¥, ¢7;k =1,..,00} (unknown, possibly infinite dimensional)
e Prior distribution M ~ p(M)

Remark: Sample Complexity Model Class >> Nyut0 = |D|
Long story short (two extreme alternatives)

1. Model free/nonparametric: Constrain M so that sample complexity =~ Ngu1q = |D)|
(LONG ARX MODEL/Nonparametric stable model)

2. Model based: Constrain M to be of “low (sample) complexity”

e Spoiler #1: Alternative 1 is basically the route followed by “modern”
data-driven MPC approaches (based on Willems’ Lemma)

e Spoiler #2: The model selection step in Alternative 2 may be critical



NON INFORMATIVE BAYESIAN
FORMULATION

BAYESIAN VARX

y(tlt —1) Z¢kut k+ OLYt—k I:> (]t 1)5%%9(?5— k) + gju(t — k),

k=1 \

{9k ken ~ GP(0, K), {¢y}tren ~ GP(0, K/\) \ o amener _

{oh ken L {07 }ren,
Ky = AK ) — oo -
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REMARKS:

/
W(yf — f(szan)) — €f <:>

Wf(Uf, Zznz) = D pzini + (I)uuf <:>

\_

~

Pre-multiplication of prediction error by W

whitens the residual

Weighted predictor is linear in data

7

Define the weighted cost: N

Le(ug) = W (yr — f(ur, zini) )G + lur — uy ||,




MAIN THEOREM 1

U Li(uf)|D] =

Certainty equivalence cost

= [WAYIG + llur —uyll7
=[IWyr—(®pzini+Putis) G+ |ur—ugk.

®p :=E[®p|D], ®,:=E[®,|D], W =E[W|D].

TO BE COMPUTED

+C)

1

Regularization

4

Ay(ug)=yr— f(ug, zini).

VarWA,|D]




MAIN THEOREM 2

§ € RP(m*P)P defined stacking all the {o%, &7 Yh=1...p

A —> OO. (=NON INFORMATIVE PRIOR)  &. p = 1 (for simplicty of exposition)

6 :=E[0|D) =X, D7p@D7%p) " So:=Var[d|D] = o>

Usual Block Hank@

(ZpZp)~




MAIN THEOREM 2

§ € RP(m*P)P defined stacking all the {o%, &7 Yh=1...p

A —> OO. (=NON INFORMATIVE PRIOR)  &. p = 1 (for simplicty of exposition)

(0 = B[0|D) = Yp1 Z5(ZpZp) " )

¢

Bp = E[®p|D], B, :=E[d,|D], W =E[W|D]

b

0

-

= Var|0|D]| = cTQ(ZpZ]Tg)_m

N
Var(WA,|D|
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IMPORTANT REMARKS

1. (Approx) Sufficient statistic for E[L;(us)|D}:
T(D) = [Y,41Zp ZpZ}p ]

= sample moments up to lag p
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IMPORTANT REMARKS

1. (Approx) Sufficient statistic for E[L;(us)|D}:
T(D) = [Y,41Zp ZpZ}p ]
= sample moments up to lag p

2. Same (approx) sufficient statistic for VARX model of order p

3. To be statistically efficient the decision (optimal control design) should be function of D
through a sufficient statistic 7 := T'(D).

— No more, no less



Connection with DeePC and co.



SPC

Coe . Z)? = Subspace Predictive Control (SPC)
minimize J ,
u(k),kE[t,t+T) o Conetrains
onstraints
.I.
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UF uf y ] Hil
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v-DDPC
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Y2,7Y3
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DeePC

M =0 X=p5

v~-DDPC

Ba =0 pB3=2A




Proposition:

one to one correspondence between L() decomposition in v-DDPC and
bank of ARX models

/ Zp \
- 4 - Yor, =0, Up +E, -
Zp Li; 0 O 1

Yiot1:p44]
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\@f(zz’ni» uf)=La L11 Zini +L32 Ly [uf Loy Ly sz] (i=1,.,T) /

HH>
2
|
=<
T
N
N
—

D33 — dlag{ng}
W := D33 Ly,



MAIN THEOREM 3

BAL: ()W (i ). WHT () + ()

1

Certainty equivalence cost

Regularization

4

T )= 17 e — 35 ins w1 + e — ry(ug))= TH(QVarliig (zinie, us))),

. if(Zini, up) == Aw (Yr — G5 (Zini,s uy)) — €5 (Zini, uy)
EWy,|D,] = Wy,

E[W f(2ini, us)|Dy] = Wi (2ini, uy)

TO BE COMPUTED



MAIN THEOREM 4 ry(ug) = Tr(QVar(is(zini, us))),
o (zinis ) 1= AT 7)) = & (2inis 1)

When the training input is white

i.e. (sub)optimal regularization is the one used in y-DDPC with s = %, B3 = oo.



IMPORTANT REMARK

Theorem 1 [Optimal] (Structured and Causal Predictor)
E[L(us (D)= J (ur),

Theorem 3 | DeePC/q/_DDPC ] (UnStructured and NOT Causal Predictor)

Ly () g i ), W= () + 7y ().




Simulation results

([1.4183 —1.5804 1.3161 —0.8864| [1])
1 0 0 0 0
(A,B) = , ;
0 1 0 0 0
\| © 0 1 0 0| /

(C,D) = ([0 0 0.2826 0.5067} ,0) .

Case 1: - white noise input Case 2: - coloured noise input
- white noise measurement error - coloured noise measurement error



Case 1
Closed-loop performance
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a average execution time + std. dev. [ms]

KF 5.83 £ 0.75
2, 3 (parallel search on 2 linear grids of length 202 + 2 offline runs) 492.23 + 74.67
23 (parallel search on a 202 x 202 squared grid + offline run) (35.35 £ 6.08) - 10°
1 (parallel search on an 11 x 11 squared grid + offline run) (862.33 & 131.20) - 10°
O (online run) 23.10 + 6.06

online run 9.10 = 1.70

S ( )
2 (online run) 344.07 £ 120.33
3 ( ) 412.62 £ 195.58

online run




3 5 T T T T T T T T

30 -

25+

20 -

15+

10}

Relative frequency of estimated past length

Case 1

(initial condition)

[ S B N
NY DY S 0 A DD

3 5 T T T T T T T

Case 2

30 -




Simulation results — Closed Loop Data
[ Work in progress — with K. Moffat and F. Dorfler]

True System: Double
Integrator, stabilized with

proportional state feedback to
gather closed loop data



Simulation results — Closed Loop Data
[ Work in progress — with K. Moffat and F. Dorfler]

«Optimal» - Algorithm
Reference g °

Closed Loop /
1.5 \ \ w | / ‘

True System: Double Ny \

Integrator, stabilized with
proportional state feedback to |
gather closed loop data \

-05 -
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DDPC-DeePC
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| | | | | |
0 50 100 150 200 250 300 350 400 450 500
timestep



TAKE HOME

e Direct Data Driven Predictive Control (Hankel Data Matrices) = VARX
modeling + Reg. Optimization

o (Approx) Sufficient Statistics Y, ;2 AV
(No reason to use Page matrices or similar)

e Closed form Optimal Regularization (no tuning): quadratic in

e Bayesian framework allows to embed prior info (stability /further reg-
ularization etc.)



