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Consider the parameterized model

yt = G(q, θ)ut +H(q, θ)et, (1)

where θ ∈ Rn, ut ∈ Rm, yt ∈ Rp and et ∈ Rp. The input is filtered Gaussian process while the noise is a white, Gaussian
process with covariance matrix Λ. The inverse per-sample covariance matrix of the parameter estimates is

I =
1

2π

π∫
−π

Γ(eiω)
(
Λ−1 ⊗ φχo

)
Γ∗(eiω)dω, (2)

where

φχo
(ω) ,

[
φu(ω) φue(ω)
φeu(ω) Λ

]
, Γ(eiω) ,

(vecFT1 )T

...
(vecFTn )T

 , Fi ,
[
H−1(q, θ) ∂G∂θi H−1(q, θ)∂H∂θi

]
.

The spectrum is parameterized using a finite-dimensional parameterization given by

φχo
(ω) =

M∑
k=−M

CkBk(eiω), (3)

where B−k(z) = Bk(z−k), Ck ∈ Rm and C−k = CTk .
Vectorizing (3) gives

vec I =
1

2π

π∫
−π

[(
Γ∗(eiω)

)T ⊗ Γ(eiω)
]

vec
(
Λ−1 ⊗ φχo

(ω)
)
dω

=
1

2π

M∑
k=−M

π∫
−π

[
Γ(e−iω)⊗ Γ(eiω)

]
Bk(eiω)dω vec

(
Λ−1 ⊗ Ck

)

= [R−M · · · R−1 R0 R1 · · · RM ]



vec (Λ−1 ⊗ CTM )
...

vec (Λ−1 ⊗ CT1 )
vec (Λ−1 ⊗ C0)
vec (Λ−1 ⊗ C1)

...
vec (Λ−1 ⊗ CM )


,

where

Rk ,
1

2π

π∫
−π

[
Γ(e−iω)⊗ Γ(eiω)

]
Bk(eiω)dω.

The Rks are not covariance matrices, in fact they are in general not square. However, the elements can be obtained from
the covariances of a system formed by vectorizing Γ(eiω). First, let’s consider the above Kronecker product, i.e.,

(
Γ∗(eiω)

)T ⊗ Γ(eiω) =


Γ1,1(e−iω)Γ(eiω) Γ1,2(e−iω)Γ(eiω) · · · Γ1,p(p+m)(e

−iω)Γ(eiω)
Γ2,1(e−iω)Γ(eiω) Γ2,2(e−iω)Γ(eiω) · · · Γ2,p(p+m)(e

−iω)Γ(eiω)
...

...
. . .

...
Γn,1(e−iω)Γ(eiω) Γn,2(e−iω)Γ(eiω) · · · Γn,p(p+m)(e

−iω)Γ(eiω)

 . (4)



Now consider the matrix

vec Γ(eiω)
[
vec Γ(eiω)

]∗
=
[
vec (Γ(eiω))Γ1,1(e−iω) vec (Γ(eiω))Γ2,1(e−iω · · · vec (Γ(eiω))Γn,1(e−iω)) vec (Γ(eiω))Γ1,2(e−iω)

vec (Γ(eiω))Γ2,2(e−iω) · · · vec (Γ(eiω))Γn,2(e−iω) · · · vec (Γ(eiω))Γn,p(p+m)(e
−iω)

]
. (5)

The elements of (4) can be formed by suitably reshaping the columns of (5). The integrals

R̃k ,
1

2π

π∫
−π

vec Γ(eiω)
[
vec Γ(eiω)

]∗ Bk(eiω)dω

can be evaluated using numerically robust methods. Note that R̃−k = R̃k.


