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Course content

e Partl

» Lec 1: Introduction to WSNs
» Lec 2: Introduction to Programming WSNs

o Part 2

» Lec 3: Wireless Channel

» Lec 4: Physical Layer

» Lec 5: Medium Access Control Layer
» Lec 6: Routing

o Part 3

Lec 7: Distributed Detection

Lec 8: Static Distributed Estimation
Lec 9: Dynamic Distributed Estimation
Lec 10: Positioning and Localization
Lec 11: Time Synchronization

e Part 4

vV vy VvYVvVYYy

> Lec 12: Wireless Sensor Network Control Systems 1
> Lec 13: Wireless Sensor Network Control Systems 2
> Lec 14: Summary and Project Presentations
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Previous lecture

@ Star and general topology

o Estimation from one sensor

Distributed estimation in a start topology

Distributed estimation in a general topology
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Today's lecture

Controller

o Today we study how to perform dynamic estimation from erroneous or noisy
measurements of the sensors

@ “Dynamic” means that we take advantage of the time evolution of signals to build
the estimators
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Today's learning goals

@ How to perform estimation of a dynamic signal from one sensor?
@ How to perform estimation of a dynamic signal from many sensors?

@ How to make a sensor fusion of a dynamic signal by the distributed Kalman filter?
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Outline

@ Dynamic estimation from one sensor
o Dynamic estimation from many sensors in a star topology

@ Dynamic estimation from many sensors by the distributed Kalman filter
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Outline

@ Dynamic estimation from one sensor
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The sensor
t=n

The sensor
t=n-—1

(1

The sensor
t=20

|

Figure: lllustration of how the fusion of sequential measurement works to combine measurements in one sensor.

@ We want to combine many dynamic measurements in one sensor

iples of Wireless Sensor Networks



Dynamic estimation from one sensor

Proposition 1

Consider a phenomenon x evolving in time (indexed by n) according to

Xn+1 = Axn + Wn,
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Dynamic estimation from one sensor

Proposition 1

Consider a phenomenon x evolving in time (indexed by n) according to

Xn+1 = Ax, +wy,

Every time step sensor generates a measurement of the form
Yn = an + Vn

@ w,: white zero mean Gaussian with covariance matrix E{wnwl 1=Q

Vn: white zero mean Gaussian with covariance matrix E{v,v.} = R
e A: a known nonsingular matrix

o C: a known matrix
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Dynamic estimation from one sensor

Proposition 1

Then we have

Xnln—1 = Axn—1|n—1

Pn\n—l = APn—l\n—lAT + Q

® X,_1|n—1: estimate of x,_1 givenz = (yo,...,Yn-1)

@ P,_1n_1: corresponding error covariance matrix
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Proof of proposition 1

Question: How to show that X,|,—1 = AXp_1jn—1?
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Proof of proposition 1

Question: How to show that X,|,—1 = AXp_1jn—1?

Answer:
Use a well known result: MMSE estimate X of a random variable x given a random
variable y is E{x|y}

}A(n\nfl =E {x”l‘(y(h ey yn—l)}
=E{Ax;-1+wWn_1]2)}
= AE{xn_1|2}

= AXn—1|n—1
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Proof of proposition 1

Question: How to show that P,j,_1 = APn_1|n_1AT + Q7
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Proof of proposition 1

Question: How to show that P,,_, = APn_1|n_1AT + Q7

Answer:
By the definition of error covariance, we already have

Pn—1|n71 = E{(fin—unﬂ - anl)(f(n—lmfl - anl)T}

Pt = E{(Rnjn—1 — Xn) Fnjn-1 = %n) "}
= E{(A%p_1jn_1 — AXn-1 — Wi1)(ARp_1jn_1 — AXno1 — Wn1) '}
= E{AKn 1jn-1 = Xn-1)Zn1jn1 — Xn-1) AT + wooiwy g}
= APn—1|n71AT +Q
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An observation about ),
Xp_1jn—1: estimate of x,,_1 given z = (yo,...,yn-1)?
Yn—-1= Cx’n—l + Vp-1
Yn—2=Cxp_2+Vp_2= C(A_l(xn—l — Wp—2))+ Vp_2
= CA 'xp1 + (Va2 — CA 'wy2)

yo=CA " Vx, 1+ (vo— CA™ " Vw, 5 — .. — CA "wo)
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An observation about ),
Kp—1|n—1: estimate of x,,_1 given z = (yo,...,yn-1)?
Yn-1= an—l + Vp-1
Yn—2=Cxp_2+Vp_2= C(A_l(xn—l — Wn—2)) + Vp_2
=CA %y 1+ (Va2 — CA7'w, )

yo=CA " Vx, 1+ (vo - CA™ " w5 — - — CA "wo)
i.e., the overall linear system is given by
Yn—1 C Vn—1
=] e .
Yo CA-(»=1 vo—---— CA 'wy
— T X .
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An observation about ),
Kp—1|n—1: estimate of x,,_1 given z = (yo,...,yn-1)?
Yn-1= an—l + Vp-1
Yn—2=Cxp_2+Vp_2= C(A_l(xn—l — Wn—2)) + Vp_2
=CA %y 1+ (Va2 — CA7'w, )

yo=CA " Vx, 1+ (vo - CA™ " w5 — - — CA "wo)
i.e., the overall linear system is given by
Yn—1 C Vn—1
=] e .
Yo CA-(»=1 vo—---— CA 'wy
— T X .

From Proposition 1 (Lecture 8)
P:Li1|n—1§(n—1\n71 = HTRJIZ ,where
-1
Po_ijn_1= (R‘1 +HTR;1H)

Xn—1
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Dynamic estimation from one sensor

Question: X,|,,, the MMSE estimate of x,, given (yo,...,¥n-1,¥n) = (2,¥n)
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Dynamic estimation from one sensor

Question: X, ,,, the MMSE estimate of x,, given (yo,...,¥n-1,¥n) = (%,¥n)
Answer: Apply Proposition 2 (lec 8, Static Sensor Fusion) in a straightforward manner
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Dynamic estimation from one sensor

Question: X, ,,, the MMSE estimate of x,, given (yo,...,¥n-1,¥n) = (%,¥n)
Answer: Apply Proposition 2 (lec 8, Static Sensor Fusion) in a straightforward manner

we already know X, ,,_1, i.e., the estimate of x,, given z
we already know P,,,,_1, the corresponding error covariance matrix
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Dynamic estimation from one sensor

Question: X, ,,, the MMSE estimate of x,, given (yo,...,¥n-1,¥n) = (%,¥n)
Answer: Apply Proposition 2 (lec 8, Static Sensor Fusion) in a straightforward manner

we already know X, |,,_1, i.e., the estimate of x,, given z
we already know P,,,,_1, the corresponding error covariance matrix

we need the estimate of x,, given y,, denote it by X
we need the corresponding error covariance matrix, denote it by M
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Dynamic estimation from one sensor

Question: X, ,,, the MMSE estimate of x,, given (yo,...,¥n-1,¥n) = (%,¥n)
Answer: Apply Proposition 2 (lec 8, Static Sensor Fusion) in a straightforward manner

we already know X, |,,_1, i.e., the estimate of x,, given z
we already know P,,,,_1, the corresponding error covariance matrix

we need the estimate of x,, given y,, denote it by X
we need the corresponding error covariance matrix, denote it by M

because y, = Cxn + vy, from Proposition 1 (Lecture 8), we have

—1
£ =MCTR 'y, ,where M = (R;j + CTR’IC)
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Dynamic estimation from one sensor

Question: X, ,,, the MMSE estimate of x,, given (yo,...,¥n-1,¥n) = (%,¥n)

Answer: Apply Proposition 2 (lec 8, Static Sensor Fusion) in a straightforward manner

we already know X, |,,_1, i.e., the estimate of x,, given z
we already know P,,,,_1, the corresponding error covariance matrix

we need the estimate of x,, given y,, denote it by X
we need the corresponding error covariance matrix, denote it by M
because y, = Cxp + Vn, from Proposition 1 (Lecture 8), we have

£ =MCTR 'y, ,where M = (R;j + CTR’IC)_

from Proposition 2 (Leecture 8)

Result
P, X, =P, _ % +M %, where
n|nn|n n|n 14n|n—1 ’
=1
Pn|n = =R, —i—Pn‘n , +M
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Dynamic estimation from one sensor

o Time and measurement update steps of the Kalman filter
o Kalman filter can be seen to be a combination of estimators

o Optimality of the Kalman filter in the minimum mean squared sense
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Outline

°
@ Dynamic estimation from many sensors in a star topology

» Dynamic sensor fusion, centralized setup
» Dynamic sensor fusion, centralized setup (drawbacks)
» Dynamic sensor fusion, distributed Kalman filtering
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Dynamic sensor fusion

Consider a phenomenon x evolving in time (indexed by n) according to the law

Xn4+1 = AXn + wyp
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Dynamic sensor fusion

Consider a phenomenon x evolving in time (indexed by n) according to the law

Xn4+1 = AXn + wyp

Every time step, sensor k generates a measurement of the form

Yn,k = Ckxn + Von,k
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Dynamic sensor fusion

Consider a phenomenon x evolving in time (indexed by n) according to the law

Xn4+1 = Axn + Wy

Every time step, sensor k generates a measurement of the form

Yok = CrXp + Vo k

@ Multiple sensors that generate measurements about the random variable that is
evolving in time

@ Question: How to fuse data from all the sensors for an estimate of the state x,, at

time step n?
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Dynamic sensor fusion, centralized setup

@ At every time step n, all the sensors transmit their measurements y,, ;. to a central
node

@ The central node implements a fusion mechanism

@ However, there are two reasons why this may not be the preferred implementation

(1) number of sensors increases = computational effort required at the central node
increases (bear some of the computational burden at sensors)

(2) the sensors may not be able to transmit at every time step (transmit local
processed information rather that raw measurements)
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Dynamic sensor fusion, centralized setup (transmitting
local estimates)

@ Assume that the sensors can transmit at every time step

@ Reducing the computational burden at the central node?
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Dynamic sensor fusion, centralized setup (transmitting
local estimates)

Let yt = (Yo,ks Y1,ks - - - » Yn,k) denote the measurements from sensor k that is used to
estimate x,,
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Dynamic sensor fusion, centralized setup (transmitting
local estimates)

Let yt = (Yo,ks Y1,ks - - - » Yn,k) denote the measurements from sensor k that is used to
estimate x,,

Potential method 1

The overall linear system is given by

Yo,k Cy Vnk
—1 —1
Yn—-1,k CkA Vn—-1,k — CkA Wn—1
. = . Xn + .
—-n -1
Yo,k CrLA vor — - — CrLA  "wo
——
Yk Hy Vi
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Dynamic sensor fusion, centralized setup (transmitting
local estimates)

Let yt = (Yo,ks Y1,ks - - - » Yn,k) denote the measurements from sensor k that is used to
estimate x,,

Potential method 1

The overall linear system is given by

Yo,k Cy Vnk
-1 -1
Yn—-1,k CkA Vn—-1,k — CkA Wn—1
- -1
Yo,k CrA™" vor — - — CrA™ wo
——
Yk Hy Vi

@ Process noise w,, appears in the noise = the measurement noises v are not
independent as desired

@ Vi are not independent = the noise is correlated

o = Proposition 2 (Lecture 8) does not apply for combining local estimates
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Dynamic sensor fusion, centralized setup (transmitting
local estimates)

Let yx = (Yo,ks Y1,ks - - - Yn,k) denote the measurements from sensor k that is used to
estimate x,
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Dynamic sensor fusion, centralized setup (transmitting
local estimates)

Let yx = (Yo,ks Y1,ks - - - Yn,k) denote the measurements from sensor k that is used to
estimate x,,

Potential method 2: Estimate of xo known = estimate of x,, known

The overall linear system is given by

CLA™" C:lngni1 . Cy
Yn.k CkAn—l . Ci 0 Xo Vn,k
Yn—1,k n—2 Wo Vn—1,k
. _ |CkA 0 0 n
v : : 0, Y
0,k n—1 0,k
’ Ck 0 0 ’
———— ————r
Yk Vi
Hy,
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Dynamic sensor fusion, centralized setup (transmitting
local estimates)

Let yx = (Yo,ks Y1,ks - - - Yn,k) denote the measurements from sensor k that is used to
estimate x,

Potential method 2: Estimate of xo known = estimate of x,, known

The overall linear system is given by

CLA™" CkA"’l . Cy X v
yynylkk CkAn_l o Ce 0 W(()) V. nylkk
n—1, n—2 n—1,
E kA 0 0 T

' 0
Yo,k C 0 0 Wn—1 Vo,k
Yk Vi

Hy,

@ The measurement noises vj are independent as desired
o = Proposition 2 (lec 8) does apply for combining local estimates

@ Vectors transmitted from sensors are increasing in dimension as the time step n
increases
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Dynamic sensor fusion, centralized setup (drawbacks)

@ Practically, it is not feasible to combine local estimates from method 2 to obtain
the global estimate

i.e., lots of communication overhead

o If there is no process noise, then the method 1 will work

@ However, in general it is not possible
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Dynamic sensor fusion:
Distributed Kalman filtering

o Recall: Sequential Measurements from One Sensor
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Dynamic sensor fusion:
Distributed Kalman filtering

o Recall: Sequential Measurements from One Sensor
o Random variable evolution: x,4+1 = Ax,, +w,

@ Measurements: y, = Cx,, + v,, where E{VnVI} =R
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Dynamic sensor fusion:
Distributed Kalman filtering

o Recall: Sequential Measurements from One Sensor
o Random variable evolution: x,4+1 = Ax,, +w,

@ Measurements: y, = Cx,, + v,, where E{VnVI} =R

)=l ]

-1
% =MC'R 'y, ,where M = (R +C'R'C)

@ We have

1A N Ty —
Pl Knn = P %apno1 + C Ry,

-1
nln—

P!l=pP! +C'R'C

nln njn—1
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Dynamic sensor fusion:
Distributed Kalman filtering

o Recall: Sequential Measurements from One Sensor
o Random variable evolution: x,4+1 = Ax,, +w,

o Measurements: y,, = Cx,, + v,,, where E{v,,v/} =R

)=l ]

-1
% =MC'R 'y, ,where M = (R +C'R'C)

@ We have

P, &t = Pyl kapt + CTR Ty,
Pl =P ' +C'RC

nln

@ The requirements from individual sensors are derived by the equations above
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Dynamic sensor fusion:
Distributed Kalman filtering

Proposition 2

Consider a random variable x,, evolving in time as x,, = Ax,_1 + W,_1 being observed
by K sensors in every time step n. Suppose they generate measurements of the form
Yn,k = CrxXn + Vi,k. Then the global error covariance matrix and the estimate are given
in terms of the local covariances and estimates by

=1l =1 K - —
Pn\n = Pn|n—1 + Zk:l (Pn,1k|n - Pn,llc|n71)

=i 4 P A K -1 = 1 &
Pn‘nxnln = Pn|n71xn\n—1 + Zk:l (Pn,k\nxn,km - Pn’k‘n_lxn,km—l)
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Dynamic sensor fusion
Distributed Kalman filtering

Proof: Note that overall linear system is given by

Yn,1 C1 Vi1
Yynx| _ |Ck Vo, k| o [¥yn| _ [C Vn
| = (R e | = P = (e ]
ZK Hpg ug
Lets now simplify CTR_lyn 1
R, 0 - 0 v
0 Ry' .- 0 ™t
c"R7'y, = [c] -] : :
0 0 - R PME

= Zi(zl C;chlzlyn,k
= S8 (P Rk = Pk Xnkin 1)
c'R'c=xK cr;'cy

_ K -1 _ p-1
- k=1 (Pn,k\n Pn,k\nfl)
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Dynamic sensor fusion
Distributed Kalman filtering

Recap:
-1 -1 K — —
Pn\n = Pn|n—1 + Zk:l (Pnjdn - Pn,1k|n71)

—1 4 _p-1 K -1 4 -1 s
Pn\nxn\" - Pn|nflxn‘"—1 + Zk:l (Pn,k\nxn,km - Pn,k\n—lxnvk\"—l)

Based on the result above — two architectures for dynamic sensor fusion

@ Method 1: more computation at the fusion center, less communication overhead

@ Method 2: less computation at the fusion center, more communication overhead
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Dynamic sensor fusion
Distributed Kalman filtering (method 1)

Say n = 0....what will happen?

-1 -1 K — —
Pn\n = Pn|n—1 + Zk:l (Pn,lkln - Pn,1k|n71)

—1 4 _p-1 . K -1 4 -1 S
PonXnn =P 1 Xpjn—1 + 2kt (Pn,k\nxn»Mn - Pn,k\n—lxn’km*l)
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Dynamic sensor fusion
Distributed Kalman filtering (method 1)

Say n = 0....what will happen?

P

n|n 1+Ek 1(

P—l

n,k|n

P—l

n,kln—1

)

—1 A —1 2
P nXnn =P 1 Xnjn—1 + Zk:l (Pn,k\nxn»kln - Pn,k\n—lxnvk‘”*l)

Yo,1

yi,1

Y21

Y3,1

X0

X1

X2

X3

Yo,2

yYi,2

y2,2

Y3,2

sensor 1 measurements

what we want to estimate

sensor 2 measurements
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Dynamic sensor fusion
Distributed Kalman filtering (method 1)
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Dynamic sensor fusion
Distributed Kalman filtering (method 1)
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Dynamic sensor fusion
Distributed Kalman filtering (method 1)
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Dynamic sensor fusion
Distributed Kalman filtering (method 1)
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Dynamic sensor fusion
Distributed Kalman filtering (method 1)

Say n = 0....what will happen?

—1 — —
Pn\n = n|n 1 +Ek 1 (Pn1k|'n Pn1k|n 1)

-1 4 -1 S
Pn\nx'ﬂ\n - :Pn|‘n—lxn‘n*1 + Zk:l (Pn,k\nxn»km - Pn,k\nflxnvk‘"*l)
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—1 -
Po,110° %010

_ T

-1 4 f P10 = APg 108 +Q
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Dynamic sensor fusion
Distributed Kalman filtering (method 1)

Say n = 0....what will happen?
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Dynamic sensor fusion
Distributed Kalman filtering (method 1)

Say n = 1....what will happen?

1 1 K —1 —1
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sensor 1 measurements what we want to estimate sensor 2 measurements

@ The fusion center now have knowledge about the terms in red for the previous step
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Dynamic sensor fusion
Distributed Kalman filtering (method 1)
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Dynamic sensor fusion
Distributed Kalman filtering (method 1)

Say n = 1....what will happen?
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Dynamic sensor fusion
Distributed Kalman filtering (method 2)

—1 —1 K — —
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Dynamic sensor fusion
Distributed Kalman filtering (method 2)

—1 —1 K — —
Pn\n = Pn\n—l + Zk::l <Pnjc|n - Pn,1k|n71)

14  p-1 & K 1 . —1 s
Pn\nx’ﬂ\" - Pnln,flx”l\nfl + Zk:l (Pn,k\nx’”»km - Pn,k\n—lxnvk‘nfl)

key idea:

@ The term P!

n|n71>t7l‘,,b,1 can be written in terms of contributions from individual
sensors

@ The term P;ﬁn can be written in terms of contributions from individual sensors

—1
o Allows the fusion center to form the estimate by summing the results sent from the
sensors

o Try it or look it up
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Summary

Today we have studied:

@ Dynamic estimation from one sensor
@ Dynamic estimation from many sensors

@ Dynamic sensor fusion, distributed Kalman filtering
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Next Lecture

@ Application of Lecture 8 and 9 to Positioning and Localization in WSNs
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