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Summary:!
!
Recent!technological!breakthroughs!in!optics!and!nanomaterials!have!enabled!the!study!of!biological!
systems!with!unprecedented!detail,!but!the!ease!of!use!and!the!costs!of!such!instruments!can!be!a!
barrier!to!biologists!and!biomedical!researchers.!Our!group!has!pioneered!a!new!class!of!tools!based!
on!our!nanopipette!technology.!We!see!nanopipette!as!the!“biologist’s!voltmeter.”!Just!as!a!
voltmeter!is!a!simple!tool!for!studying!different!aspects!of!an!electrical!system.!Nanopipette!can!be!
used!to!interrogate!biological!systems!at!the!nanoscale,!from!individual!proteins!to!living!cells.!
During!my!talk,!I!will!discuss!our!approach!targeting!a!number!of!applications!using!the!functionalized!
nanopipette,!a!glass!nanopore!that!can!be!modified!with!chemical/biological!receptors.!In!addition,!
electrically!controlled!positioning!of!the!needle;like!nanopipette!enables!the!nondestructive!injection,!
aspiration,!and!manipulation!of!individual!living!cells.!While!the!nanopipette!itself!is!a!simple!device,!
developing!it!into!an!affordable,!versatile!system!that!can!be!used!by!researchers!of!different!
disciplines!!
!

!
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!

lambda=7.00, nedges=18

DISCOVERING GRAPH 
STRUCTURE

K-MEANS
★ Data vectors D={x1,…,xN} 

★ Randomly selected classes z1,…,zN 

★ Iteratively do 

★ One step O(NKD), can be improved

µc =
1

Nc

�

n:zn=c

xn, where Nc = |{n : zn = c}|

zn = argminc||xn � µc||2
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CONDITIONING 

p(x, y) = p(y)p(x|y) p(x|y) =
p(x, y)
p(y)or

INFERENCE – THE 
CHAIN RULE

★ Assuming binary r.v., p(XV | X[V-1]) has 2V-1 parameters 

★ Total # parameters ∑1≤i≤ V 2i-1 = 2V-1

p( x[V ]����
x1,...,xV

) = p(x1)p(x2|x1)p(x3|x1,x2) · · · p(xV |x[V�1])



CONDITIONAL INDEPENDENCE 
(MAY SAVE US)

★  X and Y are conditionally independent given Z iff  

p( X, Y| Z)= P( X| Z) P( Y| Z) 

★  Implies  

p( X| Y, Z) = p( X, Y| Z)/p( Y| Z) = p( X| Z)

EX. WHERE IND. 
OBVIOUSLY FACILITATES

★Assume first order Markov property 

i.e., if time ordered, future independent of past given present 

★Then 

xt � x[t�2]|xt�1

p(x[V ]) = p(x1)
V�1�

t=1

p(xt+1|xt)

p( x[V ]����
x1,...,xV

) = p(x1)p(x2|x1)p(x3|x1,x2) · · · p(xV |x[V�1])

GRAPHICAL MODELS 
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1

Directed graphical model 
• DAG  
• vertices r.v.s 
• equipped with local CPDs 

4 5

2 3
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Undirected graphical model 
• graph  
• vertices r.v.s 
• equipped with local “factors” 
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DGM

★What is the meaning of the 
underlying DAG? what is the 
semantics? 

★What does a DGM mean? what is 
the semantics? 

★Which DGMs represent a given 
distribution?



EXTENDED STUDENT 
EXAMPLE RELATION DGM - 

DISTRIBUTIONS
d has value 0

BERNOULLI & 
BINOMIAL

★ One or several (unordered) coin tosses 

Ber(x|�) =

�
� if x = 1
1� � if x = 0

Bin(k|n, �) =
�

n

k

�
�k(1� �)n�k

CATEGORICAL & 
MULTINOMIAL

★ One or several (unordered) coin tosses 

Mul(x|n, �) =
�

n

x1, . . . , xK

� K�

k=1

�xk
kCat(x|�) = �x



EXTENDED STUDENT 
EXAMPLE

EXTENDED STUDENT 
EXAMPLE

HLHL

HL

BL

B - better 
H - higher 
L - less

B L

TERMINOLOGY

★ Parent 

★ Child 

★ Family 

★ Root  

★ Leaf 

★Neighbors

4 5

2 3
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TERMINOLOGY

★ Degree (in and out) 

★ Cycle (directed or not) 

★ Directed Acyclic Graph (DAG)  

★ Topological order (parents < child) 

★ Path (directed or not) 

★ Ancestors
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TERMINOLOGY
★ Tree 

★ Polytree – directed tree with 
multiple parents for some vertices  

★ Forest  

★ Subgraph 

★ Clique  

★ Maximal clique
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ORDERED 
MARKOV 

PROPERTY
★ The ordered Markov Property 

★ In this case

xt � xV \desc(t)|xpa(t)

p(x[5]) = p(x1)p(x2|x1)p(x3|x1,x2)
p(x4|x1,x2,x3)p(x5|x1,x2,x3,x4)

= p(x1)p(x2|x1)p(x3|x1)
p(x4|x2,x3)p(x5|x3)

p(x[5]) = p(x1)p(x2|x1)p(x3|x1,x2)
p(x4|x1,x2,x3)p(x5|x1,x2,x3,x4)

= p(x1)p(x2|x1)p(x3|x1)
p(x4|x2,x3)p(x5|x3)
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ORDERED 
MARKOV 

PROPERTY
★ The ordered Markov Property 

★In general, if 1,…,V topological order, 
the likelihood is decomposable 
(factorizes)

xt � xV \desc(t)|xpa(t)

p(x[V ]|G) =
V�

t=1

p(xt|xpa(t))

EXTENDED STUDENT 
EXAMPLE



EXTENDED STUDENT 
EXAMPLE AN EXAMPLE

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

D I S G L
0 1 1 1 1
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1

AN EXAMPLE
Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

D I S G L
0 1 1 1 1
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

AN EXAMPLE
D I S G L
0 1 1 1 1
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1

Grade

Letter

SAT

IntelligenceDifficulty



Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

AN EXAMPLE
D I S G L
0 1 1 1 1
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1

θD D=0 D=1

2/5 3/5

Grade

Letter

SAT

IntelligenceDifficulty

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

AN EXAMPLE
D I S G L
0 1 1 1 1
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1

BL

θD D=0 D=1

2/5 3/5

Grade

Letter

SAT

IntelligenceDifficulty

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

AN EXAMPLE
D I S G L
0 1 1 1 1
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1

θI I=0 I=1

1/4 3/4

Grade

Letter

SAT

IntelligenceDifficulty

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

AN EXAMPLE
D I S G L
0 1 1 1 1
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1

θI I=0 I=1

1/4 3/4

Grade

Letter

SAT

IntelligenceDifficulty



Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

AN EXAMPLE
D I S G L
0 1 1 1 1
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1

θS S=0 S=1

I=0 1 0

I=1 1/6 5/6

Grade

Letter

SAT

IntelligenceDifficulty

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

AN EXAMPLE
D I S G L
0 1 1 1 1
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1

θS S=0 S=1

I=0 1 0

I=1 1/6 5/6

Grade

Letter

SAT

IntelligenceDifficulty

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

AN EXAMPLE
D I S G L
0 1 1 1 1
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1

θG G=0 G=1
D=0, I=0 1/2 1/2
D=1, I=0 3/5 2/5
D=0, I=1 1/10 9/10
D=1, I=1 2/5 3/5

BetterLess
Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

AN EXAMPLE
D I S G L
0 1 1 1 1
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1

θG G=0 G=1
D=0, I=0 1/2 1/2
D=1, I=0 3/5 2/5
D=0, I=1 1/10 9/10
D=1, I=1 2/5 3/5
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3
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4

✓
3

4
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6
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6

◆2 9
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✓
2

5

◆3 3

5
p(L = (1, 0, 1, 0, 1)|G = (1, 0, 0, 0, 0),✓L)



Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

AN EXAMPLE
D I S G L
0 1 1 1 1
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1
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Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

AN EXAMPLE
D I S G L
0 1 1 1 1
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1

θL L=0 L=1

G=0 2/3 1/3

G=1 0 1

L(✓;D) =
2

5

✓
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5

◆4 1

4

✓
3

4

◆4 ✓1

6

◆2 ✓5

6

◆2 9

10

✓
2

5

◆3 3

5

✓
2

3

◆2 ✓1

3

◆2

THE LIKELIHOOD 
FACTORIZES

★ Complete data 

★  Likelihood 

where Dv is values of v together with its parents and θv is v’s CPD 

★ Called: decomposable likelihood (factorizes into family-factors)

p(D|�) =
N�

n=1

p(xn|�) =
N�

n=1

V�

v=1

p(xnv|xn,pa(v),�)

=
V�

v=1

N�

n=1

p(xnv|xn,pa(v),�) =
V�

v=1

p(Dv|�v)

Y

X1 X2 X3 X4

SPECIAL CASE: 
NAIVE BAYES 

CLASSIFIER 

p(x, y) = p(y)
4�

t=1

p(xt|y)



SPECIAL CASE: LAYERED 
HIDDEN MARKOV MODEL (HMM)

• Zi hidden  

• Xi observable 

• Hidden often not observable when training, never when applying

THREE LEVELS OF 
COMPUTATIONAL PROBLEMS

• Inference: given G and θ, compute probabilities or marginalize 

• Parameter learning: given G and D, learn θ 

• Structure learning: given D, learn G and θ

THREE LEVELS

• Inference: given G and θ, compute probabilities or marginalize 

• Parameter learning: given G and D, learn θ 

• Structure learning: given D, learn G and θ

Marginalize often hard

Easy for observable data

Hard unless trees, doable in 
practice for observable

MARGINA
LIZE

4 5

2 3

1

X, X �

Xh

Xv

two hidden variables

the other hidden variables

the visible variables

 we want

given

sum out

p(X = k, X � = k�|xv,�)

=
p(X = k, X � = k�,xv|�)

P (xv|�)

=
�

xh
p(X = k, X � = k�,xh,xv|�)

�
x,x�,xh

p(x, x�,xh,xv|�)
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MARGINALIZE

• The denominator contains a marginal likelihood 

• Summing out V binary hidden variables – O(2V) 

• K states –  O(KV)

EXPECTED 
SUFFICIENT 
STATISTICS - ESS

4 5

2 3

1

X, X �

Xh

Xv

two hidden variables

the other hidden variables

the visible variables

 we want

given

sum out
E[Nk,k� ]

=
�

x�D
p(X = k, X � = k�|xv,�)

LEARNING PARAMETERS 
(IN GENERAL)

★ “...Bayesian view, the parameters are unknown variables and should 
also be inferred” 

★ Learning from complete data  

★ Likelihood 

where Dv is values of v together with its parents and θv is v’s CPD

P (D|�) =
N�

n=1

P (xn|�) =
N�

n=1

V�

v=1

P (xnv|xn,pa(v),�)

=
V�

v=1

N�

n=1

P (xnv|xn,pa(v),�) =
V�

v=1

P (Dv|�v)

CAT – NOTATION
★ For a v ∈ [V], 

values 

combined values 

★  Cat CPDs 

where 

and

k � [Kv] Cartesian product

c � Cv =
�

s�pa(v)

[Ks]

P (xv|xpa(v) = c) = Cat(�vc)

�vck = P (xv = k|xpa(v) = c)



EXTENDED STUDENT 
EXAMPLE

★ Each                       , i.e., here each  

can be maximized independently 

★ So,  MLE is 

★ where 

MLE FOR CAT CPDS

c

Nvck =
N�

n=1

I(xnv = k, xn,pa(v) = c)

Nvc =
N�

n=1

I(xn,pa(v) = c)

�vck = Nvck/Nvc

�vcP (Dv|�v)

THE END


