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D-SEPARATION

% A path is d-separated by O if it
has

eachanX =Y = ZwhereY e O

e afork X <Y = ZwhereY € O

® g v-structure X =Y « Z
where (Y U desc(Y)) n O =@

X YeO Z

‘desc 20

Chain

Fork

v-struct

D-SEPARATION
SETS AND CI OF
DAGS

% A is d-separated from B given O if
every undirected path between A and
B is d-separated by O

% In a DAG G,

x4 lg xzplzo

Ais d-separated from B given O




% Global (G): d-separation

Local (L): XL Xv\desc(t)|Xpa(t)

% Ordered (O): X: L Xpred(t)IXpa(t)
where pred is according to a topological order
% Factorized (F): can be family-factorized

Theorem: GeLe OsF

—QUIVALENCE OF
INDEPENDENGE DEFINITIONS

LATENT = HIDDEN
000 000

17 parameters 59 parameters

% Can reduce #parameters

% Can represent common causes

MARKOV BLANKE T

% A minimal set B s/t X is independent from Xwguy given Xgis a
Markov blanket

% Fort, pa(t) U c(t) u pa(c(t) is a Markov blanket — i.e., parents,

children, and co-parents (necessary due to v-structures)

LEARNING PARAMETERS
COMPLETE DATA

% “..Bayesian view, the parameters are unknown variables and should
also be inferred”

% Learning from complete data D={z1,...,zN}
Tp ={Tn1,...,Tnv}
% Likelihood

N VvV
P(:Bn|0) = H H P(wnu‘mn,pa(v)ye)

n=1v=1

P(D|6) =

N 14
P(wnv|wn,pa(v)>e) = H P(Dv|0v)
=1 v=1

— <=

v

In

where Dy is values of v together with its parents and 6y is v’'s CPD




MLE FOR CAT CPDS

* Each P(D,|0,) ,ie., hereeach O,¢
can be maximized independently
* So, MLEis
Ouck = Nuck/Nue

* where

N
Noycr, = Z I(xnv = k,xn,pa(v) = C)

n=1

N
Nye = Z I(xn,pa(v) = C)
n=1
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GIVEN DATA AND NON-
OPTIMAL PARAMETERS

Fair q Biased/loaded

* We observe the sequence of dice outcomes of visited vertices

Rolls: 664153216162115234653214356634261655234232315142464156663246
Die: LLLLLLLLLLLLLLFFFFFFLLLLLLLLLLLLLLFFFFFFFFFFFFFFFFFFLLLLLLLL

MIXTURE MODELS AND THE
EXPECTATION MAXIMIZATION (EM)
ALGORITHM

EM iteratively improves parameters

Z hidden

E-step: compute expected sufficient

statistics (ESS) w.rt.  p(zk|Tk, 6)

M-step: find optimal 8" using the ESS

Used for MLE of
% mixture models
% parameters of DGMs, HMMs
% DAG in DGMs (the structural EM by Nir Friedman)




N(z|p, %) = W exp (—;(m —pw)'E= (- H))
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red = female, blue=male red = female, blue=male

TWO DIMENSIONAL NORMAL

GAUSSIAN
MIXTURE
MODELS (GMM)

Z hidden ~ Cat(m)
[

X ~ N(u’c, Ec)




1-DIM
GAUSSIAN
MIXTURE MODELS

(1, @) Z hidden ~ Cat(w)

P(X|Z = ¢) = pe(X) :N(XWOGC)

0. = (Ncaac)

GVM

P(«T'n, 371) — p(:n )I)(I'rl |Zn )

and

C (o}
p(In) = ZP(Zn = C)p(x-n|zn = C) = Z'/Tcp(xnhn = C)

and

p(z.n = CI-’L‘n) = p(l"n-) - chzl ch(xn|z'n = C)

—XAMPLE

zn is red with probability 1/2, green with probability 3/10, blue with probability 1/5

The three gaussian distributions in our mixture

Zn = blue

Xn is generated from the Gaussian indicated by z,

We get x1,...,Xn

P(zn=c¢,Tp) Wep(Tp|2n, =)

COMPLETE LOG LIKELIHOOD
(KNOWING ALL 7)

All paremeters
1(6'; D) = log H P(Zn, 2|0

= 3 log [[(%ip(@n|Z0 = ,6/) =9
:izfznzc ) o (. (a1 8,)
_ZZI (2 = c)log +ZZI c) log p(x|6;)
— Z Z logml+ Z log p(xx6)

¢ n:I(zn=c) ¢ n:(zn=c)

—ZN log 7/, +Z Z log p(x,|6.,)
¢ n:I(zpn=c)
> I(zn =)

T




MLE FOR MLE FOR GAUSSIAN
GAUSSIAN >

: 1 1 2
J 005/1::‘) — Z log YT _90_7,2(:7’11 = /Ii)~>

40/

+ Maximizeing i)
1

) = log —

1(0';D) = Z N.log !, + Z Z log p(x,|67,) ”:Ig:d V270”2

c ¢ n:I(zp=c)

Derivation, ;%= ¥ 52—

n:I(zn,=c) @

+ Boils down to maximizing

> logp(x,|6,) o
n:l(zn=c) 5/!1/,. =0= Z Tp = Z pe. = Nepl,

- n:I(z,=c) (2, =0))

that is 1 1 2
Z lo 271_0_? €Xp (_ 20_[,2 (In = Hr:) > M

n:I(z,=c)

ASS
<-MEANS VEANS

% Data vectors D={x,...,xn}

% Randomly selected classes z1,...,2n

* lteratively do ) ]

1 >
Pe = — T, where N, = [{n: 2, = c}| %
N, <R
nizp=c S N

zn, = argmin, ||z, — pe||2

% One step O(NKD), can be improved




<-MEANS A GMM

% Fixed variance, only means must be estimated 0. = (e, 02)
% Idea: each point can belong to several means (clusters)
% Use responsibilities to find means

p(zn = C|0)p(wn‘zn =C, 0)

Tne = P\Zn :C.'Bn,e =
( | ) chzl p(zn = C|0)p($n|zn =, 0)

1
He = ﬁ Zrncwny where N, = Zrnc
€ n n

=M FOR GMM

% Problem with previous most similar approach (MLE by derivation)

N N
L(el) = Hp(mn|0,) = H Zp(mnyzn|0/)

n=1 z,

N N
1(8) = logp(wa|6) =D logy p(xn,zul0)
n=1 n=1 Zn
% How to handle the sum? the log cannot be pushed inside.

* Idea: use zi from  p(z,| Ty, 0)

Current parameters

=M & EXPECTED LOG
LIKELIHOOD (Q-TERM)

* lteratively maximizing the expected log likelihood
in practice always leads to a local maxima

The expectation is over latent variables given
data and current parameters

We maximize the expression by choosing new
parameters.

L OG LIKELIHOOD

1(¢'; D) = log [ | p(n, 2416")

= log [[(mp(@n| Zn = ¢, 6)1 =2
n (&)

= 33" I(en = ) log(rp(l6)
n c

= Z Z I(z, = c)log ﬂ'; + Z Z I(z, =¢) logp(mn.|9£)
n c n (o]




—XPEGCTED LOG
UKELWKXDD(C%TERN@

E]( 2| En 9)[ ]* p(zn Ty, ,0) [IOOH[’ wn 1191:|

n

= ZE 1051_[ (! p(n)2n = ¢, 0")1C —“)]
= ZZE ¢) log(!p(x,|0.)]

_ Z Zﬁ = el 0) log(n!p(zal6L)

= Z Z Tnclogme+ Y Y rnelogp(aald)

where for a one dim Gaussian 6. = (., J?)

WEIGHTED GAUSS - MEAN

Solving,

— =
o,

So W anu Ay
)

—HOW TO FIND ©77

* Wewant argmaXy Ep.. |z..0) [1(¢'; D))

c n

% The 2 sums Z (Z rnc> log7!, & Z Z Tne log p(x,|0.)

are independent

* So, 7"'é:2:"‘710/]\]':7'6/]\]'

n
% In the second, different ¢ indices are independent

% So, we want to maximize each

1 1
ncl T 5 o \tn T Mc 2
Zr o8 2mo’? P ( 2012 (@ = pie) )

n

VARIANCE

Let o, =1/0,
f(U',/;.wll/ﬂ) Zhu \/W g: T'ne

n

—Z)n 100\/* Z’n 7,

._4

1 1 () Tne 12
Derivation, ()7 = Z e Z< )2

Solving, Oif _
Jauy,

% 1
SO, o2 =L =S rlwa -t
C n




THEORETICAL BASIS
~OR EM

% 11.4.7 stared but read it. Or make sure to understand these slides

or read the EM theory text
% Three prerequisites
e Jensen’s inequality — do not read

Entropy and KL are interesting and

e Entropy - 2.8.1, read
included, but not necessary for the slides

e Kullback-Leibler (KL) divergence — 2.8.2, read

Let
ENS [O,‘ 1]

c=a+s(b—a)=(1—s)a+ sb

=(1-s)loga+ slogh

gc=log[(1 — s)a + sb]
)loga+slo?b—(.

In general,

logZp(I)f(,,zt) > Zp(,r,) log f(a

ie.,

log E[(«)] > Ellog f(2)]

a,b,c can be values that f takes on

JENSEN'S
INEQUALITY

A

S e
4

Afunction (in black) is convex if and only if the region &
above its graph (in green) is a convex set.

Expected complete log-likelihood — Q

log p(x|0")

= log Zp(':c, z|0")

)(x, z|0")
= lopr z|x, 0 ‘w|0

/
_ log B, (p x, z\e )

(z|x, 0)

o)
>Jensen Ez 1,0‘ p €, Z‘ ‘ 0
- ( g |

o p(m p(z, z|0")
Zp 2, 6)log e 6)

= Zp z|z,0)logp(x, z|0") — Zp(z\wﬁ)logp(z@,@)

=Q(0';08) — R(0;0)

Expected complete: notation

log p(z,|0")

= logZp Ty, 20 |0)

(7]
log Z p(zn|ony 6)EEmZal0 )

P(Zn|Tn,

0)

ny n 6
_logE.. (Mmzl) | w0>

P(Zn|Tn, 0

P
ZJenaen Ez,, (10g [(

Ty, 2n|0
J Zu ‘wua

/>) | ”””)

Zp 2|, 6) log P(&n, 2n|0)
n|Ln, h Z“|w“ 0)

= g p(2n|Tn, 0) log p(x,, 2,|0")

= Qn(a/ ) - R,(6;0)

Zp Zn|Tn, 0) log p(z, |2y, 0)




Expected complete: fewer steps
log p(x,,|0")
= log Zp T, 20|0)

—1 ]) L,y Zn‘g
og Zp Zn|Tn, 0
p(zn|Tn, 0)

p(Tn, 2,]0")

(Zu|a:n )

= Zp 2 |Tn, 0)logp(T,,, 2,|0") Zp(z,,kcm 0) log p(zy|xn, )
Zn

> Zp Zn|Tn, 0 lob

— Qn 0/ 0) n 0 0)

Expected complete: for ©
log p(x,,|0)
= [log p(x,|0)] Zp(zn|wm 0)

= Zp 2|25, 0) log p(a,|0)

= Zp(z |, MZ” 2n|0)

p(2zn|Tn, 0)
= Zp Zn[n, 0)108 P(2n, Tn|0) — > p(2n|@n, 0)l0g p(2n |2, 0)
Zn

= Qn(e 6)— R,(0,0)

Expected complete: of all data

log p(D|6’)

=D 108 _plan, 2016

1 p (T, z,l|0
= Z og ZP Zn|@n, 0
P(zn|Tn, 0)

p(a:n z,|0")
> og —M——~
2.2 p(znlen, 6 ° p(zn|Tn, 6)

n 2%

— Z Zp Zn ‘mn 10e—>p wn Zn |0 Zp(zn |113,” 0) logp(zn |mn
Zn

n Zn

=" Qn(0:0) - R,(6:0)

n
| S —
Q(0';0) R, (6;0)

RELATIONS BETWEEN LOG-
LIKELIHOODS AND Q-TERMS

Theorem: for @' = argmaxy,Q(6",8)

So by maximizing Q-term (through ESS) we monotonically
increase the likelihood.

The Q-term may not increase in every step!




% Starting points
% Number of starting points
% Sieving starting points

% The competition

e  The first iterations of EM show huge improvement in the likelihood. These are then
followed by many iterations that slowly increase the likelihood. Conjugate gradient shows

the opposite behaviour.

PRACTICAL [55UES

TH

—ND

. 1 -
Hmie — 7\_( fo & X
i=1
1 .‘N' 1 .‘N‘
Emle = 37\_‘, ;(X; - i)(x,» - )?)T = ﬁ(; X.,’XZ-T) - i)_{T

MVN MLE

~OR MVN

Z hidden ~ Cat()

X ~ N(#a Ec)




—NTROPY

% Definition % on [K], g(1)=1
H(q) = — Z q(z)log q(z) H(g) = —1log1 — ZOlogO

x

k=2
% q a fair coin -0

% g uniform on [K]

v 1 1
H(g)=—-)_ +log

<KL-divergence

% Definition
K P
> N 'Z‘
KL(qllp) = Y prlog =
Pl k

% Alternative

p(x)
q(x)

KL(qllp) = Y p(x)log

% Theorem (you do not have to read the proof)

KL(q||p) > 0 with equality iff p = ¢

“NTROPY V&
—XPECTATION

value p=1/2 +1/2+3/4 = 7/4

value  p=1/249/4427/4 = 38/4

 probabiity  1/2 | i ' H= -(log 1/2)/2-2(log 1/4)/4=3/2 |

% Entropy depends on the distribution only

HMMS (LAYERED OR
NOT)




GIVEN DATA AND NON-
OPTIMAL PARAMETERS

Fair q Biased/loaded
* We observe the sequence of dice outcomes of visited vertices

Rolls: 664153216162115234653214356634261655234232315142464156663246
Die: LLLLLLLLLLLLLLFFFFFFLLLLLLLLLLLLLLFFFFFFFFFFFFFFFFFFLLLLLLLL




