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Expected complete: of all data
log p(D|6")
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RELATIONS BETWEEN LOG-
LIKELIHOODS AND Q-TERMS

Theorem: for @' = argmaxy,Q(6",8)

logp(D]6') = Q(8',60) — R(0,0) > Q(6,0) — R(6,6) = logp(D|0)

So by maximizing Q-term (through ESS) we monotonically
increase the likelihood.

The Q-term may not increase in every step!

GMM EXPECTED LOG
LIKELIHOOD

Ep(:n\zn.e) [1(9/ D)] — Ep(z,1|:z:,1.9) |:10§-’, Hp(wm:u.w/):|

n

= ZE logH (7lp(n|2n = ¢, 6')!

—ZZE og(r.p(x,|0)]
—ZZ]) 2n = c|xy, 0) log(mlp(x,|0L))
_ZZI clog ! +ZZ) x,|0%)

where for a one dim Gaussian 6, = (i, 02)




DGM WITH CATEGORICAL
CPDS - LIKELIHOOD

+ Let O = p(Xy = k| X a0 =1,0"), then

I(X o=k, X ()=l
p(Xv = k|Xpa(v) = laol) = H(ei)kl) ( =1
k,l

*  The loglikelihood log p(D | ©") equals

Z Z I(Inv =k, Ln,pa(v) = l) log oi),k,l = Z vak,l log eg,k,l
n vkl v,k,l

where Ny 11 = Zl(l’nu =k, @ paw) = 1)
n

—XPECTED COMPLETE
LOG-LIKELIHOOD

*  The expected complete log-likelihood is

YN Euxfen o) [I(Xy =k, Xpa) = D]1og 0} 41 = > Ny xilog6l,
n vkl v,k,l

where

Nkt = ZEp(kamg) [I(XU =k, Xpa) = 1)7] Can be computed
using GM inference

= ZP(XU = kaXpa(v) = l|:13n,0)

+ We can independently maximize each

Z Nv,k,l log og’k”’
k

+ Done by setting
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MAXIMIZE=D
INDEFPENDENTLY

MARKOV CHAINS
([DISCRETE)

*Directed graph with
transition probabilities

% We observe the

sequence of visited vertices
P2

P1




MARKOVY CHAINS
([DISCRETE)

Probabilities on outgoing edges sum to one

P2

Yield] Pi =1

Pd

WHAT AN
MM DOES

Rolls: 6641532161621152346532143566342616552 .
Die: LLLLLLLLLLLLLLFFFFFFLLLLLLLLLLLLLLFFF Y Starts in the state z1

% When in state z
® outputs p(xi|z)
® moves to p(zi1|z)

% Stops after a fixed number
of steps or when reaching
a stop step

WHAT AN
MM DOES

6641532161621152346532143566342616552
LLLLLLLLLLLLLLFFFFFFLLLLLLLLLLLLLLFFF * Starts in the state z1

% When in state z

e outputs p(xi|z)

7 N
e moves to|p(zi1]z)

* Stops afte] a fiked number
of steps of when reaching
a stop steq

The parameters

THE OCCASIONALLY
DISHONEST CASINO

Fair q Biased/loaded

% We observe the sequence of dice outcomes of visited vertices
Rolls: 6641532161621152346:’;3214356634‘261655234232315142464156663246
Die: LLLLLLLLLLLLLLFFFFFFLLLLLLLLLLLLLLFFFFFFFFFFFFFFFFFFLLLLLLLL




~MISSION
DISTRIBUTIONS
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THE JOINT
DISTRIBUTION

p(mlsz zl:T)
= p(mlzT]zlzT)p(zlzT)

% Starts in the state z;

T .
_— (HP(Z:IZL—Q) (Hp(szZz)) % When in state z

=1
® emits p(xi|zi)
o transits to p(zuilz)

Categorial or Gaussian )
% Stops after a fixed number

of steps or when reaching
a stop step

THE JOINT
DISTRIBUTION

p(mlzT7 zl:T)
= P($1:T|Z1:T)P(21:T)

ﬁ H % When in state z
=P(Zl)< p(zt|zt—1)> ( P(ﬂitzt)> !

t=1

% Starts in the state z

® emits p(xiz)

e transits to p(zt1z)

Categorial or Gaussian

% Stops after a fixed number
of steps or when reaching
a stop step

GAUSSIAN EMISSIONS
AND HIDDEN STATES
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LAYERED OR NOT

APPLICATIONS OF
AMMS

TERMINOLOGY X
ABOVE Z BELOW

filtering

—t—
t
<>
oot _—
smoothing
(L
fixed-lag t T
smoothing
(offline)

Automatic speech + Part of speech tagging
recognition + Gene finding
Activity recognition +  Protein sequence alignment

INFERENCE TYPES

Filtering: p(zix1:1), online Viterbi (MAP) argmax p(z1:1|x1:7)

Smoothing (MAP): p(zi|x1.7) +  Posterior samples: ~p(z1.1|x1:7)
offline + Probability of data: p(x:1)
Fixed lag smoothing: p(zi|x1:t) - Parameters: given D & struct.

Prediction: p(ztsh|x1:) +  Structure and param.: given D




plloaded)

INFERENCE IN THE

OCCASIONALLY DISHONEST

CASINO

Grey regions are states corresponding to biased die

MAP state (0<fair 1-loaded)

100 150
ol number

Filtering: p(zi|x1:),

online

Smoothing, MAP state:

p(zi|x+:7) offline

Viterbi, MAP path

argmax p(21 ;T|X1 :T)

abbacd acbadd

Pairs of strings

abbac acbadd
* abbacd acbad
abbac acbad

Rooted trees

>~

DF

What is a subproblem?
What is a subsolution?

How do we decompose
into smaller subproblems?

How do we combine
subsolutions into larger?

How do we enumerate?

How many and what time?

Polynomial many

Polynomial time

Polynomial time

Polynomial time

Polynomial time overall

P

What is a subproblem?
What is a subsolution?

How do we decompose
into smaller subproblems?

How do we combine

subsolutions into larger?
How do we enumerate?

How many and what time?

SPECIAL CASE: HDDEN
MARKOVY MODEL (HMM)

21 — 29 —™ 23 ' "RV

A

1 Io

Zihidden

Xiobservable

!

Ty

Hidden often not observable when training, never when applying




Exclusive

Exhaustive

??','E

Exclusive & exhaustive

A

EXCLUSIVE &
EXHAUSTIVE

Exclusive

p(A or B) =p(A) + P(B)

*  Exclusive & exhaustive

Z[)(A,-‘) =1

Exclusive

Exhaustive

??','E

Exclusive & exhaustive

XCLUSIVE &
EXHAUSTIVE

Exclusive

p(A or B) =p(A) + P(B)

Exclusive & exhaustive

A;

)

p(ml:T) = Zp(ml:Ta zl:T)

zZuT

ft(k‘) = P(-’Bl:t.fl, Zy = k)

~ORWARD

Joint is easy to express

The sum has
exponentially many terms

The forward variable, fi,
can be computed with
DP

P(‘El:T) = Zp(wl:Ta zl:T)

Z1:7

fi(k) = p(®1:t—1, Zs = k)

fe(k)

= p(@ri-1,Ze1 = 1,2, = k)
1

~Y i@
1

:Zl

2,21 = Dp(@1-1,2Zs = k|®1:4—2, Z1—1 =)

1t-2, 211 = Dp(®i-1, 2 = k| Z, 1 = 1)

=> i1 p@i1|Ziy = ) p(Ze = k| Zi1 =)
1 S———

smaller emission transition

FORWARD

Joint is easy to express

The sum has
exponentially many terms

The forward variable, fi,
can be computed with
DP




/00mM 1IN /00m In

K - states
T - length of observation

fi(k) (k)

=Y @111, 21 =1,2, = k) Ty =2 p@a 1,2 1=12=k)
l l

= Zp(ml:t—% Zi_q = l)[’(mt—h Zy = k‘wlzt—% Zy_q = l) K= Zp(mlzt—27 Zy_q = Z)P(mt—h Z; = k|m1:t—27 Zi_q = l)
l l

= Zp($1;t—2, Zi_ = l)])(wt—h Z; = k\Zt—l = l) = Zp(wlzt—27 Zi_ = l)p(th—h Z; = ]47|Zt—1 = l)

1 7
= thfl(l)P(wtfﬂztfl =0)p(Zs =k|Zi—1 =1) = Z fie1()p(xe—1|Zi—1 = 1) p(Zy = k| Z;—1 = 1)
! N 7 N

smaller emission transition smaller emission transition

Total time O(TK?)

/00mM 1IN

K - states
T - length of observation plzir) = Ek:p(mm’ 2 =)

folk)
T =D p@is1,Zi1=12=k) fi(k) = p(@r.4-1, Z = k)
l

Constant= Zp(wlzt—% Zy 1 =Dp(wi—1, 2y = k|lx14—2,Z; 1 =1)
! In general, (e.g. t=T)

The final probability is
= ZP($1:t—2, Zi_ = l)p(wt—h Z; = k\Zt—l = l)

easily obtained

p(@1y) = th(k)il’(wz|zt =k)
k

.
= zl:ftfl(l)p(wtfﬂztfl =0)p(Z; =k|Z,—1 =1)

smaller emission transition

Total time O(TK?)
If layered, O(TK)




FILTERING

FILTERING

p(x1:¢, Zy = k)
p(ml:t)
P(@14-1, 2y = k)p(:| 2 = k)

p(Z; = k|x1:) =

P(-'Bl;t.) emission

Filtering: p(z|x1+), online

SACKWARDS

bi(k) == p(xi+1.7| 2t = k)

DP also for the backward variable bt

P(T1:t) «<— data probability

Filtering: p(zi|x1:1), online

SACKWARDS

be(k) == p(xi+1.7|Z: = k)

DP also for the backward variable bt
by (k)
= p@er11, Zip1 =1 Ze = k)
l

= ZP(Zt.-H =1Z; = k)p(xi+1.7|Zt+1 = 1)
]

=Y " p(Zi11 =112, = k)p(@1 27| Ze1 = Dp(@1 41| Z11 = 1)
I

=) p(Ziy1 =1Z; =k) by1(l) p(®t41]|Z141 =1)
] T

transition ”smaller” emission




BACKWARDS

bi(k) := p(Ti+1.7|Z: = k)

DP also for the backward variable bt

be(k) Running time analysis
= Zp(wt+1:T, Zi1 =12 =k) as before
l

= Zp(ZH_l = l|Zt = k)P($c+1:T|Zt.+1 = l)
l

= ZP(ZH—I = l|Zt = k)P(-’Et+2:T|Zt+1 = Z)P($t+1|zt+1 = l)
1

=Y p(Zir1 =12, = k) bey1(1) p(ai11|Z141 = 1)
R s s S

transition ”smaller” emission

SMOOTHING

p(Z¢ = k|z1.7)

Smoothing, MAP state: p(zi|x1:7), offline

SMOOTHING

p(x1T, Zt = k)

P(Z: = klzm7) = p(x1.7)

x p(®1:t—1, Zs = k)p(ze.7|Zt = k)
= f(k) p(x¢| Z: = k) be (k)
N—_————

emission

Smoothing, MAP state: p(zix1:7), offline

TWO SLICED SMOOTH
MARGINALS - MARGINAL OVER
PAIRS OF STATES

p(Zi =k, Zi1 = l|z1.7)

Can be computed from forward and backward similarly




We want
S VITERB
Not!
(argmax,, p(21|T¢11.7), - . ., argmax,, p(zr|Tit1.7))
. . MAP path
Viterbi variable
Ut(l“‘) = max P(Zl:tfla Zt — A’.‘ wl:t) N Viterbi Ieaming: used, as

Z1:t—1

approximation, to speed

Gives what we want up parameter learning

Again DP now with Viterbi

variable

For the path, use back
pointers

We want

argmaxg, ,.p(z1.7|1.7) \/ ‘ T E R B ‘

Not!

(argrﬂalep(zllmt+l:T)’ cey al'gmaxz.,-P(ZT\iEHl:T))

MAP path

Viterbi variable

v (k)

Gives what we want

max_,

:= max p(21.4_1,2Z¢ = k, T1.¢) + Viterbi learning: used, as

Z1:t—1

approximation, to speed
up parameter learning

+p(z17|T17)

. V;.I)(:ZI:T—I« Zr = kl|z1.7)
Aok variable

Again DP now with viterbi

For the path, use back
pointers

DP FOR VITERB

vi(k) = max p(21:4-1, 2y = k, 1.4)

= mla_xzmax p(z1:4-2, 211 =1,2Z; = kawlzt)
1l:t—-2

= max max p(21.¢-2, Zt-1 = b, ®1:4-1)p(Ze = k, t|Z¢-1 = 1)
1l:t—2

= max max v¢—1(1) p(Z; = k| Z;—1 = 1) p(x¢| Z; = k)
l —_——T——— ——

Z1:4-2
smaller transition emission

This gives the probability of the MAP path

Using backpointers the path can be obtained

8
217

~ORWARD FILTERING,
BACKWARDS SAMPLING

(Zy = k| Ziy1 =1, 21.4)
_ p(Zy =k, Zyyr =1,214)
- p(x1.4, Zir1 = 1)
~ p(Zy.r|z1:7) _ P11, Z; = k)p(Zy1 = Lxy|Zy = k)
n Jer1(1)
i (B)p(Zisr = U120 = k)pl(@i] Z0 = k)
fer1(D)

Sample from posterior
Sample in order zr,...,z1

Start somewhat differently




L FARNING TRANSITION AND
EMISSION PARAMETERS - FULLY
OBSERVED DATA

*  Parameters
- transiton Ag; = p(Zy =1|Zi—1 = k)
+ Zzoalways " and Ag«kis start probability

+  emission
Bks :p(Xt = S|Zt = k)
*  Likelihood

L(0 D — ﬁﬁ HBI(Ent sznt—k)HAI(Znt 1=k, zn +=1)

n=1t=1 | k,s

L EARNING TRANSITION AND
EMISSION PARAMETERS - FULLY
OBSERVED DATA

*  Parameters
-+ transition A = p(Zy = 1| Zi—1 = k)
+ zoalways g* and Aq«is start probability

+  emission
Bks = p(Xt = 8|Zt = k)
*  Loglikelihood

N T
1(6; D) :2; kz:f(xnt—s s Zn.t = k) log By,

+ > I(zni1 =k, 200 = 1) log Ag]
k,l

MAXIMIZING [ OG-LIKELIHOOD
- COMPLETE DATA

N T
Ue:D)=3 %" {Z I(zpe= 8,200 = K)10g By + D I(za1 = ky 2, = 1) log Am}
n=1¢=1 | ks kil

} log By + Z ZZ R — 1)] log Ar

Ni,i

Maximized by
By, = Mk,s/ZMk,s = Mk,s/Nk and Ay = Nk,l/ZNk:‘l = Nk'l/Nk
s i

HIDDEN VARIABLES - ONE
—M-5TEP MAXIMIZING Q

Zn—lEp(ZI:c o0 2,2,))

= ZEp(Z X|X=z,0)(0Z, X))

n=1

-z

ZEp(z.X\x:z,._,a) |:Z
1

n=

N I(Xi=5,2,=k)logBiy + Y _I(Zi 1 =k, 2, =)log A;,]

t=1 | k,s k.l
N T
Z ZZP(Xe =52, =k|X=2,0) IOgBZ:s
ks l'=1 t=1
M
N T
+ S 0% 1=k Z =X =w,,0)| log A
kil |n=1t=1

Nia




L EFARNING TRANSITION AND
FMISSION PARAMETERS -
HDDEN VARIABLE

SN Byzie, )0 Z,2,)]

~

T
= [Z Yo p(X. =52, = k)X ==2,,6)
ks 1t=1

n=

| i

log By,

2
ki

N T
SNz =k2Z =X = m",e)] log A},
n=1t=1

+ Maximized by

Bi, =M} /Y M =M /Ni and Ay =Ni,/Y N, = Nj/Nj
s 1

TH

—ND




