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At the end maximize P(S?,...,SV|0©)
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WHAT AN
MM DOES

Rolls: 6641532161621152346532143566342616552

Die: LLLLLLLLLLLLLLFFFFFFLLLLLLLLLLLLLLFFF % Starts in the state z4

% When in state z
e outputs p(xi|z)
® moves to p(zui|z)

% Stops after a fixed number
of steps or when reaching
a stop step

MM
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INFERENCE TYPES

Begin|

+  Filtering: p(z:[x1.1), online -+ Viterbi (MAP) argmax p(z1:1|x1.1)

+ Smoothing (MAP): p(zixi.T) +  Posterior samples: ~p(z1:1|x1.1)
offline + Probability of data: p(x1:7)
+ Fixed lag smoothing: p(z:|x1:t+) +  Parameters: given D & struct.

* Prediction: p(zinlxi+) - Structure and param.: given D

SPECIAL CASE: HDDEN
MARKOVY MODEL (HMM)

21 — 29 — 23 " "RV

N

I 9 I3 Iy

fi(k) == p(x1:4-1,Z:s = k) be(k) := p(®es1.7|Z: = k)

«  Zhidden
+  Xiobservable

+  Hidden often not observable when training, never when applying

SPECIAL CASE: HDDEN
MARKOVY MODEL (HMM)
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+  Zhidden
+  Xjobservable

+ Hidden often not observable when training, never when applying

SMOOTHING

p(Z: = k|z1.7)

+ Smoothing, MAP state: p(zi|x1.1), offline




SMOOTHING

SMOOTHING

7,2 =k
p(Z: = k|zyT) = p(zy1, Z = k)

p(wl:T)
X p(®1:t—1, Zs = k)p(xe.7|Z: = k)

Smoothing, MAP state: p(zix1.7), offline

Smoothing, MAP state: p(zi|x1:7), offline

SMOOTHING

p(zir, Z: = k)

p(x1.T)
& p(®1:t—1, Zt = k)p(xe.7|Zt = k)
= fi(k) p(x¢| Zy = k) be(k)

p(Z¢ = klzvT) =

SMOOTHING

1 2=k
p(Z: = k|zy.T) = p(xy1, Z = k)

p(ml:T)

X p(®1:t-1, Zs = k)p(xe.7|Z: = k)

= fi(k) p(w¢| Z¢ = k) be(k)
N—_———

emission

Smoothing, MAP state: p(zix1:7), offline

Smoothing, MAP state: p(zix1:7), offline




MARGINAL OVER PAIRS OF
STATES, AND PARIS OF STATE
AND SYMBOL

p(Zf—l - k‘:« Zl‘ - [|X = xnae)

p( Xt =52 =k)| X =x,,0)

+ Can be computed from forward and backward similarly

zf;T ~ p(leT|wl:T)

~FORWARD FILTERING,
SBACKWARDS SAMPLING

P(Ze = k|Zy1 =1, @14)
p(T1t, Zpy1 = 1)

frva(l)
ft(vk>P(Zt+1 = l|Zt = ]\‘)P(mt|Zt = li*)
Jea1 (D)

+ Sample from posterior
+  Sample in order zr,...,21

+  Start somewhat differently

p(Tre—1,24t = k)p(Ziy1 =1, $t|Zt = k)

~ORWARD FILTERING,
BACKWARDS SAMPLING

+  Sample from posterior

+ Sample in order zr,...,21

+  Start somewhat differently

LEARNING TRANSITION AND
EMISSION PARAMETERS - FULLY
OBSERVED DATA

= Parameters
-+ transition Ag; = p(Zy = 1| Zi—1 = k)
+ Zzoalways g* and Aq«is start probability

+  emission
Bks = p(Xt = Sth = k)
*  Likelihood

N
L(O,D) _ H H HBéixn,t:s,zn,t:k) HAigzn,t,lzk,zn,t:l)
k.l

n=1t=1 | k,s




N R MAXIMIZING LOG-LIKELIHOOD

OBSERVED DATA - COMPLETE DATA

*  Parameters
- transiton Ag; = p(Zy =1|Zi—1 = k)
+ Zzoalways " and Ag«kis start probability

1(6;D) =

+  emission
Bks :p(Xt = S|Zt = k)
*  Loglikelihood

N T
160;D) =Y > D I(@ni =5, 204 = k)log Bis

n=1t=1 k,s
+ZI Znt—1 = k Zn,t —l)logAkl]
k,l + Maximized by
By = Mk,a/sz,s = Mlc,s/Nk and Ay = Nk,l/ZNk,l = Nk‘l/Nk
s 1

Expected complete: of all data HIDDEN VARIABLES - ONE
logp(DIo") EM-STERP MAXIMIZING Q)

— o ‘ /
- Z log Z P(@n, zn]6) SN Bz 0) U0 Z,20)]

—ZZIJ n|Tn, 0)log p(x,, 2,|0") Zp n|Tn, 0) log p(zn| Ty,

—ZQ 0':0)— > R.(6;0)

n
N————
Q(07;0) I CH)




HIDDEN VARIABLES - ONE
M-S TEP MAXIMIZING Q

S By zie. 005 Z,0)]

N
= Z Eyz.x\x=<,.0)(0'; Z, X)]

n=1

HIDDEN VARIABLES - ONE
—M-5TEP MAXIMIZING Q

SN Eyzie, 0)l0 Z,2,)]

N
= ZE}J(Z.X\X::B,,,U)[I(Q’; Z,X)]

n=1

N T
= ZEp(z.x\Xﬂ,-.ﬂ) |:Z
n=1

t=1

N I(Xe=5,2,=k)log By + Y _I(Z 1 =k, Z, =) log A},
ks k.l

|

HIDDEN VARIABLES - ONE
M-S TEP MAXIMIZING Q

Z;Y:]Ep(z[::»;,o)[l(ol; Zz, :l:,.)]
N
= Z Eyz x| X=2, 00" Z, X))

n=1

N T
= Eyz.X|X=2,0) [Z {Z I(X,=s,Z,=k)log B, + »_1(Z 1 =k, Z, =) log A}y
n=1 t=1 | ks k.l
N T
= Z Zzp(xt =82, =k)|X =2,,0) IOgB;cs
ks |n=1t=1
M
N T
+ S N b2 1=k Zi=1|X =2,,0)| log Ay
kil |n=1t=1

|

LEARNING TRANSITION AND
EMISSION PARAMETERS -
HIDDEN VARIABLE

SN Buzie, 0)l0 2, 2,)]

N T
=Y 133 p(Xi=5.2,=k)|X =2,,6)| log By,
ks In=1t=1
M. j|
N T
+3 I w2 =k, 2, = X = ,,6) | log Ay
kil |n=1t=1
N

+ Maximized by
Bl =M,/ Y M =M, [N and Ay =Niu/ D Niy= Nii/Ni
8 l




UGM <

* UGMs - Undirected graphical

models G

*  What is the direction between 2
pixels, 2 proteins?

*  Probabilistic interpretation?

*  p factorizes over G — can be
expressed as normalized product
over factors associated with

cliques

Scope AB
o1(A, B)

a’ B30

B,C
02(B,C)
b ¢
b ¢
b«
b«

110

b)

! 1
0 1

)

100 ‘ i

(c)

D,A
da(D,A)
d" a" 100
4" at 1
d* a® 1

d* a' 100

(d)

Factors — misconception example

P(A,B,C,D) = 61(4, B)$x(B,C)65(C, D)gu(D, A)

Z = Z ¢1(a,b)pa(b, c)p3(c,d)pa(d, a)

a,b,c,d

PROBABILISTIC
INTERPRETATION

¢1(A, B) 0B, C) ¢3(C. D) (D, A)
a’ b 30 b & 100 A db 1 d" 4 100
a’ b5 b et 1 & dto100 d" at 1
at B0 1 bt 1 et d 100 dt al 1
at b0 bt b 100 ctodt 1 d* o' 100

(a) b) (c) (d

Misconception

61(A=1,B =1)4a2(B = 1,C' = 0)¢5(C = 0,D = )gu(D = 1, A = 1)
=10-1-100-100
= 100000
Z = Z ¢1(a7 b)¢2(ba C)¢3(C, d)¢4(da a)

a,b,c,d

A FACTOR PRODUCT

A PAIRWISE
UGM

Can be useful for images

Only option in grids
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SEPARATION
AND Cl OF UGM

% A is separated from B given O in
G if there is no path between A and B
in G\O

% In a graph G,

Ais separated from B given O

DEF I-MAP

G is an I-map for p if all
independence relation in G hold
for p, i.e., (G)<cl(p)

Moralize add edge between any

two parents

We can moralize a DGM and get
a UGM having no more
independence relations

Each family has a cliques in the
moralized UGM

CQUIVALENCE [-MAP AND
FACTORIZATION

For positive distributions p (i.e., vy, p(y)>0),

I(G) € I(p) & p can be expressed as a normalised product over

factors of G (as below)

P(y16) = %9) I1 v.(v.l60)
ceC

THE POTTS
MODEL

Values Ys

Y € {1, 2, 3}

xs'

Factors of form

p(x | y) ex Gaussian

Yt

O

evst el el Tied weights
Plysy) = | € e wey =J




THE POTTS
MODEL

Values

Y € {1, 2, 3}

Factors of form
eWst eO 60
Y(ys,ye) = | 0 et €l
60 60 eWst

Likelihood

p(y.x|0) = p(y|J) [ [ p(x2|v:. 0) =

t

Ys Yt
T Tt
Tied weights
Wget = J

%J) | ) KOS ")} [Irilu.6)

st t

RESULTS J=1.42, 1.44, 1.46

THE END

RELATIONS BETWEEN LOG-
LIKELIHOODS AND Q-TERMS

Theorem:  for @' = argmaxy. Q(68",0)

So by maximizing Q-term (through ESS) we monotonically

increase the likelihood.

The Q-term may not increase in every step!




