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Pole Placement Controller Design

Process

B(z)
Alz [

Y(z) K, -B(2)
“R(z) A(2)C(z)+B(z)D(z)
P(z) = A(z)C(z) + B(z)D(z)
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Polplacement Equation

A(z)C(z)+B(z)D(z) = P(z)
Choose degree:  n_ =n_+n,—1 [degree]
n=n-1 n,=n,-1

Set:  C(z)=1+cz +c,z°+...+¢c 2"
D(z)=d,+d,z"+d,z°+...+d _,z™"
K = P(z=1)
B(z=1)
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Pole Placement Example

Bertil Thomas, Modern reglerteknik

y(k)=0,82y,_,+05u, ,+05u,_, {Z:}
Y =0, 82Yz‘ +0,5Uz7" +0,5Uz°° -

)

O5z +0,5z2" ]
/[ 1-0,82z""

B(z)=0,52"%0,527*
A(z) =1-0,82z"

Desired:
dubble polein z=0,5
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Pole Placement Example

B(z)=052"+052" ( Desired:
A(z) =1-0,82z" dubble polein z=0,5

P(z)=(1-05z7")*=1-z"+05z" = n =2

n,=n-1=2-1=1 = C(z)=1+cz™
n,=n,-1=1-1=0 = D(z)=d,

AC+BD=P:
1-0,82z7")(1+c¢,z ")+ (052" +0,527°)(d,) =1-z"+0,252"*
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Pole Placement Example

(1-0,82z7")(1+c,z ')+ (0,527 +0,527°)(d,) =
=1+cz7-0,82z"-0,82¢,z*+0,5d,z™ +0,5d,27* =
=1+(c, —0,82+0,85d,)[z" +{(0,5d, —0,82)|z"?

/ + =
=1]-|z*+0,25z° == AC+BD=P

c,—082+05d, =-1 < ¢, +05d, =-0,18
0,5d,-0,82c, =0,25 <« —0,82c, +0,5d, = 0,25
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Pole Placement Example

c,—082+05d, =-1 < ¢, +05d, =-018
0,5d,-0,82c, =0,25 <« —0,82c, +0,5d, =0,25

1 05) (¢ ) (-018
L =
~082 05) \d,) | 0,25
¢, =-0,236 d,=0.113
» X=[1, 0.5; -0.82, 0.5]\[-0.18, 0.25]"
X =1-0.2363 C

0.1125 d,

»
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Pole Placement Example

1 2
P _ 1-2 _1+ 0,252_2 o K - P(1) _ 1-1+0,25 _ 025
B 05z7+0,5z , B@ 05+05
o~ E ] U ‘% 0,5z'+0,5z%
S -T 1-0,2363z7| + 1-0,82z7 l =7
01125 o |
F— """ —-"—=77 "11
_D. _ V. R | + E
=R YD "T“K’A_(tci’z,'"{'f
U :E : DfZ) '-;—::
C (Regulator _JI
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Pole Placement Example

E=R-K,-Y-D .

R o025 + ! U
E r - 1-0,23632 "
U=—=
C 01125 fo—— Y

=

Yy
E=025R-01125Y
U = £ =
1-0,2363z
= U=E-0,2363U z*
e Differens equations:

— U(1-0,2363z")=E

e, =0,25r, —0,1125y, u =e, —0,2363u,_,
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Integrating Block

To avoid residual error if we have a disturbance V we need an
Integrating controller. v

E U +

. i ] ; _A)___ B(z]
R K B ER % »A(z) 4
Integrerande Process

block

A(2)=A(2)-(1-27)

During calculations the integrator is placed in A(z), here
called A"(z). (= easiest)
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With Integrating Block

Searched P(z) has dubble pole z = 0,5 and | extra pole in origo.
B(z)=0,5z"+05z""
A(z)=1-0,82z"= A" (z) = (1-
P(z)=(1-05z7")*-(1-0-2")=1-z"+052" = n, =2
n=n-1=2-1=1 = C(z)=1+cz™

ng=n -1=2-1=1 = D(z)=d,+d,z"

AC+BD=P:
1-082zY)(1-zH@A+cz ) +(0,52"+05z7%)(d,)=1-2"+0,252""
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With Integrating Block

1-0,82z7)A-zY)(1+c,z M)+ (0527 +05z7%)(d,) =
=1+(c,—1,82+0,5d,) z* +(0,82-1,82¢, + 0,5d, +0,5d,) 27* +
+(0,82¢,+05d,)z°= 1-2"+0,252"°

(c,—182+0,55d,)=-1 ¢, +0,5d, +0d, =0,82
(0,82-182c, +0,5d, +0,5d,) =0,25  -182c, +0,5d, +0,5d, =-0,57
(0,82c, +0,5d,) =0 0,82c, +0d, +0,5d, =0
» X=[1,0.5,0;-1.82,0.5,0.5;0.82,0,0.5]\[0.82,-0.57,0]"
X 9 0.382 (4
0.876 d,
-0.626  (,

»
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With Integrating Block

P 1-z"+0,2527 L ok PO _1-1+025 ..
B 05z'+05z7? " B(1) 05+05

C =C(z)-1-z7)|=(1-z7")1+0,382z")=1-0,618z "' -0,382z"

D(z)=0,876-0,6262" Integrat(min C-block!
< e i y 5
R—=1 025 t - 1—0,622‘}—0,382‘2 ++ Oiz_;igffz } -
il
0,88-0,63z""
D
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Controller Difference Equations

E-R.-K -Y-D X v
+ E 1
R~ o s oet ok U/
U-— [
C 038-06%7 fe—}
E=025R-0,88Y +0,63Y z™* D
E

U= = - < U-0,62U z7t-038Uz*%=E
1-062z-0,38z

U=E+0,62U z"+0,38U z°*
e Difference Equations:

e, =0,25r —0,88y, +0,63y, , U =¢, +0,62u,+0,38U,,
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Matlab Script for Lab 3

Pole placement requires extensive calculations every
time you want to try new poles. This is something you
do not have time to do during the lab — you have to
automate calculations using a Matlab script.

4!

When solving the preparation tasks, develop a
MATLAB script to be able to quickly redo the
calculations during the lab with the values of the real
process.
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Matlab Script for Lab3 4

% poleplace.m

%

% Preparation for I1E1304 Lab 3: Pole placement controller.
%

% + E U GP

% R -->Kr-->0--->1/C(z2)--->B(2)/A(2)--+--> Y
% Htot(z): N |

% I I

% Fomm D(z2)<--—————————- +

%
% Process transfer function GP has two time constants

Start the script with a comment (%). That comment is printed
when writing help poleplace inthe Matlab command
window — good practice to show what the script does.
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Matlab Script for Lab3 4

Prior to the lab, we assume that process |

gain and time constants have the U=y [ |

following values:

aaaaa

4— —
¥ .

% Process transfer function GP lem L T
% haS tWO t i me ConStan tS Figure 1: The controlled process
Kp = % Change process gain 1T needed

T1=6 % Change first time constant 1f needed
T2=21 % Change second time constant 1f needed

s = tf("s");
GP =Kp /Z (1 + Tl*s) / (1 + T2*s)
[GpNum,GpDen]=tfdata(GP, "Vv")

These values must be changed to actual process values at the lab
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GP

e Assumed values prior to lab.

KP

(1+

Tl

S)(1+

IF

3

)

3

T (1+65)(1+21s) 12687 +27s+1

Step Response

—{K,=3 T,=6 T,=21}-=

3)( 1

049

0.5

0.7 A
o 0Bf - |
= e Perform the system identification at lab.
E

0.4+ i

03} P

02l Note! Use script:

[a.P1=aP(Q,n)

|:IIII Z;II 4;] E;II B;II 1IIIIIII 120
Time (sec.)




Matlab Script for Lab3 4

It Is common practice to insert results from the command
window as commands in the script!

Kp = 3 % Change process gain 1Tt needed

T1 = 6 % Change fTirst time constant i1f needed

T2 = 21 % Change second time constant i1f needed

s = tf("s"); ? Default transfer function:
GP = Kp / (L + T1*s) / (1 + T2*s)- Of 3
GpNum,GpDen]=tfdata(GP, "v" VoTTTT T

Lop P ] ( ) % 126 s™"2 + 27 s + 1

% GpNum
% GpDen

126 27
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Matlab Script for Lab3 4

For pole placement calculations, we need the process’ discrete-
time model. Matlab can print the model in positive (z") or

negative (z-") form.

% Discretize the process % Discrete transfer function:

disp(“Now discretizing®) % HP Negative nOFation
h =0.6; % sampling interval % Transfer function:
HP=c2d(GP,h); % 0.004107 z™~-1 + 0.003935 zn-2

fprintf("\nHP Negative notation®) % R R
HP.variable = "z~-1" f 1 - 1:877 - -1 + 0-8794_2 -2
fprintf("\nHP Positive notation”) % Sampling time (seconds): 0.6

HP.variable = "z* & o _
% HP Positive notation

% Transfer function:

% 0.004107 z + 0.003935

0 ——— e

% z~2 - 1.877 z + 0.8794

% Sampling time (seconds): 0.6
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Matlab Script for Lab3 4

_ . Bz

We need process’ transfer function in Alz
negative form, split into FIBGess

% HP Negative notation

denominator (A) and numerator (B). o rranefer function-

% 0.004107 z~-1 + 0.003935 z~N-2
0
% 1 - 1.877 z™-1 + 0.8794 z"-2

—_—

% HP=B/A
[B,A]=tfdata(HP, "v")

% B =] 0 0.0041 0.0039]
% A =] 1.0000 -1.8767 0.8794]
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Matlab Script for Lab3 4

A and B are both of second degee and for now we use the
following preliminary poles to create the pole placement

polynomial: z=0,7£0,21 and z=0.
% 3 poles suggestion: [ P(Z) 2]
pl=0.7+0.21; % Change 1T needed
p2=0.7-0.21; % Change 1T needed A(Z)C(Z)+ B(Z)D(Z)
p3=0;

%
%
%
%

%
P

Prompt user for pole values .
pl = input("First pole (atbi): *); When trymg many

p2 = input(~“Second pole (a-bi): "); different pole values it
display("Third pole at origo O0+01"); might be convenient to

Poleplacement polynomial have the SCI’ipt prompt
= poly([pl,p2,p31) the user!

%

P = [1.0000 -1.4000 0.5300 0]
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Matlab Script for Lab3 4

Controller polynomials C and D: I eymys )

_ R tNE [T 1L v
% Controller polynomials C and D r T T
% C = 1 + c_1*z"-1 | - )
% D = d_O + d_l*ZA—l LRig_qiaioL ______ b

A(z)C(z)+B(z)D(z) =P(2)

Parametersc 1 d O och d_1 arecalculated by
Identification of the controller polynomial’s equivalent terms.
This algebra can not be performed with Matlab (when the
Maple module is missing) but may be done with ”paper and
pencil” or with Mathematica. When the algebra is made, Matlab
can solve the equation system numerically.

You must present the algebraic calculations at the lab!
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e Parameter names in Matlab

% [P] = [1.0000 -1.4000 0.5300 0] =

= [P(4) P(3) P(2) P(1)] =

= P(4)*z"-3 + P(4)*z"-2 + P(4)*z"-1 + P(4)*z"-0
% HP=B/A

[B,A]=tfdata(HP,"v")

%[B] = [0 0.0041 0.0039] = [B(3) B(2) B(1)] =
B(3)*z-2 B(2)*z"-1 B(1)*z~-0

%[A] = [1.0000 -1.8767 0.8794] = [A(3) A(2) A(D)] =
A(3)*z7-2 A(2)*z”-1 A(1)*z"-0

% Controller polynomials C and D
%[Cl=[1 c_1] =1 + c_1*z"-1
%[D]= [dO0 d1]=dO0+ d_1*z"-1

Identify:  A(2)C(z)+B(z)D(z) =P(2)




Matlab Script for Lab3 4

Describe your algebraic calculations at the e —

lab! rRT - ;_?E T

I I

l left = [ 1 B(Z) 0 : - D(z) ;

: A(2) B(3) B(2) \Regulator "=
This A3 0 B(3) 1

Matlab right = [P(2)-A(2), P(3)-A), P(D]" ;
can solve left \ right;
c 1l =ans(1l), d O =ans(2), d 1 = ans(3)

% c_1 = 0.2148
% d_0 = 63.7665 | (Now we have the A
hod 1= -48.0050f | parametersc_ 1 d_0
d 1 calculated!
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Matlab Script for Lab3 4

K =P
B(1)

% Kr=P(1)/B(1)

Kr = polyval(P,1) 7/ polyval(B,1l)

% Kr = 16.1664 | | Now we have all the
parameters!
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Matlab Script for Lab3 4

% Controller blocks Fm—————————- .

D=[d0 d1]i]

D block = tf( D,[1 0],h);
fprintf("\nBlock D positive notation”)
D block.variable = "z*

% D= 63.7665 -48.0050

%

% Block D positive notation

% Transfer function:

% 63.77 z - 48.01

) ——— e —  — —

% z

% Sampling time (seconds): 0.6
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Matlab Script for Lab3 4

% Controller blocks Fm—————— ———— T

R | + o~ E 1 u
C=10[1 c_1] r A cA T v
C _block = tf([1 0],C,h ); | MH_LY

fprintf("\nBlock C positive notation™) !g.ouarer |

C block.variable = "z

% C = 1.0000 0.2148

%

% Block C positive notation

% Transfer function:

% z

0 —————— — - =

% z + 0.2148

% Sampling time (seconds): 0.6
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Matlab Script for Lab3 4

% Total transfer function 0 P(r-B(Z)

% Kr*B —

% HEOt = oo * A(z)C(z)+B(z)D(z)
% A*C + B*D

% Transfer function of controlled system:

fprintf("\nTotal system, positive notation®)
Htot = tf( Kr*B, conv(A,C) + conv(B,D),h );

Htot.variable = "z* :

r-—————————= . +!
I + o E T U B(z) -
R——t Kr ‘?’_ g Xa R A y

I
I
| Process
1
I

% Transfer function: ]
% 0.06639 z + 0.06361 Regulater _ _ _ .
) ————m

% zA3 — 1.4 z™"2 + 0.53 z + 2.7266-017~0
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Matlab Script for Lab 3 <\

Commands to plot system info.

% Print system info.

figure("name”, "Step Response of Process”®, "numbertitle®, "off")
step(GP) % step response of process

opt = stepDataOptions("StepAmplitude®, 1.5, "InputOffset”, 1.5);
figure("name”, "Step Response of Feedback Loop®, "numbertitle®, "off")
step(Htot, opt) % step response of Teedback loop

figure("name”, "Margins of Feedback Loop~®, "numbertitle®, "off")
margin(Htot) % Gain and phase margins of feedback loop
[Y,T]=step(Htot, opt); stepinfo(Y,T, "SettlingTimeThreshold®, 0.05)

William Sandgvist (william@kth.se) Leif Lindback (leifl@kth.se)



Matlab Script for Lab 3

4\

How do you check that the script is correct and that the
poles are correctly placed?

IP,Z]=pzmap(Htot)

%
%
%
%

p=(0
0.7000+ 0.2000i
| 0.7000- 0.2000i
7 = ~0.9580

Poles are as desired, the script is correct!
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Simulink
Model

B — |:| u
T[I{} Lk} |_>u to workspace
QT & PO e 2
ref(k) Kr C block Saturation Gp wik)
D block
1.5 D(z) < ™ y
ref(0) z v to workspace
©—> t
Clock

time to workspace
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Export transfer functions to Simulink 2

Simulink can simulate continuous-time and discrete-time

systems together. For the process it is convenient to use the
continuous-time model.

[GpNum,GpDen]=tfdata(GP, "Vv") Bl ___Function Block Parameters: Gp__|

Transfer Fen [=]

The numerator coefficient can be & vectar or
malrix expression. The denominator coefficient
must be a vector. The output width equals the

GpNum and GpDe e e e ey
polynomials are panetes |
imported in Simulink |

Dencminator coefficients:
model. I !
den(s} J Tl Cancel Help annly
Gp
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%
%
%
%
%
%
%
%

Export transfer functions to Simulink ﬁ_

% Controller blocks T 1
R I + o~ E N
r T Kr h C(z)} | ¢
D=[dO0 d1] | oIt Y
D block = tf(C D,[1 0],h); \Regulator |
fprintf("\nBlock D positive notation”)
D_b I OCk - Var i ab I e — " Z " [x Function Block Parameters: D block

Implement a z-transform tran sfer function, Specify the nu
descending powers of z, The order of the denaminator my
nurmeracor,

D = 63.7665 -48.0050 DpOIynOmiaI

Block D positive notation |S imported Iin
Transfer function:

{ Main
Data

Source e
Numerator: Dialog -

ta Types | State Attributes

63 77 Z _ 48 Ol SimUIink Denominator:  Dialog - [10]
- - model Initial states:  Dialog -0 =
S ] (<] | B
Sampling time (seconds): 0.6 B3.772-48.01 e
Blodck [
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%
%
%
%
%
%
%
%

Export transfer functions to Simulink ﬁ

C=1[1 c1]
C_block = tf([1 0],C,h ); f?‘ i e ]
fprintf("\nBlock C positive notation®) ! m”“jf
C block.variable = "z* \Regulator _ _ _ _ _ _ J

[ 2 Function Block Parameters: ©

Discrete Transfer Fon

L]
Implement a z-transform transfer function. Sp

descending powers of 2. The order of the deni
numerataor,

C polynomial__..

I - _Main'| DataTypes = State Attributes
Block C positive notation IS imported in
Transfer function:

C = 1.0000 0.2148

Source Value

7 SImUIlnk Mumerator: [10]
Denomimator:  Dialog
7 + 0 2148 mOdeI- Initial states:  Dialog =0 -
Sampling time (seconds): 0.6 | _ = | e . LT
- oK Cancel Help Apply
z+0.2148 L J
Bloock C
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Export transfer functions to Simulink ﬁ

« PO S

% Kr=P(1)/B(1) = . ]
" B L Qe
| |y
Kr = polyval(P,1) /7 polyval(B,1) | D(z) fat |
ILREQEi"."_°L ______ _JI
% Kr=16.1664 (% Function Block Parameters: Kr
Gain B
Element-wise gain (y = K.*u) or matrix gain (y = k3
Kr Value IS Imported In I"-:: Signal Attributes | Parameter Attributes
Simulink model. ®

Multiplication: Element-wise(K.*u)

D Sample time (-1 for inherited]:
0.6

Kr (4] | ]

J Cancel Help Apply
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Funetion Block Parameters: Sat. ol __Sink Block Farameters: uto -

- Parameters *

- -
Saturation
1 I I Iu ll I Limit input signal te the upper and lowes saturatio Variable name:

u

Main | Signal Attributes o )
y ' Limit data points to last:

Model |=_ o

-17 |A 1
1 | el sample time (-1 for inherited):
Q| o cancel  Help 08

Max control input £ 12V Sgpfe format Lgpy -
Leg fixed-point data as a fi object =

=

/ 4] O
oK Cancel Help ADply

N |- ¥ oL
‘ | Exportuto workspace
ufk) U o warkspace

Ste from1.5to3V

Scurce llock Parnmuetera: refk}

e El
(=T
'-u.._‘___‘_‘_“
Paramatar —
o *| ) b ) =8 ol rumis) N[
t Ciz) den(s)
o refik) Kr G block Gp ylk
firal value
. 15 ™ v q
famae e |
06 =
=1 et | [ e | |t ref(0) z ¥ 1o workepace )
- dest Export v to workspace
tow 1 Sink BElock Parameters: y bo wor
time 1o workspace S =
it. lnh: Binck Parameters arigbla rams:
Paramiztars !
Source Block Parameters: Clock ||y Lirnit data points to last:
Clock =1 Ty 45
i . i o ti i : Decimaith
TIIIIE fﬂl Output the current simulation time. lin: data poims to st - imation
workspace | Parameters S sample time {1 for Iaherited):
lots % | Display time | 1 0.6
].J ﬂt5 | sample time (-1 for inherited):
e | Sawe Tormat: | Array »
1o %‘ o ey - = Lig fixed-point data as & fi abject t_
il alel .
| oK Cancel Help Apply | — — aln s a3 cancel Help apply
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Plot Simulation Result in Matlab ‘4\

The following Matlab script creates one figure for
control input and another for process output. The
plots are updated when a new simulation is made.

% stepplot.m

% Plots output (y) and control input (u).
figure("name”, "Output, y", "numbertitle”, "off")
plot(t,y)

I inkdata on

figure("name”, "Control Input,u”, "numbertitle”,"off")
stairs(t,u)

I inkdata on
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Simulation Plots 4

Simulation result when reference value is changea
from 1.5V to 3V after 15s. Process output y(k) is
continous, while control input u(k) is discrete.

[x =5 Control Input, u | [x- H_E_l

Eile Edit Yiew [nsert Tools Deskiop Window Help k] Eile Edit Mew |nsert Tools Deskiop Window Help

ODddae | |J 5083 E84-|@ 068 a0 O da B & T A ‘=‘EIIE|'E
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Matlab script for C-code #
(Not part of the course.)

Matlab can write to a file! For example, the pole placement
controller can be printed as a C function, which can be
included when compiling a C program.

fid=fopen("ppc.c”, "w");
fprintf(fid, "float PolePlaceController(float r, float y)\n");
fprintf(fid, "{\n");
fprintf(fid, " static float pre_u
fprintf(fid, " static float pre_ y
fprintf(fid, " float e;\n");
fprintf(fid, " float u;\n\n");
fprintf(fid, " e = W6.3F*r - 6.3f*y - %6.3F*pre_y;\n" ,Kr,d 0,d 1);
fprintf(fid, " u=-=e %6.3F*pre_u;\n\n",c_1);
fprintf(fid, " pre_u us;\n");
fprintf(fid,” pre_y = y;\n\n");
fprintf(fid, " return u;\n}\n");
fclose(fid);
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O;\n");
O;\n");



C-function (not part of the Course) ¢

I *C:\ppc.c - Notepad++ 3 = ||:||| x|

File Edit Search Yiew Encoding Language Settings Macro Run  Plugins  Window 7 .

J cHHB 3 o@|$’@ﬂﬁ*il§ic|ﬂbﬂ| & 1‘:|_-“-__t'_'_3,|§—,, »

B nzne = gp:cl

it float PolePlaceController{float r, float ¥)

z2 Bl

3 static float pre_ u = 0O;

4 gtatic float pre y = 0;

3 floar =

6 float u;

£ g = 16,166%r — 63.766%y — —48.005%pre v’

9 u=e - 0.215%pre_u;

10

11 pre u = u;

12 pre_ y = y;

13

14 return u;

15 ol |
| Console xlf
leln:15 col:2 Sel:0 Dosiindows ANSI ms
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