Rigid Body Dynamics (SG2150)
Solutions to Exam, 2015-10-29, 8.00-12.00

Problem 1. [

Use 6 and ¢ as generalised coordinates. The center of the circle O is a center of rotation for the longer

rod. The center of mass G of the longer rod is found to be a distance 1/72 — (v/3r/2)2 = r/2 from O. The

moment of inertia of the longer rod about O is then
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and the kinetic energy of the longer rod is T} = J; 62 /2. The velocity of the center of mass Go of the shorter
rod is

T .
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and the kinetic energy of the shorter rod is
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Expanding and noting that ey ® ey = cos(p — ) we find

7. 1 . 1
T =T+ Ty = mr? |:892 + 1 cos(p — 0)0p + 6('272] .

The potential energies of the rods in the gravity field are

i = 73mgg cos(0), Vo= fmgg (cos(0) + cos(p))
giving

1
V=Vi+V,=—mgr [2 cos(f) + 3 cos(cp)] .

Lagrange’s equations become
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mr? [4 cos(p — 0)60 + 5925 + y sin(p — 9)92] + mgry sin(p) =0



Equilibrium solutions are constant in time: 6(t) = 6y, ¢(t) = ¢ and when this inserted into Lagrange’s
equations we find sin(y) = 0, sin(pg) = 0 giving four equilibrium points 8y = {0,7}, o = {0,7}. The
stable one is (obviously?) 6y = ¢y = 0.

Studying motion near the equilibrium point we write

0(t) = bo +up(t) =uo(t), ©(t) = o+ up(t) = uu(t)
and when inserted into Lagrange’s equation and expanded to linear order in u, we find the linearized equations

M F"] +K [Z"} = 0(u)?

Uep ®

where the mass and stifflness matrices are
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The eigenvalue problem leads to
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where = rA/g. Solving the equation we find
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since both A\; > 0, the solutions are oscillations with angular frequencies w; = v/ ;.

Problem 2.

Since the impacting particle is brought to a stop efter the impact, the impluse on it must have been 0 —
muge; = —muge,. Thus the impulse on the rod AB must have been muge,.

Use the velocity & of the point A in the e, direction and the counter clockwise angular velocity ¢ as
generalized velocities. The connection formula for velocities in a rigid body gives vg, = (¢ — l¢/2)e, and
vp = (¢ — lp)e,. Since both points of the rod BC have velocities in the e, direction and the rod is not
perpendicular to the e, direction, the connection formula shows that the angular velocity of the rod BC'
must be zero, and thus all points of the rod BC' have velocity (& — l¢)e,.

The kinetic energy is

T = mlve, |*/2+ Ja,wap/2 + mlvec|’/2 = m [(& — 1$/2)%/2 + P$? /24 + (2 — 1$)?/2] .



From the velocity of the point Gi: vg, = (& — l¢/2)e, we can identify the contributions from & and ¢
respectively, and thus compute the generalized impulses

I, = e, emuge, = muvg, I, = —(l/2)e, e muge, = —(1/2)muy.

Lagrange’s equations for impact
oT oT

T%lﬁnal - aiq.ahnitial = Ia

here becomes

m(a’vf — (l/?)@f) =+ m(s'cf — l(pf) = m(Qd:f — 3[@]0/2) = mug
—m(1/2)(ir — (1/2)¢5) + (MI?)12)p; — mi(iy — 1pg) = m(=3liy/2 + 425 /3) = —(1/2)muy.

This gives
Ty ="Tvg/5, 1p="06v/5=va, 5= (I5—1or/2)e, = (4/5)vpe,.

Comment: Thus the normal Newton coefficient of restitution is 4/5 in this case.

Problem 3.

i

Introduce a triad of basis vectors: e; outward along the symmetry axis, es horizontally in the positive
direction around ev,, and es in the direction of the vector rc¢. The angular velocity of the ring is

w = wpe, +wie; = {e, = cos(f)es + sin(f)e; } = wp cos(f)es + (wo sin(h) + wq)ey

where w; must be such that the rolling condition is satisfied. The center of mass velocity vg = Rwpes. Thus
rolling requires

0 =vg+w X rgec = Rwpes + (wo cos(f)es + (wp sin(f) + wy)e1) x (—re3) = (Rwo + m(wo sin(0) + w1))es.

Thus (wp sin(f) + wy) = —(R/r)wy and we get the angular velocity

w = <cos(0)eg - Rel> wo-
T

To avoid having to introduce the contact forces on the ring at C, we formulate the angular momentum
balance equation about the moving point C"

dL¢

LC+UCvaG:LC: (dt

> + w123 X Lo=Mc
1,2,3

since both C' and G have velocities parallel to e; and where the angular velocity of the triad is wi 23 =
wope, = wo(cos(f)es + sin(h)eq ).



Since the point C is an instantaneous center of rotation for the ring, we have Lo = J¢(w). The required
moments of inertia for the ring are Jo1 = Jg1 +mr? = 2mr?, and Jez = Jgz = mr? /2. We find

1 R
Lo = mriw ( cos(f)es — 2@1>
2 r
and
. ) " 1 .
Lo = <) + w193 X Lo = mr?d ( cos(f)es — 261> — mriwd cos(6) < sin(6) + 2) es.
dt )y, T . i 2 T

The torque about C' is supplied by the gravity force —mge, acting at the center of mass G, so
Mc =rcg X (—mge,) = —mgrsin(0)es.

Angular momentum balance now gives wg = 0 from the e; and es components, and from es we get

1
—mriw? cos(6) <2 sin(f) + 2R> = —mgrsin(f) = wi cos(0)(4R + rsin()) = 2gsin 6.
r

Problem 4.

T

It is clear that the x, y, and z axes are principal axes for the cylindrical shell about its center of mass G.
Further Jg, = mr2. To compute Jgz = Jay, we slice the shell into thin rings of constant z. Each ring
has moment of inertia 72dm /2 about a horizontal axis through its center of mass, and by the parallel axis
theorem

Jae = Jay = / (r?/2+4 (z = r)?) dm = mr?/2 + m(2r)? /12 = 5mr* /6

since first term in the integral gives a contribution equal to a ring of mass m and radius r, while the second
term gives a contribution like a rod of mass m and length 2r.

The point G has coordinates z¢ = 0, yo = 2g = r, so again by the parallel axis theorem we get for the
moment of inertia about the point O

500 2 0 0 Z0 0
Jo=mr* [0 2 0l +mr* |0 1 —1|=mr*|0 & -1
00 1 0 -1 1 0 -1 2

It is clear that the z axis is still a principal axis (also since the y—z plane is a reflection plane), with moment
of inertia J; = 17mr?/6.



Comment: The other two principal moments of inertia are found by solving the eigenvalue problem, and
are found to be

23+ 145
712 mr

Joz =

with one smaller and one slightly greater than .J;.

Problem 5.

In the inertial frame, the velocity of the mass is vp = yae, + l¢pe, and the kinetic energy is

m
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(3 + 1207 + 2ley @ epga) = = (95 + P¢* + 2sin(p)gag)
and the potential energy is
V =mgyp = mg(ya — Lcos(p)).
The Lagrange function is
_m

L=T-V =3

(923 + 29 + 2sin(p)gag) —mg(ya — Lcos(p)).

We find oL oL
a—(ﬁ =m (l2¢ +1 sin(go)y'A) , % = ml cos(p)yap — mglsin(y)

and Lagrange’s equation is
d (0L oL
— = —ml%p ja)l si =0.
p <&p) 9, e m(g + ija)lsin(p)

Now consider the accelerated frame instead. The velocity of the mass is now just v’z = lpe, and the
kinetic energy is

m
T/ — 7l2 -2
B ¥
while the potential energy is the sum of gravitational and inertial force energies
V' =mgyp +mijayp = —m(g + ija)l cos().
The Lagrange function is

L' = 512G +m(g +ja)l cos(p)

giving the same Lagrange’s equation.



Comment: We note that

L—L =m(§3/2+Isin(@)jap — gya — lijacos(p)) = % {m (ZZ)A cos(p) + /(lﬁx/Q - gyA)dt>] .

Problem 6. Euler’s dynamic equations for a free body are

Jiwr + (J3 — Ja)wows =0,
Jows + (Jl - J3)w3w1 =0,
J3d)3 + (JQ — J1)W1w2 =0.

For the derivation see the text “Dynamics of Bodies” chapter 4.
If all w; are constant in time this reduces to

(J5 — Ja)wawsz = 0,
(J1 — J3)wswi =0,
(J2 — Jl)wlwz =0.

e If all J; are different, then at most one of w; can be non-zero, and the size of that components is
arbitrary.

o If J; = Jy # J3 then either ws = 0 with w; and we arbitrary, or w; = wy = 0 with w3 arbitrary.
e If J; = Jy = J3 then any values of w; are allowed.

This can be summarized: w is constant in the body frame if and only if is is an eigenvector of the inertia
operator Jg.
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