Introduction Recap Kernels Gaussian Processes

DD2434 - Advanced Machine Learning

Gaussian Processes

Carl Henrik Ek
{chek}@csc.kth.se

Royal Institute of Technology

November 5th, 2015

Ek

DD2434 - Advanced Machine Learning



Introduction

Ek

DD2434 - Advanced Machine Learning



Recap

Recap

Ek

DD2434 - Advanced Machin



Regression

Ek

DD2434 - Advanced Machine Learning



Regression

Ek

DD2434 - Advanced Machine Learning



Regression

Ek

DD2434 - Advanced Machine Learning



Recap

Regression

Ek KTH
DD2434 - Advanced Machine Learning



Regression

N
(YW, X) = [ p(y:[W,x:) (1)
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Toolbox
1. Formulate prediction error likelihood
» Does the likelihood have structure?

2. Formulate belief of model in prior
» Does the prior have structure

3. Reach the posterior by combining likelihood and prior
4. Choose model based on evidence p(D| M)
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Conditional®

p(YX)p(X)
p(Y)

p(X]Y) = )

'Wikipedia, Bishop 2006, p. 2.4.2
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http://en.wikipedia.org/wiki/Conjugate_prior

Marginal

p(Y[X) = / (YW, X)p(W)dW 3)
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Dual Linear Regression?

[Kij = x; %, 4
1 T 1 T A T

J(a)=§ KKa—aKy+§y y+§a Ka (35)

a=(K+) 'y (6)

“Bishop 2006, p. 6.1.
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Dual Linear Regression?

Klij = X x; )
1t Lt AT

J(a):§ KKa—aKy+§y y—|—§a Ka (8)

a=(K+ )y )

y(x;) = wx; = a' Xx; = k(x;, X)(K + \I) "y (10)

“Bishop 2006, p. 6.1.
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Kernels

o(X,Y) =E[(X -E[X])' (Y - E[Y])] =
EX"Y] - EX]"E[Y] = {E[X] = E[Y] = 0} =
E

[X'Y] (13)
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Introduction Kernels

Kernels

T11 To1 31 Y11 Y12
o(X,Y) = [ T Ty T ] Y21 Y22 | = (14)
Y31 Y32

T11Y11 + T21Y21 + X31Y31  T11Y12 + T21Y22 + T31Y32
T12Y11 + T22¥21 + T32Y31  T12y12 + T22Y22 + XT32Y32
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Kernels
Y11 Y12
o(X,Y) = [xn 2 x?’l] Y21 Y22 | = (15)
T12 T22 32
Y31 Y32

_ | Tuyn + To1y21 + X31Y31  T11Y12 + XT21Y22 + T31Y32
T12y11 + T22Yy21 + T32Y31  T12Y12 + T22Y22 + T32Y32

oc(XTY") = | 221 a2

T31 T32

Tr11 12
[1/12 Y22 Y32

Y11 Y21 Y31 ] _ (16)

T11Y11 + X12¥12  T11Y21 + Ti2y22  T11Y31 + T12¥32
= | T21y11 + X22Y12 T21Y21 + XT22Y22  T21Y31 + T22Y32
T31Y11 + T32Y12  T31Y21 + T32Y22  T31Y31 + T32Y32
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Kernels

Kernels and covariances

e Covariance between columns: XTY (data-dimensions)
Covariance between rows: XY (data-points)
Kernels: k(x,y) = ¢(x)To(y)

A kernel function describes the co-variance of the data points

Specific class of functions
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Kernels
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Kernels

k(xi,x;) = o2e 2 (k=% (xi=xj) (17)
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Building Kernels

[ Expression [ Conditions \
k(x,z) = cki(x,2) ¢ - any non negative real constant.
k(x,z) = f(x)ki(x, 2)f(2) f - any real-valued function.
k(x,z) = q(ki(x,2)) g - any polynomial with non-negative coefficients.

k(x,z) = exp(ki(x, 2))
k(x,2z) = ki(x,2) + ko(x, 2)
k(x,z) = ki(x,2)ko(X, 2)

k(x,z) = ka(¢(x), $(2)) k3 - valid kernel in the space mapped by ¢.

k(x,z) = (Ax,z) = (x,Az) A - symmetric psd matrix.

k(xX,Zz) = Ka(Xa, 22) + Kp(Xp, Zp) | Xz and Xp, - non-necessarily disjoint partitions of x;
k(x,2) = Ka(Xa, Za)kp(Xp, 2p) ka and kp, - valid kernels on their respective spaces.
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e Defines inner products in some
space
We don’t need to know the space,
its implicitly defined by the
kernel function

Defines co-variance between
data-points
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What have you seen up till now?
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Regression

Regression model,

yi=f(x;) +e (18)
e ~ N(0,021) (19)

Introduce f; as instansiation of function,

fi = f(xi), (20)

as a new random variable.
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Regression

Model,
p(Y,£,X,0) = p(Y[f)p(f|X, 0)p(X)p(0) @2n
Want to “push” X through a mapping f of which we are uncertain,
p(fX, 8), (22)

prior over instansiations of function.
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Gaussian Distribution

Joint Distribution,
x| 11 o(x1,21) o(xy,x2) ])
[ T2 ] N <[ 2 } ’ [ o(x2,21) o(x2,22) |/ @3

zolzy ~ N (p2 + o(21, m2)o (w1, 21)” 1( — 11),

o(x2,22) — 0(w2,x1)0 (21, 21) "0 (21, 72)) (24)
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The Gaussian Conditional®

“(lal-Ls %)) e

YLecture7/condit ional_gaussian.py
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Introduction

The Gaussian Conditional®

3 2 0.1 01 10‘52 3 4
(o) 7)) <26>

‘Lecture7/condit ional_gaussian.py
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Introduction

The Gaussian Conditional®

1
-1 ‘
-3 -2 -1 0 1 2 3 4

“(lal-Ls %)) @

‘Lecture7/condit ional_gaussian.py

o

o

Ek

DD2434 - Advanced Machine Learning



Introduction Kernels Gaussian Processes

The Gaussian Conditional®

N([g][ogg O'fQD (30)

YLecture7/condit ional_gaussian.py
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The Gaussian Conditional®

T ol 1 091\
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The Gaussian Conditional®
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The Gaussian Conditional®

ST To1 1 0097
N[0 ] ose "))

‘Lecture7/condit ional_gaussian.py
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The Gaussian Conditional®
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The Gaussian Conditional®
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e([S100))

‘Lecture7/condit ional_gaussian.py
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The Gaussian Conditional®
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eureka!
®
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If all instansiations of the function is jointly Gaussian such that the
co-variance structure depends on how much information an observation
provides for the other we will get the curve above.

Advanced Machine Learning
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Row space

e Co-variance between each point!
Co-variance function is a kernel!

We can do all this in induced space, i.e. allow for any function!
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Gaussian Processes’

p(f|X, 0) ~ gP(M(X)7k(X7X)) (40)

Defenition

A Gaussian Process is an infinite collection of random variables who any
subset is jointly gaussian. The process is specified by a mean function
(+) and a co-variance function k(-, -)

f~GP (), k(--)) (A1)

SBishop 2006, p. 6.4.2
Ek
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Gaussian Processes’

yi=fit+e (43)
e ~ N(0,0°1) (44)
p(YIX.6) = [ p(YI)p(EIX. 0)df (45)

Connection to Distribution

GP is infinite, but we only observe finite amount of data. This means
conditioning on a subset of the data, the GP is a just a Gaussian
distribution, which is self-conjugate.

SBishop 2006, p. 6.4.2
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Gaussian Processes’

The Prior
p(f1X,0) = GP(u(x), k(x,x")) (46)
wx)=0 (47)
k(xi, %) = o2 2 %) () 48)

SBishop 2006, p. 6.4.2
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Gaussian Processes’
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Gaussian Processes’

2.0

15}

1.0}

0.5

=15}

-2.0 . . . . . . .
-4 -3 -2 -1 0 1 2 3 4

SBishop 2006, p. 6.4.2

Ek

DD2434 - Advanced Machine Learning



Gaussian Processes’

A
:‘ o ‘R
(D \'!' ‘\\@v\v

'60

SBishop 2006, p. 6.4.2




Gaussian Processes’

‘\A\ "\\Ma
V’@ i '\

K

SBishop 2006, p. 6.4.2




Introduction Kernels Gaussian Processes

Gaussian Processes’
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Gaussian Processes’
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Gaussian Processes’
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Gaussian Processes’

The (predictive) Posterior

(felxs, X, F 0) k(x*,X K(X,X)"'f,
k(% %) — k(x, X)TK(X, X) K (X, x4))  (50)

x*, X)  k(x«,X4)

X) k(X,x.)
(23 )

SBishop 2006, p. 6.4.2
Ek
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Gaussian Processes’
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Gaussian Processes’
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K (%, Xs) — k(X*,X)TK(X,X)_lK(X,X*) (54)

SBishop 2006, p. 6.4.2
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Gaussian Processes’
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Gaussian Processes’
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Gaussian Processes’
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Gaussian Processes’
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Gaussian Processes’
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Gaussian Processes’

e GP is a prior over function realisations
e Introduce new random variable as the output of the mapping
e Joint distribution of any observations Gaussian

e Posterior (predictive) distribution is conditional Gaussian

SBishop 2006, p. 6.4.2
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Co-variances in practice

Periodic kernel,

oo kil
2 ﬁsm (ﬂ' P

k(x;,x;) = o€ (56)
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Co-variances in practice

klin(xi; Xj) = (XZTX]') (57)
2 2x1 Y%
k(xi,x;) = —sin”’ - *i 2% - (58)
\/(1 + 2x; 2%, ) (1 + 2x; ¥x;)
X = [17x1i7"')xqi]T (59)

“Computation with Infinite Neural Networks”, Williams
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Co-variances in practice

®/Lecture?/covariance.py
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You should now be able to do Task 2.2 of the Assignment

Advanced Machine Learning



Gaussian Processes

Learning in Gaussian Processes®

®Bishop 2006, p. 6.4.3
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p(Y[X, 6) = / p(YIE)p(EX, 0)df 61)

®Bishop 2006, p. 6.4.3
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®Bishop 2006, p. 6.4.3
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p(Y[X, 6) = / p(YIE)p(EX, 0)df 63)

®Bishop 2006, p. 6.4.3
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Learning in Gaussian Processes®

argmaxgp(Y|X, 8) = argming — log (p(Y|X, 0)) = argming L(0)
(69)

1 1
L£(O) = -y Ky + Slog[K] + %log(%r) (70)

2

®Bishop 2006, p. 6.4.3
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Learning in Gaussian Processes®

argmaxgp(Y|X, 8) = argming — log (p(Y|X, 0)) = argming L(0)
(71

1 1
L£(O) = -y Ky + Slog[K] + %log(%r) (72)

2

®Bishop 2006, p. 6.4.3
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Learning in Gaussian Processes®

argmaxgp(Y|X, 8) = argming — log (p(Y|X, 0)) = argming L(0)
(73)

1 1
L£(0) = -y Ky + 510g|K| + %log(%r) (74)

2

®Bishop 2006, p. 6.4.3
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Learning in Gaussian Processes®

— Complexity
— Data Fit 10
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0 — Objective
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0
lengthscale: 0.01

1 1 N
L£(0) = EyTK_ly + 510g|K| + 510g(27r)

®Bishop 2006, p. 6.4.3
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Learning in Gaussian Processes®
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— Complexity
— Data Fit 10
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Learning in Gaussian Processes®
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Learning in Gaussian Processes®
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e Kernels are covariance functions of data-points
Gaussian processes are priors over functions

GP’s allows us to average over all possible functions

Nothing different compared to Lecture 2, just a different prior!
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e Kernels are covariance functions of data-points

e Gaussian processes are priors over functions

GP’s allows us to average over all possible functions

Nothing different compared to Lecture 2, just a different prior!
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Next Time

Practical 1

e November 6th 15-17 V1
e My best friend the Gaussian
» derive Gaussian identities

Complete assignment Task 2.1
and 2.2
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Next Time

Practical 1

e November 6th 15-17 V1
e My best friend the Gaussian
» derive Gaussian identities

e Complete assignment Task 2.1
and 2.2
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