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<-MEANS

% Data vectors D={x1....,xn}

% Randomly selected classes z1....,zn

% lteratively do

oo = — Z T, where N, = |{n : z, = c}|
Zn = argming |[@, — pel|2

% One step O(NKD), can be improved
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TRl LECTUR

*  Probability?

*  DGM

*  Basic definitions

*  Examples

*  Learning parameters - given complete data

*  |llustrating a known model
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% One or several (unordered) coin tosses

* A dice (possibly biased)
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Exhaustive Exclusive

p(A or B) = p(4) + P(B)

Exclusive & exhaustive

> p(4;) =1
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p(A or B) = p(A) + P(B)
Exclusive & exhaustive
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Table A-1 The Standard Normal Distribution

z 000 001 002 003 004 005 006 007 008 009

00 05000 04960 04920 04880 04840 04801 04761 04721 04681  0.4641
0.1 04602 04562 04522 04483 04443 04404 04364 04325 04286 0.4247
02 04207 04168 04129 04090 04052 04013 03974 03936 03897 0.3859
03 03821 03783 03745 03707 03669 03632 03594 03557 03520 0.3483
04 03446 03409 03372 03336 03300 03264 03228 03192 03156 03121
05 03085 03050 03015 02981 02946 02912 02877 02843 02810 02776
06 02743 02709 02676 02643 02611 02578 02546 02514 02483  0.2451
07 02420 02389 02358 02327 02236 02266 02236 02206 02177 02148
08 02119 02030 02061 02033 02005 0.1977 0.1949 0.1922 0.18%4  0.1867
09 01841 01814 01788 01762 01736 0.1711  0.1685 0.1660 0.1635 0.1611
10 01587 01562 01533 01515 0.1492 0.1469  0.1446  0.1423  0.1401  0.1379
1.1 01357 01335 01314 01292 01271 01251 01230 04210 0.1190 0.1170
12 0M51 01131 01112 01093 0.1075 0.1056 0.1038  0.1020 0.1003  0.0985
13 00968 00951 00934 00918 00901 00885 00869 00853 00838 0.0823
14 00808 00793 00778 00764 00748 00735 00721 00708 00694  0.0681
15 00668 00655 00643 00630 00618 00606 00594 00582 0.0571  0.0559
16 00548 00537 00526 00516 00505 00495 00485 00475 00465 0.0455
17 00446 00436 00427 00418 00409 0.0401 00392 00384 00375 0.0367
18 00359 00351 00344 00336 00323 00322 00314 00307 00301 0.0294
19 00287 00281 00274 00268 00262 00256 00250 00244 00239 00233
20 00228 00222 00217 00212 0027 00202 00197 00192 00188 0.0183
21 00179 00174 00170 00166 00162 0.0158 00154 00150 00146 00143
22 001339 00136 00132 001289 00125 00122 00119 00116 00113 00110
23 00107 00104 00102 00099 0009 0.0094 00091 00089 00087 0.0084
24 00082 00080 00078 0.0075 0.0073 0.0071 00069 00068 00066 0.0064
25 00062 00060 00058 0.0057 00055 0.0054 00052 00051 00043 00048
26 00047 00045 00044 00043 00041 0.0040 00039 00038 00037 0.0036
27 00035 00034 00033 00032 00031 00030 000239 00028 00027 0.0026
28 00026 00025 00024 00023 00023 00022 00021 00021 00020 00019
29 00019 00018 00018 00017 00016 0.0016 00015 00015 00014 00014
30 00013 00013 00013 00012 00012 0.0011 00011 00011 00010 0.0010




VISUAL ACCESSIBILITY

Table A-1 The Standard Normal Distribution

z 000 001 002 003 004 005 006 007 008 009
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REPRESENTING AND WORKING
WITH DISTRIBUTIONS

= For all but the smallest n, the explicit representation of the joint distribution is
unmanageable from every perspective.

Computationally, it is very expensive to manipulate and generally too large to

store in memory.

Cognitively, it is impossible to acquire so many numbers from a human expert;
moreover, the numbers are very small and do not correspond to events that
people can reasonably contemplate.

Statistically, if we want to learn the distribution from data, we would need
ridiculously large amounts of data to estimate this many parameters robustly.

*  These problems were the main barrier to the adoption of probabilistic methods for
expert systems until the development of the methodologies we now will consider.
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T HREE LEVELS OF
COMPUTATIONAL P

Intelligence
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Inference: given G and 6, compute probabilities or marginalize
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o3 %% R

- Inference: given G and 8, compute probabilities or marginalize ~ Marginalize often hard

- Parameter learning: given G and D, learn © Easy for observable data

- Structure learning: given D, learn G and 8 Hard unless tree-like, doable in
practice for observable



NOT 5O MUCH
SEMANTIOS

% \What is the meaning of the
underlying DAG? what is the
semantics”?

% Which DAGs can represent a given
distribution?




VISUALIZATION

*  Another application

describe and visualize a “designed model” or a distribution and, in

particular, its dependencies



Normal Angiogenesis in Adults

Normal Angiogenesis in Children

ABERBATION DEPENDENCIES -
=X, ANGIOGENESIS




OMA

The Clonal Evolution of
Tumor Cell Populations

Acquired genetic lability permits stepwise selection
of variant sublines and underlies tumor progression.

The author is professor of pathology, School of
Medicine, University of Pennsylvania, Philadelphia

19174.

1 OCTOBER 1976 SCIENCE, VOL. 194

Peter C. Nowell
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Directed graphical model Undirected graphical model - Markov
e DAG Random Fields

e vertices r.v.s e graph

e cquipped with local CPDs ® vertiCes r.v.s

e allows causal like dependencies e equipped with local “factors”
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TERMINOLOGY

% Parent
% Child
% Family
% Root
* Leaf

% Neighbors




TERMINOLOGY

% Degree (in and out)

% Cycle (directed or not)

% Directed Acyclic Graph (DAG)

% Topological order (parents < child)
% Path (directed or not)

% Ancestors




CPD - BERNOULLI OF
CAITEGORICAL

% One or several (unordered) coin tosses

* A dice (possibly biased)
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0.99 | 0.01

% T




XAN

d
06 | 0.4
L
g
2,d |03
P,.d" | 0.05 .
1 A4 1
it,d 09 |008 0.02 . O | s
Ad o5 (03 |02 £10.95 | 0.05
A102 108
. - P L H
P(D=0,I=1,G=2,L=1,8=0) = g 101 109 P(D=0,I=1,G=1,L=1,S=1) =
P(D=0)P(I=1)P(G=2|D=0,1=1) g |04 |06 P(D=0)P(I=1)P(G=1|D=0,1=1)
21099 | 0.01
P(L=1|G=2)P(S=0|I=1)= P(L=1|G=1)P(S=1]|I=1)=

0.6°0.30.08*0.6+0.2 L B 0.6°0.30.9*0.9°0.8




*  Assuming binary r.v., p(Xv | Xy-1)) has 2V-! parameters

* Total # parameters Y 1<i<v 21 = 2V-1



CON

N

% XandY are conditionally independent given Z iff

p(X, Y| )=

DITIONAL

)

* Implies

p(X]Y, Z) =

~E=N

)

P(X 2) P(Y] 2)

—NC

p(X, Y[ 2)/p(Y| Z) = p(X] Z)




=X WHERE IND.
OBVIOUSLY FACILITATES

*Assume first order Markov property @+ L @p_g)|®s—1

l.e., If time ordered, future independent of past given present
V-1

p(zv)) = p(x1) H p(xir1|xe)

*Then



PEUIAL CASE: HIDDEN
ARKOV MODEL (HMNM

=

1 =7 R2 T 23 "RV

N

L1 L2 L3 Ly

- /Zihidden
-« Xjobservable

- Hidden often not observable when training, never when applying



oPECIAL CASE
NAVE BAYES
CLASSIFIER

4
H (@¢|y)

t=1




SINA

Given data and GM with CPDs (new CPDs on a need to know

basis)

I

O O O = — @)
O O O O — 0

!
]
]
]
0
]

_L_L_L_LO

-AGCTO

nhd

—XAM

-l

BIZATION - A

A4
06 | 04 07 03
Difficulty Intelligence
3
S g & & Grade SAT
£d 103 |04 |03
£,d" 005025/ 0.7
il S| st
d 09 |0.08 002 T
td o5 (03 |02 £ 10.95 | 0.05
A102 |08
IR
gilor |09
g 104 |06
£ 1099 | 0.01




-AC TORIZATION - AN
—XAMIPLE

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

L(6;D) = p(0,1,1,1,1|0)p(1,1,1,0,06)
o 1 1 1 1 p(1,1,0,0,1|6)p(1,0,0,0,0|0)
r(1,1,0,0,1|0)
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1




AN EXAMPLE

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

L(6; D) = p(0,1,1,1,1|8)p(1,1,1,0,0(6)
»(1,1,0,0,1|0)p(1,0,0,0,0|6)
»(1,1,0,0,1|0)

- 4 4 4O
— O 2 a4 a ==
O O O — — [
O O O O — [®
- O 4 O = |m




AN EXAMPLE

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

L O o -
O O O — —
O O O O — @
- O 4 O = |m

L(6;D) = p(D (0,1,1,1,1)|6p)

S (1,1,0,0,0)|I = (1,1,1,0,1),65)
p(G = (1,0,0,0,0)|D = (0,1,1,1,1),1 = (1,1,1,0,1), 8c)
L (13())1,0, 1)|G= (1303(),030)1014)




AN EXAMPLE <

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

I

O O O O — 0

6p D=0 D-=1

2/5  3/5

_L_L_L_LO
_LO_L_L_L—
O OO = =

L(6;D) =p(D = (0,1,1,1,1)|6p)

p(I =(1,1,1,0,1)|61)

p(S = (1 1,0,0,0)|7 = (1,1,1,0,1), 85s)
p(G = (1,0,0,0,0)|D = (0,1,1,1,1),I = (1,1,1,0,1), 6¢)
p(L =(1,0,1,0,1)|G = (1,0,0,0,0),0y)




AN EXAMPLE <&

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

I

60 D=0 D=t ! S G L
0 1 1 1 1
2/5  3/5
1 1 1 0O 0
1 1 o) 0 1
1 0 0 0 0
1 1 0) 0 1
L(6;D) = g (2)
p(I ( ,1,1,0, 1)|9[)
p(S = (1,1,0,0,0)| = (1,1,1,0,1), 05s)
p(G = (1,0,0,0,0) @ 0,1,1,1,1),1 = (1,1,1,0,1), 6c)
(L — (13091303 l)l — (1 0,0,0, O),OL)




AN EXAMPLE <&

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

o o b
0 1 1 1 1
1/4 + 3/4
1 1 1 0 0
1 1 o) 0 1
1 0 o) 0 0
1 1 0 0 1
L(6; D) = g (2)

p(I ( ,1,1,0, 1)|9[)

p(S=(1,1,0,0,0)|I =(1,1,1,0,1),65)

p(G = (1,0,0,0,0)|D = (0,1,1,1,1),1 = (1,1,1,0,1), 8c)

(L — (1303 1,0, l)lG — (1,0,0,0,0),9L)




AN EXAMPLE <

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

0 1 1 1 1
1 1 1 0 0
1 1 0 0 1
1 0 0 0 0
1 1 0 0 1
4 4
=391}

p(S = (1,1,0,0,0)|I = (1,1,1,0,1),85)

p(G = (1,0,0,0,0)|D = (0,1,1,1,1),I = (1,1,1,0,1),6¢)

p(L = (1,0,1,0,1)|G = (1,0,0,0,0),6;)




AN EXAMPLE <

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

o S0 Sut
-0 ] 0 0 1 1 1 1
1 1 1 0 0
|=1 1/6 @ 5/6 ] : 0 0 ]
1 0 0 0 0
1 1 0 0 1
4 4
=391}
p(S =(1,1,0,0,0)|I =(1,1,1,0,1),85)
p(G = (1,0,0,0,0)|D = (0,1,1,1,1),I = (1,1,1,0,1), 6¢)
p(L =(1,0,1,0,1)|G = (1,0,0,0,0),0;)




AN EXAMPLE <

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

o S0 Sut
=0 1 O
|=1 1/6 @ 5/6

O O O —= = )
O O O O — 0
— O 4 O =




AN EXAMPLE

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)
Less Better

6 G0 G=1__
D=0, =0 1/2 1/2 0 1 1 1 L
D=1,1=0  3/5 2/5 1 1 1 0.0
D=0, 1=1  1/10 9/10 Lot 0000
D=1.1=1  2/5 3/5 L aast STEL S S
1 1 0O 0 1
woo=5(5) 1(2) () (5)
’ 5\5/ 4\4 6 6
p(G = (1,0,0,0,0)|D = (0,1,1,1,1),I = (1,1,1,0,1),6¢)
p(L =(1,0,1,0,1)|G = (1,0,0,0,0),8z)




AN EXAMPLE

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

6. G0 o+ D s o

| S G L
D=0, |1=0 1/2 1/2 0 1 1 1 1
D=1, I=0 3/5 2/5 L 1 1 0. .0
D=0, =1 1/10 9/10 L S e
D=1.1=1  2/5 3/5 o000

1 1 o 0 1

com3 (5 ()




AN EXAMPLE

Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

6. L0 L=t

G=0  2/3 @ 1/3
G=1 0 1

O O O O — o
—_ O 2 O — g




Difficulty (1 diff), Intelligence (1 int), Sat (1 good), Grade (1 good), Letter (1good)

6. L0 L=t

G=0  2/3 @ 1/3
G=1 0 1




-ACTO
= XAV

SIZATION - AN
=

“Row wise”

L(6; D) =p(0,1,1,1,1|8)p(1,1,1,0,0/6)
0 1 1 1 1 »(1,1,0,0,1|0)p(1,0,0,0,0|08)
1 1 1 0 0 r(1,1,0,0,1(0)

1 1 0 0 1
1 0 0 0 0
1 1 0 0 1
“Column wise”
L(6;D) =p(D =(0,1,1,1,1)[6p)
p(I =(1,1,1,0,1)|6y)
p(S=(1,1,0,0,0)|I =(1,1,1,0,1),05s)
p(G = (1,0,0,0,0)|D = (0,1,1,1,1),I = (1,1,1,0,1), 6¢)
(L — (13 0,1,0, 1)|G — (13 0,0,0, O)a OL)




TH

- LIK

-AGCTO

—LIHOOD

% Complete data

* Likelihood

where Dy is value

p(D|0) =

3
< |

=

=l/ES

D={x,...,xzN}

mn — {mnl,.. . ,an}

N 'V
p<wn|9) — H Hp(wnv’wn,pa(v)a 9)
n=1v=1

1

N Vv
H p(ajnv’wn,pa(v)a 0) — H p(DU‘H’U)
1 n=1 v=1

n—
s of v together with its parents and 6vis v's CPD

% Called: decomposable likelihood (factorizes into family-factors)




SETEGH
. —
GORIC
A
B

elihood
p(
) H
i€k :
] Z |

y
,I/




CAITEGORICAL —
NOTATION

% Forave [V],

values k€ [K,] / Cartesian product

combined values ce C, = H | K]

s€pa(v)
% Cat CPDs

where P(va‘mpa(v) = C) — Cat(evc)

and Oy = P(xy = k|2pam) = )



NO TATION EXAMPLE

Kq=1{0,1}

Cat(og(o,()})
Cat(0,(0.1y)
Cat (09(1,()) )

Cat(09<1,1>)

&

d'

0.6

0.4

g | &

g3

P d

03 |04

0.3

P, d

0.05 | 0.25

0.7

it,d

09 |0.08

0.02

it,d'

0.5 |03

0.

, 3 —

K, ={1,2

2
} 99<1,1>2

Cy= ] [K.]=KixKq={(0,0),(0,1),(1,0),(1,1),}
s€pa(g)




-ACTO
= XAV

SIZATION - AN
=

L(6;D) =p(D=(0,1,1,1,1)|6p) “Column wise”
p(I =(1,1,1,0,1)|6;)
p(S=(1,1,0,0,0)|I =(1,1,1,0,1),65)
p(G = (1,0,0,0,0)|D = (0,1,1,1,1),I = (1,1,1,0,1), 8¢)
p(L = (1,0, 1,0, l)lG = (1,0,0,0,0),9[,)
N
0 1 1 1 1 Nyck = Z I(xnv — kyxn,pa(v) — C)
1 1 1 0 0 n=1
1 1 0 0 1
1 0 0 0O 0 Z Ln,pa(v) = c)
1 1 0 0 1 n=1

Ng1y0 =7




-ACTO
= XAV

SIZATION - AN
=

L(6;D) =p(D = (0,1,1,1,1)[6p) “Column wise”
p(I =(1,1,1,0,1)|6;)
p(S=(1,1,0,0,0)|I =(1,1,1,0,1),65)
p(G = (1,0,0,0,0)|D = (0,1,1,1,1), = (1,1,1,0,1), )
p(L - (1,0, 1,0, l)lG = (1,0,0,0,0),9[,)
N
0 1 1 1 1 vck:ZI xnv:k xnpa(v)zc)
1 1 1 0 0 n=1
1 1 0 0 1 N
1 0 0 0O 0 Z Ln,pa(v) = c)
1 1 0 0 1 n=1

Na,1y0 =3




ML_ OR CATl CFPDS

Fach P(D,|0,) ,ie., here each O, D

can be maximized independently Grade > (_saT_ D
* So, MLE is  Letter

chk :chk/ch D={$1a---awN}
% where
N
Nyck = Z I(va — k, Ln,palv) = C)
n=1

I(xn,pa(v) — C)

|
M-




degree 1

15 T T T T O
degree 2 10'
15— T L
10
5_
o
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O_
_5}f
-0 5 10 15 20 -5
. 10 5 10 15 20
*x  Sjze
*  Floor
*  Location
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X POLYNOMIAL

T TING -T

DATA

| sin(27z)

with additive noise



MODELS
"ARAME | &%S

yz = = E
(z, W) = wo + w1z + wez’ + ... +
A wyzM = w;x?
J
j:o




GENERATVE VIEW

For N data points, tn S y(xn, W) plus additive noise from ./\/‘(()’ 0‘)




| KELIHOOD

For N data points H N(y(z,, W) —ty|o)




VMEASURING E

1 2
Sum of squares E(w) = 5 Z {y(z,,w) —t,}
n=1




~RIOR ON W- TWO
PARAMETER CAS

Ylr, w) = wo + w1 x

Density




VISUALISING A MODEL-
POLYNOMIAL REGRESSION




SLATE NOTATION

OJ©




= JOINT

p(t,w) = p(w) | [ p(tnlw)

OJ©



NCLU

DING

"ARAMEE |

N
p(t, w|x, e, 0%) = p(w|e) | | p(tn|W,zn,0?)

<O

n

Ln

O

n=1

Qv
® «.‘ Constant

Latent
W ﬂ —
O variable

NJ

P

Observable variable



NCLU

DING

"ARAMEE |

N
p(t, w|x, e, 0%) = p(w|e) | | p(tn|W,zn,0?)

<O

n

Ln

@

n=1

Qv
® «-. Constant

Latent
W ﬂ —
O variable

NJ

P

Observable variable



JOINT WITH NeW
SOINT

- N -
p(t\a ta Wl&?, xa «, 02) - H p(tnlxna W, 02) p(wla)p(ﬂff, W, 02)
n=1

= ")
Ln 8
J)W
t, (.
A NJ

¢ " )'—' T

o? -

t
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