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DGM semantics
UGM
De-noising
HMMs
Applications (interesting probabilities)

DP for generation probability etc.
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Viterbi
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Viterbi, MAP path

argmax p(z1:1[x1.7)



THls LECTU

~  Backward

*  Smoothing

*  Sampling

* Viterbi

*  K-means (inspiration)

*  GMM (towards EM)




MARKOV CHAINS

(DISC

Probabilities on outgoing edges sum to one
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THE OCCASIONALLY
DISHONES T CASINO

Fair qQ Biased/loaded

% We observe the sequence of dice outcomes of visited vertices
Rolls: 6641532161621 152346‘5'3214356634‘261655‘234232315142464156663246
Die: LLLLLLLLLLLLLLFFFFFFLLLLLLLLLLLLLLFFFFFFFFFFFFFFFFFFLLLLLLLL



WHAT AN
VM DOES

Rolls: 6641532161621152346532143566342616552 .
Die: LLLLLLLLLLLLLLFFFFFFLLLLLLLLLLLLLLFFF Y Starts in the state Z1

% When in state z

® outputs p(xi|zi) B, e

A
® movesto D(Zt+1 |Zt) Azt_|_1 \ 2t

% Stops after a fixed nurhbe
of steps or when reaghing
a stop step

The parameters




AN HMM CAN
AS A DGM
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Chain Fork v-struct
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PEUIAL CASE: HIDDEN
ARKOV MODEL (HMNM

Combinations of the transition distributions

=N

21%22%23%“°%ZT%ZT+1
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X1 Lo X3 LT

Combinations of emission the emission distribution



All the same

21%22%23%“°%ZT%ZT+1
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TEANSIHTION PROBABILITIE
—OR 4 STATES HMV




—MISSION PROBABILITIES - HIVIM
WITH 4 STATES & 3 SYMBOLS

21%22%23%“°%ZT%ZT+1

)

X1 L2 X3

All the same




oUM rule gives /i

Defined by

bt(k) ‘= p(iEt—l—l:T’Zt — k) — Z p(ﬂft+1:T, Lig1 = Z\Zt — k)
lE[K]

Each term in the sum is a probability of an event

7 — %Zt_|_1:l%“'?
| i |
7 Tt41 LT

“which is an AND of”

Zt—|—1:l Zt_|_1:l% T =

— Zt_|_1 =5 \l/ \l/
Lt41




Sackward recursion

bi(k) := p(@tt1:7|Z: = k)

- DP also for the backward variable bt

be(k) = ZQ(Zt+1 =1U|1Zy = k) bipa(l) p(@e1]| 241 = 1)

A
l Vv Vv Vv

transition = ”sma ller” emission

- Implementation analogous, complexity
same




OFF-LINE SMOO THING

p(Z: = k|x1.7) < fi(k) p(xe|Z: = k) be(K)
N——— —

emission




OFF-LINE SMOO THING

p(Z: = k|x1.7) < fi(k) p(xe|Z: = k) be(K)
N——— —

emission

Up to a constant



WO SLICED SMOOTH
MARGINALS - MARGINAL OVE
PAIRS OF STATES

P24y =k, Ziy 1 =l|xy.7)

- Can be computed from forward and backward similarly



SAMPLING FROM
“OS TERIOR

How much did each previous state contribute

to the probability mass of the present state?



—orward recursion

VvV VO

folk) =) fer() p@we1|Zey = 1) p(Z = k| Zy 1 = 1)
N~ N ”

smaller  emission By, transition A;g
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SACKWARDS SAMPLING
OF POS TERIOR

Sample zf:TJrl a p(Z1;T+1 — /fICBl:T) )Y,

i1 ~ P(Zry1 = klerr) X p(Zr41 = K, x1.7)

2z ~ P4y = k|41 =1, @14)
X fi(k)p(Zi+1 = U2y = k)p(@:|Zs = k)

- Sample from posterior
- Sample in order zt,...,Z1

- Start somewhat differently



VIiieERBl

MAP path

We want
argmaxy, .,.p(z1.7|®x1.7)

Not!

(argmax,, p(21|T¢q1:7), . - -, argmax,, p(2r|Ti11.7)) Viterbi learning: used, as

Viterbi variable approximation, to speed
up parameter learning

Ut(k) — zls?axl p(zlzt—la Zt — ka ml:t)

Again DP now with Viterbi
It gives what we want variable

m?X UT(k) - For the path, use back

pointers
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GAUSSIAN — MVN




=male

red = female, blue:

=male

red = female, blue:
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NSIONAL NORMAL

TWO DIM




<-MEANS

% Data vectors D={x1....,xn}

% Randomly selected classes z1....,zn

% lteratively do

oo = — Z T, where N, = |{n : z, = c}|
Zn = argming |[@, — pel|2

% One step O(NKD), can be improved
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ASSIGNING
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<-MEANS A GMM

% Fixed variance, a Gaussian and mean per cluster, i.e., 6, = (e, 02)
% Idea: each point can belong to several means (clusters)

% Use responsibilities to find means

p(zn = c|O@)p(x, |2, =, 0
e = plon = cla,. 0) — C( 0)p(x| )
Y o1 D(zn = c|O)p(xy |2, = ¢, 0)

e = NLC Z,,; Trne®n,, where N, = zn: Tre




~GMENTATION
MIEANS




GAUSSIAN
MIXTURE
MODELS (GMM)

Z hidden ~ Cat(m)

I

X ~ N(ch Ye)




1-DIM
GAUSSIAN
MIXTURE MODELS

Z hidden ~ Cat(m)

I

X ~ N(“07Uc)




—XAM
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Zn IS red with probability 1/2, green with probability 3/10, blue with probability 1/5

0.15

0.10

0.05

0.00

The three gaussian distributions in our mixture

n= blue

Xn IS generated from the Gaussian indicated by zn

We get X1,...,XN



GMN

p(CUn, Zn) — p(zn)p(xn‘zn)

and
xn) = Zp(zn = C p(xn|zn — C) Zﬂ'cp xnlzn = C)

and

p(zn = C, xn) o ch(xn|zn — C)
N C
p(Zn) D o=1 TcP(Zn|2n = )

p(zn — C|$n) —




VLE -COMPLETE
DATA FOR GAUSSIAN

. I\/IaX|m|zmg the complete log likelihooa

ZN log ., —I-S‘ S‘ logp(azn\é’)

¢ n:l(zpn

-+ Boils down to maximizing

> logp(w,|0.)

N:Znp—==C

Z lo ex —L(x — ul)?
g\/— p 2072 n — M

that is




VILE FOR GAUSSIAN

1 1
lo exp | ———=(z, — p. 2)

IS maximized by




—M & eEXPECTED LOG
| KELIHOOD (Q- T2RM)

lteratively maximizing the expected log likelihood
In practice always leads to a local maxima

The expectation is over latent variables given
data and current parameters

We maximize the expression by choosing new
parameters.
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