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AS T LECTU

*  Backward

*  Smoothing

*  Sampling

* Viterbi

*  K-means (inspiration)

*  GMM (towards EM)




THls LECTURE

*  GMM

*  EM

*  given “structure” and observations find parameters
*  EM algorithm for GMM

*  EM algorithm for BMM

*  Baum-Welch - EM algorithm for training an HMM
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<-MEANS A GMM

% Fixed variance, a Gaussian and mean per cluster, i.e., 6, = (e, 02)
% Idea: each point can belong to several means (clusters)

% Use responsibilities to find means

p(zn = c|O@)p(x, |2, =, 0
e = plon = cla,. 0) — C( 0)p(x| )
Y o1 D(zn = c|O)p(xy |2, = ¢, 0)

e = NLC Z,,; Trne®n,, where N, = zn: Tre




1-DIM
GAUSSIAN
MIXTURE MODELS

Z hidden ~ Cat(m)




—XAM
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Zn IS red with probability 1/2, green with probability 3/10, blue with probability 1/5

0.15

0.10

0.05

0.00

The three gaussian distributions in our mixture

n= blue

Xn IS generated from the Gaussian indicated by zn

We get X1,...,XN



GMN

p(CUn, Zn) — p(zn)p(xn‘zn)

and
xn) = Zp(zn = C p(xn|zn = C) Zﬂ'cp xnlzn = C)

and

p(zn . & ajn) o ch(xnyzn — C)
_ C
p(zn) > oy TeD(Xn|2n =€)

I'ne = p(zn — C’xn) —




COMPLETE LOG
UK_UHQQD GNVN

[(6'; D) = log Hp(a:n, zn|0")

All parameters

— ZZI 2p, = ¢) log(m p(x,|6.))
_ZZI (2, = ¢) log 7, +ZZI(zn—C ) log p(x» 6,
_Z Z 10g7r +Z Z logp (zn]60.)

c n:I(zn ¢ n:I(zn

= ZN log7r +Z Z logp(a:n|9’
c ¢ n:I(zp=c)
N, = Zl(zn =59




VLE -COMPLETE
DATA FOR GAUSSIAN

. I\/IaX|m|zmg the complete log likelihooa

ZN log ., —I-S‘ S‘ logp(azn\é’)

¢ n:l(zpn

-+ Boils down to maximizing

> logp(w,|0.)

N:Znp—==C

Z lo ex —L(x — ul)?
g\/— p 2072 n — M

that is




—M & eEXPECTED LOG
| KELIHOOD (Q- T2RM)

lteratively maximizing the expected log likelihood
(expected sufficient statistics).

lteratively maximizing the expected log likelihood in
practice always leads to a local maxima

The expectation is over hidden variables given data
and current parameters

We maximize the expression by choosing new
parameters.




SELATIONS Bz TWEEN LOG-
_\K_UHQQDS AND Q- TERMS

log-likelihood
Q-term or expected complete log-likelihood /

Z p(Zn|2.0) (10" Zs 1)

Theorem: for 6 = argmaxy Q(6',0)

logp(D|6") > Q(6',6) — R(0,0) > Q(6,0) — R(6,6) = logp(D|0)

So, by maximizing Q-term (through ESS), we monotonically
Increase the likelihood.

The Q-term may not increase in every step!



L OG LIKELIHOOD &
—XPECTED LOG LIKELIHOOD (Q- TERM)

Complete log likelihood
ZZI = ¢)log m/, +ZZI c) log p(x.,|0..)

Expected complete log likelihood a.k.a the Q term

ZE (Zo @ .0) ! 1(0"; Z ZZT” log +ZZT” log p(x.,|0.)




MAXIMIZATION

* Wewant argmaxy Ey,, |z, .0)[(0';D)]

& n

% The 2 sums Z (Z 7“m> log . & ernc log p(x.,|0;.)

are independent

* So, WézZrnc/N:frc/N

% In the second, different ¢ indices are independent

% So, we want to maximize each

Zrnc lOg ! EXp | — : (:E’n o :LLC)2
— \/ 2mo!? 202




GMM EM-ALGORITHM

E-step: compute Thne = p(Zn — C|33m 9)

M-Step: maximize (1) mixture coefficients and (2) each

Zrnclog ! eEXp | — : (CIJn—,LLC)2
W 20

n

by setting
/ > n TneTn /2 1 /N2
He = nr and Oc = N — E :’I“nc(fljn R :uc) /TC
C C n
set @ = @'

Stop when solution or likelihood hardly change otherwise repeat
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—M-ALGORITHM 1N
GENERAL

E-step: compute Ep(Zn|a3n,9) [1(9/; L, wn)]

M-Step:

= argmaxy, Z D(Zn|2n,0) | (0" Zn, ®n),

set @ = @’

Stop when solution or likelihood hardly change otherwise repeat



% Starting points
% Number of starting points
% Sieving starting points

% The competition

®  The first iterations of EM show huge improvement in the likelihood. These are then
followed by many iterations that slowly increase the likelihood. Conjugate gradient shows
the opposite behaviour.

HACTICAL [5oUES




MIXTURE OF
BSERNOULL

p(X4|Z = c¢) = Ber(X|0.q)

Z hidden ~ Cat(m)
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D,
)

*  Parameters (0 = 1, ...

* So Elz|p]

%

SNOULLI -

*  Basic model D binary variables x1, ...

= p and cov|x|p] = diag{u,(

Q:

SBAS

,Tpand x = xq,...

,up where p(x; = 1) =

1 — )}



-ULL MIXTUR
D COVARIANC

\V/

—AN AN

= MODEL -

K K
Elo|p,w) =Y mpr  Elailp, ] =Y mp
k=1

k=1

K K
cov|z;, x|, | Z?Tkuk Ukj — ZZWMk kg bk 5 7 O
=1 k=1'k=

1
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XITU

D,
)

*  Parameters Rk = Uk1, - - -

%

- O

SNOULL

*  Class variable z € [K] and D binary variables @ = x1, ...

~  Mixture with likelihood

yMkD and 7 = 7, ...

y TK

y LD



SAUM-WELCH:
| - EARNING HMIM
Given observable (emissions) SARANETERS

l

Rolls: 6641532161621152346532143566342616552

% Starts in the state z;

also given structure % When in state z

® outputs p(xi|zi) B:ct s 2t

A
® moves 1o p(Zt+1 |Zt) Azt+1 s 2t

% Stops after a fixed nurhbe

@ sed/loaded

of steps or when reaghing

learn probabilities a stop step

The parameters
we want to learn




CARNING TRANSITION AND
—MISSION PARAME TERS - FULLY
OBoz=RVED DATA

*  Parameters
+ transiton A = p(Zy = 1|21 = k)
+ emission By = p(X; = s|Z; = k)

*  Data
D = {(x%:Tv Z%:T—H) ----- (x{\:fTv Z{\:[TH)}
~  Likelihood

N T [ -
L(H’ D) _ H H H Bi}ixt =s,2z;' =k) H AZIPEZt =k,zy" 1 =1)

n=1t=1 | k,s k,l




VIAX
- GO

/ING LOG-LIKELIHOOD
LR DATA

< <

[(0;D) = Z My, s log Brs + Z Np,1 log Ay
e k)l

where

MS,k — ‘{(nﬂf) : 33? — 8727? — k}‘
N = [{(n,t) : 20 =1, 24, = k}]

Maximized by
Bak = Mg/ Y Mo = Mop/Ne & Ag=Nipa/ Y Niy=Nii/Ni
S l

where N = |{(n,t): 2z =k}




NV FOR HDDEN DATA

N
— S: S: p(X; = s,Zy = k)|2T.p, 0) | log By,

N
+ S: S: p(Zi—1 =k, Z; =271, 0) | log Ay,

Maximized by

Bs = M k/ZMs k= Msr/Np & Ay = Nk,l/zﬁk,l = N1/ Ny
l

Both obtalnable from forward and backward (smoothing like)
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