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Independent Component 
Analysis (ICA) 
Bishop Section 12.4.1 
Hyvärinen and Oja  
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From Lecture 4: Different prior assumptions 

the assumption that the dimensions in the latent space all are independent:

p(s) =
Y

j

p(sj) . (2)

The reason for the terminology s is that the original application of ICA was ”the cocktail party
problem”, i.e., factorization of a multidimensional sound signal x, each xk corresponding to the
recorded sound from one microphone k, into the individual signals s, each sj corresponding to the
speech signal from one speaker j.

You will now work with a signal that is constructed to have the same properties as the signals in
the cocktail party problem. Figure 2(a) shows two individual, independent signals over time. If the
order with respect to time is disregarded, the measurement of both signals at a certain time i can be
represented as a point si in a 2D space, see Figure 2(b).

Two microphones record two di↵erent linear combinations of the two signals. The linear combina-
tions over time are shown in Figure 2(c), and their 2D point representations xi in Figure 2(d). These
are found in DataICA.txt, which are linked from the course page, HT 2015 mladv15 > Assignments.
The task is now to recreate the separated signals using ICA. (You are NOT allowed to copy code from
readymade code packages.)

Question 12: First, whiten the data as described in Section 5 of Hyvärinen and Oja. Show
plots that illustrate both the two obtained eigenvectors and their eigenvalues, and a plot of the
whitened pointset {x̃i}, and describe (using both text and mathematical notation, but not pseudo
code) how you obtained it.

Question 13: Then, describe (using both text and mathematical notation, but not pseudo code)
why a PPCA transform can not recover the independent components in the data.

Question 14: Finally, recover the two independent components using FastICA as described in
Section 6 of Hyvärinen and Oja. Show plots that illustrate both the two obtained mixing vectors,
and a plot of the decorrelated pointset {si}, and describe (using both text and mathematical
notation, but not pseudo code) how you obtained it.

Two notes in connection the the last question: See Wikipedia for missing information about g

0.
Moreover, you can only recover {si} up to a scale factor, so do not be worried if you obtain a scaled
copy of Figure 2(d).

2.6 Implementation of Latent Dirichlet Allocation (LDA)

Another type of latent representation model with non-Gaussian priors, developed for representation
of text documents, is Latent Dirichlet Allocation (LDA). Figure 3 shows a graphical representation of
this model. A document m, observed as a bag of words {wmi} (i.e., a multinomial distribution over
the language with V words in which the document is written) can be represented as a mixture ✓m of
k topics. Since k ⌧ V , ✓m is a very compact low-dimensional latent representation of the document
m. The prior assumption on the latent topic space ✓ is that it is Dirichlet distributed.

Before proceeding further, read Bishop page 363 for an explanation of the plate notation in Figure
3, Bishop Section 11.3 for an introduction to Gibbs sampling, as well as Blei and La↵erty for an
introduction to LDA. I can also recommend the Wikipedia pages on Gibbs sampling and LDA.

You will work with data in the form of text documents represented as bags of words {wi
m}. In the

7 files R3*.txt, which are linked from the course page, HT 2015 mladv15 > Assignments, a subset of
of the news article dataset Reuters 215781 is given. Each document is a news article. Our dataset is

1
http://csmining.org/index.php/r52-and-r8-of-reuters-21578.html
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PPCA: Assume that latent space is Gaussian distributed 
 
 

 Good idea if we do not know anything about the data 
 
ICA: Assume that all dimensions in the latent space 
independent of each other 
 
 
 

 Discuss with your neighbor: What does this 
 assumption mean? Can you come up with any 
 examples of data where this is a good assumption? 

 

II Non-Gaussian Latent Representations

2.5 Independent Component Analysis (ICA)

In this task we will pick up the thread from Task 1.4 in Assignment 1, but now in an unsupervised
learning setting. In Task 1.4, you essentially implemented Probabilistic Principal Component Analysis,
PPCA (Bishop, Section 12.2) using an iterative solution rather than the closed-form solution found
in Bishop, Section 12.2. Here you will implement a similar transform, but with a di↵erent prior
assumption.

Note that we, according to tradition, and to coincide with Hyvärinen and Oja, use a di↵erent
notation than Assignment 1: the data variable is here denoted x while the underlying latent variable
is denoted s (or z in Bishop). Discrepancies in representation is a necessary evil that you will come
across many times in your professional life.

Before proceeding, read Bishop, Section 12.4.2, as well as Hyvärinen and Oja, Sections 1-6, which
give an introduction to ICA and the types of data when it is applicable. (I can also recommend the
concise Wikipedia page on FastICA.) Essentially, PPCA and ICA di↵er in the type of assumption
they make about the prior distribution over the latent variable. In PPCA it is assumed that the latent
variable is normally distributed:

p(z) = N (z;mz,⌃z) , (1)

where mz is the mean and ⌃z the covariance of the latent distribution. However, ICA instead makes
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Figure 2: The dataset found in DataICA.txt.
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Example: Image compression  
23

PCA example — original

7 Slide from Hyvärinen 

Learn PCA basis for image patches 
(eigenvectors in 16x16D space) 

24

PCA example — PCA basis

8 Slide from Hyvärinen 



Throw away 90% of the (smallest) 
eigendimensions 

25

PCA example — 90% compressed

9 Slide from Hyvärinen 

Result: More “fuzzy” image 

The corresponding ICA basis    
(independent components in 16x16D space) 

ICA basis vectors of image windows.

50

10 Slide from Hyvärinen 

Discuss with your neighbor for 5 mins 

PCA                            vs   ICA  
 
 
 
 
 
 
 
 
Which requires the most bases to achieve the same image 
compression quality? Why? 

11 

24

PCA example — PCA basis

ICA basis vectors of image windows.
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Measure of independence: non-Gaussianity 

Basic intuitive principle of ICA estimation.

(Sloppy version of) the Central Limit Theorem (Donoho, 1982).

• Consider a linear combination wTx= qT s

• qisi+q js j is more gaussian than si.

• Maximizing the nongaussianity of qT s, we can find si.

• Also known as projection pursuit.

9
12 Slide from Hyvärinen 



Illustration: sub-Gaussianity 

Marginal and joint densities, uniform distributions.

Marginal and joint densities, whitened mixtures of uniform ICs

10
13 Slide from Hyvärinen 

Illustration: super-Gaussianity 

Marginal and joint densities, supergaussian distributions.

Whitened mixtures of supergaussian ICs

11

14 Slide from Hyvärinen 

How measure non-Gaussianity? 
Kurtosis as nongaussianity measure.

• Problem: how to measure nongaussianity?

• Definition:
kurt(x) = E{x4}−3(E{x2})2 (4)

• if variance constrained to unity, essentially 4th moment.

• Simple algebraic properties because it’s a cumulant:

kurt(s1+ s2) = kurt(s1)+ kurt(s2) (5)

kurt(αs1) = α4 kurt(s1) (6)

• zero for gaussian RV, non-zero for most nongaussian RV’s.

• positive vs. negative kurtosis have typical forms of pdf.

12
15 Slide from Hyvärinen 

Kurtosis: sub-Gaussianity 
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Case of negative kurtosis. Kurtosis is minimized, and its absolute value
maximized, in the directions of the independent components.
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Kurtosis: super-Gaussianity 
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Kurtosis as a function of the direction of projection. For positive kurtosis,
kurtosis (and its absolute value) are maximized in the directions of the

independent components.
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Basic ICA estimation procedure

1. Whiten the data to give z.

2. Set iteration count i= 1.

3. Take a random vector wi.

4. Maximize nongaussianity of wTi z,
under constraints ∥wi∥2 = 1 and wTi w j = 0, j < i
(by a suitable algorithm, see later)

5. increment iteration count by 1, go back to 3

Alternatively: maximize all the wi in parallel, keeping them orthogonal.

18
18 Slide from Hyvärinen 

Whitening = PCA 

Illustration of whitening

Two ICs with uniform distributions:
latent variables

observed variables

whitened variables

Original variables, observed mixtures, whitened mixtures.

Cf. gaussian density: symmetric in all directions.

8
19 

ICA then finds the most independent basis 

PCA whitens the observed space (for a Gaussian distribution this is enough!) 

Why kurtosis is not optimal

• Sensitive to outliers:
Consider a sample of 1000 values with unit var, and one value equal
to 10.
Kurtosis equals at least 104/1000−3= 7.

• For supergaussian variables, statistical performance not optimal even
without outliers.

• Other measures of nongaussianity should be considered.

19
20 Slide from Hyvärinen 



Differential entropy as nongaussianity measure

• Generalization of ordinary discrete Shannon entropy:

H(x) = E{− log p(x)} (9)

• for fixed variance, maximized by gaussian distribution.

• often normalized to give negentropy

J(x) = H(xgauss)−H(x) (10)

• Good statistical properties, but computationally difficult.

20
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Overview of ICA estimation principles.

• Most approaches can be interpreted as maximizing the
nongaussianity of ICs.

• Basic choice: the nonquadratic function in the nongaussianity
measure:

– kurtosis: fourth power
– entropy/likelihood: log of density
– approx of entropy: G(s) = logcoshs or others.

• One-by-one estimation vs. estimation of the whole model.

• Estimates constrained to be white vs. no constraint

25
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Algorithms (1). Adaptive gradient methods

• Gradient methods for one-by-one estimation straightforward.

• Stochastic gradient ascent for likelihood (Bell-Sejnowski 1995)

∆W ∝ (W−1)T +g(Wx)xT (17)

with g= (log ps)′. Problem: needs matrix inversion!

• Better: natural/relative gradient ascent of likelihood
(Amari et al, 1996, Cardoso and Laheld, 1994)

∆W ∝ [I+g(y)yT ]W (18)

with y=Wx. Obtained by multiplying gradient byWTW.

26
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Algorithms (2). The FastICA fixed-point algorithm
(Hyvärinen 1997,1999)

• An approximate Newton method in block (batch) mode.

• No matrix inversion, but still quadratic (or cubic) convergence.

• No parameters to be tuned.

• For a single IC (whitened data)

w← E{xg(wTx)}−E{g′(wTx)}w, normalize w

where g is the derivative of G.

• For likelihood:

W←W+D1[D2+E{g(y)yT}]W, orthonormalizeW

27
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Convergence: sub-Gaussianity 
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Convergence of FastICA. Vectors after 1 and 2 iterations, values of
kurtosis.
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Convergence: super-Gaussianity 
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Convergence of FastICA (2). Vectors after 1 and 2 iterations, values of
kurtosis.
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ICA summary 

Very simple model: linear non-Gaussian latent variable model 
 Gives sparse representations 

 
Estimation not so simple due to non-Gaussianity: objective 
functions not quadratic like with Gaussians 

 Estimation by maximizing non-Gaussianity of 
 independent components. 
 Equivalent to maximum likelihood or minimizing 
 mutual information 
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Bayesian Naïve Bayes (aka 
Dirichlet-Multinomial Classifier) 
Bishop Section 8.2.2 

Latent Variable Models for Discrete Data 

Discrete data: 
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Robust 3D Tracking of Unknown Objects

Alessandro Pieropan Niklas Bergström Masatoshi Ishikawa Hedvig Kjellström

Abstract— Visual tracking of unknown objects is an essential
task in robotic perception, of importance to a wide range of
applications. In the general scenario, the robot has no full
3D model of the object beforehand, just the partial view of
the object visible in the first video frame. A tracker with this
information only will inevitably lose track of the object after
occlusions or large out-of-plane rotations. The way to overcome
this is to incrementally learn the appearances of new views of
the object. However, this bootstrapping approach is sensitive to
drifting due to occasional inclusion of the background into the
model.

In this paper we propose a method that exploits 3D point
coherence between views to overcome the risk of learning the
background, by only learning the appearances at the faces of
an inscribed cuboid. This is closely related to the popular idea
of 2D object tracking using bounding boxes, with the additional
benefit of recovering the full 3D pose of the object as well as
learning its full appearance from all viewpoints.

We show quantitatively that the use of an inscribed cuboid to
guide the learning leads to significantly more robust tracking
than with other state-of-the-art methods. We show that our
tracker is able to cope with 360 degree out-of-plane rotation,
large occlusion and fast motion.

I. INTRODUCTION

Tracking of unknown objects is a heavily researched topic
within the robotics and computer vision communities. This
indicates the importance of the task, which is an essential
prerequisite for applications like activity recognition, human-
robot interaction and robot target pursuit. Still, little research
on e.g. activity recognition actually employs fully working
general tracking systems. Instead, scenes with simplified
environments [1] or trackers for specific objects [2] are
used to transform videos into a high-level representation
suitable for the task at hand. Nonetheless, for realistic activity
recognition in a general and unstructured environment to be
possible, robust and versatile visual tracking of objects is of
great importance. To this end, we present a visual tracker
that is able to learn the appearance of unknown objects and
robustly track not only their position, but their full 3D pose.

For specific applications in controlled environments, e.g.
factory automation, the tracking is aided by the fact that
3D models of the objects to be tracked can be constructed
beforehand. However, in a general scenario, the tracker does
not have a full 3D model of the object initially, just a partial
model that can be created from the first video frame. One

This research has been supported by the EU through TOMSY, IST-FP7-
Collaborative Project-270436, the Swedish Research Council (VR), and by
the Japan Society for the Promotion of Science (JSPS).

AP and HK are with CVAP/CAS, KTH Royal Institute of Tech-
nology, Stockholm, Sweden, pieropan,hedvig@kth.se. NB and
MI are with Ishikawa Watanabe Lab, University of Tokyo, Japan,
niklas bergstrom,ishikawa@ipc.i.u-tokyo.ac.jp.

Fig. 1. Tracking and incremental learning. Initially the method knows only
the appearance of the object facing the camera but the appearance of other
views are estimated during tracking of the moving object.

approach is to settle with the initial model and track the
object based on this [3]. This is a quite robust approach,
given existing robust methods for object category detection
and image segmentation. However, the downside is naturally
that unknown faces of the object will remain unknown, which
means that the tracker will lose track of the object in the case
of a large orientation change.

The way to overcome this problem is to continuously
learn new faces of the object as it undergoes transformations
in the scene [4], [5]. While this intuitively seems like the
natural approach, an aggravating factor is that the method
itself needs to determine which parts of the newly observed
appearances belong to the object and which belong to the
background. Failure in this assessment might lead to the
background being interpreted as part of the object and
wrongly incorporated in the 3D model. Once this happens
the risk of tracking failure increases and tracker has higher
difficulty recovering when it loses track.

In recent years, several methods using a tracking-by-
detection paradigm has been proposed, including methods
combining this paradigm with regular tracking using optical
flow [4]. These methods define the problem as finding the
position of a 2D bounding box that best fit around the object
given some criteria over the learned model. Depending on
the method, the bounding box is fixed in size and orientation
[4], [5], or adapts to transformations of the object [3].

With the introduction of affordable 3D image sensors a
natural extension of the 2D bounding box trackers is a tracker
based on 3D inscribed cuboids1. In this paper we present an
adaptive tracker that extends the 2D paradigm by estimating
the rotation, size and position of the bounding box to include
the full 3D pose of the tracked object. At its core is a

1We use inscribed rather than bounding since we do not require the cuboid
to fully encompass the object.

Recap from the Machine 
Learning, basic course 
 
yi conditionally independent 
given x: 
 

p(y|x) = Πp(yi|x)  
 
 
 

Naïve Bayes model 

X Y2 

Y1 

YN 

… 

Then this notation can be 
written more compactly in… 
 
 
 
 
plate notation: 

Assume yi independent and identically 
distributed (i.i.d.)  

X Y2 

Y1 

YN 

… 

X Y 

N 



Dice Roll as an Example of             
Multinomial Distribution 

Suppose that we observe                                   where  
 
 
The rolls are independent so the likelihood is 
 
 
 
where       is the number of times the dice turned up k 
This is a Multinomial distribution. 
 

D = {x1, ..., xN}
xi 2 {1, ...,K},K = 6

p(D|✓) =
KY

k=1

✓Nk
k

Nk

Making the Naïve Bayes model Bayesian: 
Adding priors to all variables 
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X Y 

N 
D 

α 

N 

β σ 

Dirichlet distribution is conjugate prior to Multinomial distribution  

Lecture 11: LDA, a more sophisticated version of this 
Bayesian Naïve Bayes model! 
 

βX ~ Dir (σ), the 
distribution over Y for 
each value X = x 

XD ~ Dir (α), the 
distribution over X for 
each document D = d 

YD ~ Mult (β), the 
distribution over Y for 
each document D = d 

What is next? 

Project groups are published on the home page. See if you 
are listed, otherwise email me before November 30! Talk to 
your project group and select papers before December 3. 
 

Continue with Assignment 2, deadline December 16. 
 

Next on the schedule  
Tue 1 Dec 10:15-12:00 M2         
Lecture 2: Bag of Words, Topic Models                                               
Hedvig Kjellström 
Readings: Blei and Lafferty 
 
Have a nice weekend! ! 
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