Mz=1)  Az-1) (M +2)(z=1)
i ]

which means that Py(z) =¢ = @

The probability distribution is found by inverse transform of 7 ,(z) and the result is:

k
M +25)"  _, 40

Ko

P(Z=k)=

This means that 7 is Poissonian distributed with mean X‘ + X



Solutions for the exercices in Chapter 8
(Stochastic processes)

|. The system has two states. | and 2

(a) The state diagram is:
1/2
12 Cm /4
»>_
3/4

(b) The stationary probability distribution is given by p - P = P which means that
'%

| 3
Py = §P1+11[73
=P :;;73

|
Py = 5Pt 3P

4

Two find the exact value of p, the normalisation condition must be used:

i -

3
p/\_:l:>/)l+p::l:>;p:+/)2:l:>1
2 s

Nl

2

Y

k=1

Il

Nt

(¢) For a discrete-time Markov chain the transient probability distribution is given by:
n
p(n) = p(0)-P

In this case. p(0)=(1,0), which means that:

p(1) = p(0) - P=p(1) = (10)- {‘/2 ‘/2} =G
3/4 1/4 £ 4

p(2) =p(l) P=p(2) = (%%). {

53 1/72 1/2 1913
p(3)=p(2) P=p2)=(53)" = (=—=,—)
, 3/4 1/4 32732

2. The system has 3 states: 0. 1. and 2.

(a) The state diagram is:

oo o

0 2



(b) The stationary probability distribution. p=(pp ps p2), is calculated as:

-3p,+ 2p =0 3
Pyt 2p Jp' = =pg
PQ=0=1 3py—4p,+2p, = 0= ;
] 2p-2p, =0 1/93 = 3/71)
To find po the normalisation condition must be used:
Py = 1/4
: 30003
z pr=1=p,+ 3P0+ 5pg = l=p, =3/8
k=0 < ~
Py = 3/8
(¢) The z-transform is defined as: P(z) ’ ) . l + 3 + 32
C -transtor S as: zZ) = Z = -+ —z4 =z .
2, P 1757t

(d) Let N be arandom variable for the number of jobs in the system. The stationary probability dis-
tribution of Nis given by p;. above.
Alternative |:

o

E[N] = ZV k-p, = p, +2p, = g

k=0
E[\,l]_ 23 op, = ) +4dp =L
i - /\':()\ Ho =2 P2 = 8
, 2 ) 15 8l 39
I\I = J\/ — / = — —— = —
VIN] = E[N"] = E[N] AR

Alternative 2:

o (3 63 9
EINT = lim Lpez)y = | (—+—;):—
M= it o) = g rge) =
E[N’] = lim iP(z)JrE[N] = lim (9)+9 = A
:—>le2 | 8 8 8
FIN] = B[N -E[N)? = 281 _ 39
5 64 6

3. The system has four states: 1..4.

(@) The state diagram for the system:
8 A A

Ll



(b) The transient probability distribution, p(&)=[p;(1). po(1). p3(t), p4()]. is determined by the fol-
lowing equation:

d _ .
mp([) = p(1) 0

The equations for p;(t) and p(1) are:

Il

%pl([) —kp, (1)

Il

%Pj(’) 7Mpl(f)—7»p:([)

Assume that p(0)=[1, 0. 0, 0]. which means that we start in state I. Laplace transtorm of the
differential equations give::

sPi(s)—=1 = =AP(s)
{SP:(S)—O = AP (s) = AP, (5)

Il

After solving the equations and inversing the Laplace transforms we get:

JP](I) _ ‘3711

N =M
lpz(l) = Afe
(c) The stationary probability distribution, p=[p;. p> p3. pyl is determined by solving
p-0O=0.
Since the states | and 2 are so-called transient states is p;=p,=0. p3 and p, are determined by
solving the following equations::

A
A+

. <
This means that py = == and p; =

A+l

4. The system has an infinite number of states. which means that the Q-matrix becomes impractical.

(a) State diagram for the system:

o o/2 /3 ok o/ (k+1)
B

LRI




(O3]

(b) By using the so-called “cut-method” the following balance equations are derived:

opy = Pp,

5"!)]‘: BP]
o. .
k Phk-1 = Br,

By using substitution, the following general formula can be found:

k
o |
Py = (B) D k>0
' k!
Pp is determined by using the normalisation condition:

oo

o
AL I B
A:l:} (—) ? O . :1:> = =e€
Zk:op/‘ Zk:o B) kP & Zm (QJk.i
k=0\P/ !

(¢) Let N be a random variable that represent the number of jobs in the system. Then,

o ' ™ o ‘% e g‘/‘“ | o
E[/\]_ZIVP(‘\—/\)—Z/\:O/\'PA.-E‘e 'ZAII(B) (k=1) T B
k

(a) Stationary probability distribution: Py
state 4.

=0. p>=0, p3=0, p =1 since the system cannot move from

(b) The total transition intensity is A+
(¢) Let T'be a random variable for the time spent in state 3.
Let X, be the time until the system will change to state 4 and
X} be the time until the system will change to state | Xy and X; are independent random vari-

ables that are exponentially distributed with means [/), and 1/ respectively (since we have a
Markov chain).

Then 7=min(.X,, ), which means that:
P(T<t) = P(mm(/\’I A<t =1 —P(min(Xl,/\’z) >t) =1~ P(X, > NP(X,>1)

—1L =h (A +u)
= 1-&* = § =gt

which means that T is exponentially distributed with mean /(A + ).

(d) Let Ty=average time in state £ Then:

. | o, ;

(e) P(transition from state 3 to state 4):L
A+

. R u
P(transition from state 3 to state |)=——

+ U



(f) Lett M)=the average time to reach state 4 if we start in state . This means that we can derive the
following equation system:

(M, = T, + M,
M,

Ty + M,

A u
My Q+k+ul4+X+ul[

M, =0

SA+3U

207

Solve the equations to determine A/;. Result: M| =

M. et ket ce //HA,D/FMZ/C«)WM/M/; /f/zz?fic(‘./éf

¢ 4/\0(%\0 4‘/\"/ poal e ﬁé@«@t |

< '7”\0 Ll #e loctoe Moes



