Computational Methods for SDEs, Spring 2016. Mattias Sandberg

Homework Set 4

Exercise 1 In the risk neutral formulation a stock solves the Ito stochastic differential equa-
tion
dS(t) =rS(t)dt + oS(t)dW (1),

S(0) =So. (1)

As we have seen before,
S(T) = exp((r — o?/2)T + oW (T)) Sy (2)

solves (1).
a) Simulate the price

£(0,50) = e Elmax(S(T) — K, 0)|S(0) = Sy,

of a European call option by a Monte Carlo method, where

1
So=K =35, r=0.04, 0=0.2, T:§.
Use successively increasing number of samples and estimate the accuracy of your results by
appealing to the Central Limit Theorem and computing a sample variance.
b) Compute the corresponding sensitivity (“delta”)

A= af(0, s)

- Y

0s

by approximating it with a finite difference quotient, for instance

_ f(0,s+As) — f(0,s)
Ax As ’

and determine a good choice of your As. Estimate the accuracy of your results and suggest
a better method to solve this problem.

Exercise 2 The following stochastic volatility model generalizes the well known Black-Scholes
geometric Brownian motion model improving some aspects of option pricing. A simplified
version of the model reads

dS(t) = rSt)dt+e"WS(t) dW (1), (3)
dY (1) = (—a(2 LY (8) + 04vay/1 — p2> dt + 0.4v/a dZ(t), (4)



where W and Z are independent Wiener processes, o > 0, and
Z(t) = pW(t) + 1 — p2Z(1).

Here the correlation coefficient is p = —0.3.

a) Consider equation (4) alone and solve it in closed form in terms of an Ité integral.
Compute E[Y (t)], Var[Y (t)] exactly and their limits as t — oo. Interpret the results.
b) For a stability analysis, consider the model equation

dX(t) = —aX (t)dt + V/adW (t), (5)

where W 1s a Wiener process.
Now consider the use of Forward Euler and Backward Euler to (5).

(i) Compute expected value and variance of X (t) and their corresponding limits as t — oo.

(ii) Compute expected value and variance of a Forward Euler approximation to X (t) and
their corresponding limits as t — oo.

(iii) Compute expected value and variance of a Backward Euler approzimation to X (t) and
their corresponding limits as t — oo.

(iv) Interpret the results obtained in (i-iii).
¢) Use the Forward Euler method,
Spi1 — Sp =rS, At + ™S, AW,
Yy — Y, = <—a(2 FY,) 4 0.4v/ay/1 - p2) At + 0.4V/aAZ,,

A

Zn =pWo + /1 —p?Z,
for the computation of the option value
e " Emax(S(T) — K, 0)].

Here use the parameter values o = 100, r = 0.04, T = %, Yo = -1, and Sy = K = 100.

d) Use successively increasing number of samples and successively decreasing (uniform) time
step size to estimate the accuracy of your results. Compute the option value to an estimated
accuracy TOL = 5 x 1072 with high confidence. Note your computational cost in terms
of elapsed time and some computer independent measure; e.q. the total number of ran-
dom variables sampled. FEstimate the cost of computing the price to an estimated accuracy
TOL =5 x 1073 with the same confidence.



