Solutions for the exercises in Chapter 4
(M/M/c-systems)

. For an M/M/1-system with parameters 4 and [, the stationary probability distribution is given by
G0-3)

Jp = | = - =

Pe =\ w

: 3 ; k
In this case we set p = A/LL. which means that p, = p (1 —p).

(a) p=0.9
Alternarive I
The average number of jobs in the system is given by

oo oo o

N=3 =Y 1/\»-0,9"40,1=0,o9-2 k0,9

k=1

k=1

= K =
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=009 ——— =9
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Alrernative 2:
. o L = . d
I'he average number of jobs in the system is given by N = lim —/F(z) where

= 1dZ

1

k
(o) = ey ootonson g
Py =2 P Z 9% 0.1 " T0.0:

This means that

< . 0,1:0.9 _ 0,09 _

N = lim - = 9.
:%I(l*().():)* 0.0l
by N = qu + N, where N’L/ is the average number of jobs in the queue and N¢ is the average

number of jobs in the server.
Alternative I:

N is determined as.

co

Ny = 0-py+ 1 'Z,,,/’)/" =l-py=p=09

S —

which means that X"/ =N-N.,=9-0,9=28,1.
Alternative 2: N, can be determined as:

Ny, = 0 py+0-p, +Z (k=1)p, = Z/ j/\'/)/\—zx 22

oo

/\/) j—pl —(‘Zf :'/

A .
(¢c) Since p, = g - where p < T owill the most probably state be state 0.

7/\)+/)4|+/)| =9—-1+0,1 = 8.1

() When p — o the queue will almost always be full, which means that ‘\", — L. Everytime a

job departure occurs. a new job will enter the system. This means that /L, — L. Using Little’s

theorem we can determine the average waiting time in queue. 11 11" = N, /7\ > LW



2. Consider a normal M/M/[-system:

PO RO

E[X]=1/u
. e A% A
The stationary probability distribution is given by Py = (—1) (l - L_l .
\ 3
The average number of jobs in the system is determined as in exercise |.
. = L/
Result: £[N] = N = —L/
[ N

Letp = A/U.
The second moment of N can be determined from the generating function P¢z).which was deter-
mined in exercise 1:

EIN'] = lim L)+ E[N] = lim L;('—‘B)ﬁug[xv]

-Aﬁldz' :ﬁld__— l*pZ
= lim M’%E[Aq _ 2(1 —P)?_+ : p . p_+ !j
ol (l-p2y (l-py"  '=P (1-p)
This means that: I'[N] = E[‘/\/’z]_E[Ar\f]l = . = _Lw

The tent is modelled as an M/M/I-system:

A=1 C

E[X]=1/1.1

(a) All customers will be served which means that the total number of served customers during one
dayis A- 6012 = 720,

(b) State diagram of the system:

(O]

With the “cut-method™ we can derive the following balance equations:

[p” =1, 1p,

ll’/g~1 =1, Ip,

k
Solve the equations. Result: p, = (1—11) “Po



L . = ﬂ. |
Use the normalisation condition 2 P = 1 tofind py Result: p, = | - e
k=0 ' :

e ‘ T ‘1Y ¢
I'herefore. the stationary probability distribution is Py = (ﬁ) : ( | — ﬁ)
(c) Let X'L/ =average number of customers in the queue.

Alternative I

- Y |
Ny=0:-py+0-p, +Z/_w(/\’—1)/f’/\ = Z/*v(/"f 1)(]7) '(liﬁ)

(1]

-3, A5 ()

which means that N, = 9, 1
Alternative 2: Lat. N =average number of customers in the whole system och N, = average

number of .customers in the tent.

For an M/M/1-system: N = (ﬁ)( | 7%) = 10

and Ng = | —p, = ﬁ = 0. 91 . which means that K"/ = N=N,=9,1

. . |
(d) Pta customer can enter the tent directly)=P(the tent is empty )= Py = ( | — ﬁ) =0,091

- The computer system is modelled as an M/M/1-system with a finite queue:

[T T~
A=5

E[X]=0.2

() The system has five states. The state diagram is:

R 5 S 3
/\\6\ A
" 1 3
Q\// ,Q\/E
S 5 3 5
By using the “cut-method™ the following balance equations can be derived:

Py = P
5/»1 = 5/7:
- PG = P = Pa =Py =y
\/71 = N/)}
Spy = 5/14

&)

Also. Z P = | SPy=P=P=py=py =
k=0

i —



(b) The average number of jobs in the system is given by:

v 5 10
N=0 py+1-p+2:-py+3-p3+4-p, = 5 " 2
(¢) The average time a job spends in the system. 7 is determined with Little’s theorem: 7 = L
Y
eft

The effective arrival rate is:

7%,_/_/ =Apy+rh-py+h-pry+h-p3+0-p, = Ml=py) =4

9

which means that 7' = 1 = 0,5 seconds.

(d)y . Alrernative I: Use the definition of carried load:

p. = Ay ELX] = 4

’J]l._.
N~

Alternative 2: The carried load. p_.. is the same as the average number of jobs in the server:

p. = K’x = 0-/70+ l~(pl+/)3+p}+p4) = %

5. The web site is modelled as an M/M/2-system with | queuing place:

E[X]=1

(a) There are four states, where state k = k requests in the system. State diagram:
1 1 1
1 2 2

(b) First. we must know the stationary probability distribution
Let p;=P(k requests in the system), The “cut-method™ gives the following balance equations:

_— 1
.'..]73 = /72 ﬁ/); = _'_],[)“

Use the normalisation condition Zp,\, = | todetermine p,.
Result: p . ) 2 ) 2 ch p I
esult: = —, = —, = — ochpy = —
Po= Pt = = s T

P(the system is full) = p



)\"h l])‘x
P(arequest is blocked)=;= — = : =
8 [pg+ 1p,+ 1ps+ Ipy

71

Note: Only when the arrival process is Poissonian will these two probabilities be equal!
(¢) Offered load: p, = A E[XT = (Ipy+1p +1ps+1py)- 1 =1 Erlangs

: 5 . ) 10
Carried load: p, = A - E[X] = ( Lpo+1p, +1ps+0py)- 1 = T 91
¢ ¢ & < g
(d) Utilisation of a server = fraction of time that the server is busy = P(server busy).
Alternarive 1: Utilisation of a server = Carried load for this server.
Since the servers are chosen randomly. they will be equally loaded. which means that the utili-

A0 0,45

) . . . . |
sation of one server is halt the total carried load= = T

Alternative 2: Utilisation of one server = average number of requests in that server =

N

0-pyg+1-p- % +1-py+l-py = - 0,45 (in state | a specitic server is busy with

probability 0.5)

(e) The average waiting time for a request. /" is determined with Little’s theorem: JI” = )—L :
\'L'_/f
In this case:
Ko = - 0¥, =0 ! e
it = Ipg+ Ip + 1py+0py = m and Ny =0-(py+py+p)+1-py = I
1 /11 |
which means that II' = —— = — seconds.
’ /11~ 10"

6. M/M/1-system with one queueing place means maximum 2 jobs at the same time.
(a) State k = k jobs in the system. State diagram:

2 2

1 1

The “cut™-method gives the following balance equations:

le)o =P
12})1 =p,=py=4pg

N
Use the normalisation condition Z/“ _oft = | to determine p).
| 2 4
Result: p, = 7 Py = 7 Py = 7
(b) Let N =number of customers at a random time instant (\"is a random variable)
This means that the average of N'= £/N/ is given by
8

E[N] = 2 k-p,=1-p+2:p, =

0 43
k=0 7

The variance is V[N]| = E[Nz] - El NI3



2 T 18

where E[NT] = kK py=1-p+4-p, = —
Z/\v =0 k | 2 7

which means that I'TN] = 15 —(

LBy . 26
7

= =0,53

7 49 '

(¢) T=Time in the system for a job that is served (random variable)
Let the density function tor 7" be f7(1).

/
The distribution function is given by P(7'<¢) = _[f,’(\')d\'

0
First. determine the Laplace transform for f(1), F*(s).
Anarriving job that is served either tinds 0 or | jobs in the system (if there are 2 jobs in the sys-
tem, the arriving job is blocked)
It the job arrives at an empty system, the total time in the system is the job’s service time,
which means that /™ (s|k = 0) = m o T3 e the Laplace transform for the service
+s N

time.

[t an arriving job finds 1 job in the system, this job’s total time in the system consists of the oth-
er job’s remaining service time plus the arriving job’s own service time. Due to the memoryless
property of the exponential distribution. will the remaining service time for the job in the server
be exponentially distributed with mean 1/u.

2

2 2
This means that /> (s|k = 1) = (L) = ( ] )
W+s | +5

Ap
Also. P(an arriving job finds 0 jobs (of those jobs that find 0 or | jobs)) = —9 =
) : Apo+hp,

(d | =—

Ap,

[SSEN )

and P(an arriving job finds | job) = —————— =
Apo+Ap,

, l | 2 I
The theorem of total probability then gives: F*(s) = = - + = ( ) -
‘ yEELE ) = 3 st s
] . . . -1, . : I = 2 —
Inverse Laplace transform of Figts) gives L (F*4(s)) = f?‘(’) = % e+ e
. D
which means that
! !
; c ol 2 —r - 2 -
P(T<y) = J,f,(l')c/1' = J(% el +§-\'u \)(/\' = .. = l-e ’—g e

() ()



7. This is a system where the number of servers depend on the state.

(a) State diagram:

5 5 5 5 5 ) 5

Balance equations:

- |

Spg=10p,=p, = =~
|

S5p;=10p, = p, = 120
|

Spy = 10py=py = gP0
O

1y 1
Spy=20p,=p, = (5—3) 3P

; 1y (I3 .
Sp_1=20p, = p, = (g) : (:J Py k=3

P is as always found with the normalisation condition:

I 1 A RNA RN
Z pp =1 :>/7()+§/7u+__l/)u+z/{:;(g)'(_i) Po=1=p,=..=

k=0

N
h— 3

o

|

(88
(S%]

which means that
Pr =
Py =

1\-3 3
n=(3) 5
(h) Alternative I:

Calculate the average number of jobs in the servers:

==
vV
]

N, = 0-py+1-(p +/73+/)})+2~2” Dy
k=

1o —

= (p, +p:+/73)+2-(l —(/,)“+/)I +pa+py)) = L=

Alternative 2:
The average number of jobs in the servers is always equal to the carried load:

Ny=p.=hy ELX] =%~ =

7\“// = A since the queue is unlimited.



(¢) Little’s theorem determines that the average time in the system for a job is 7'

I'he average number of jobs in the system is calculated as

= o ¥4 53 (3. M &
/\—2/\:1/\/7/—/7 + /h+2:3 (j .46_23+23. /\:z/((
12 24 = Lyt 2 12 24 5
= Eo g | = =% = . =2+ 2=0,
23*23[ /—1/(4) 4} SEREERRTILE
which means rhutT:f/\ *Q~O 16
/\'Lfff A

8. M/M/1-system with so-called batch arrivals.

(a) State diagram:

hpy = Up,

Apy+Ap, = Up,

Balance equations: -
‘ k=2

App _~+hp,_ | = Up,

b) Multiplicate the balance equations above with z

Apogz = Upz

b b p)
Apoz” +Ap iz = Upyz

k k k
Mpp 22 +Ahpp_ 2 = Ups k>2

Summate all equations for k=2

ch /\/w 2: +2 7\/7/_|:/\ = 271)“])/\“/\

W=

Identity P(z)
Start with the right side:

Z,_ 1‘L1/>/1:’,‘ = “ZT_ p,_

A=

—Upy—Up, = WP(z) - Upg

b
A, 1

- Upy



Then the left side:

oc

Z ‘ N 1:/\ - Z/: 2)\/)/\ ) I:/\ = 7»:12

g
A=

k=2 k=

= )\:3/’(:) + Az(P(2) - D)

Derive an expression for /(z) from the equation above. use that ?\pu: = Upz:
2 Hpg
WP(z)=Upy—up; = Az P(2) + hz(P(2) - pg) = ... = P(z) = ————
U—2Az—Az"

Py is found by using the normalisation condition (in Laplace transform): P(1)=1:

“p() 77\
Blly=——==l=spy=1-=—
() H—A—2 Po u
(c) The average number of customers in the system. N = lim (—l]’(:).
- 1dz
P upo(h +2xz)  _ %
“Pzy=...=——m— = N =
dz ( 2 u-2A

(U= Az - W)

Y. Use the M/M/I-model with 2 queueing places and 4 clients.

) ENl=l=u=1p3=1/2.
State diagram:

2 32 I
ONONBONO
1 1 1

(b) First, determine the stationary probability distribution!
The “cut™method gives the following balance equations:

2Py = P
[() }l [)l — 2]7“
3 0 )
5Py =Py = {/71 = Py
Py = Py Py = 3pg
Use the normalisation condition to find py,.
_ | 2 3 3
Result: p, = 6./)] — (3‘/)3 = 5./)3 = (—)
Use the definition of offered load:
S e _(H 3 | 19 v
p,=AE[X]=py=|2p+ 5P +py+ 51)3)» | = T Erlangs.

In the same way, use the definition of carried load:

P.= A E[XI=py = (Z/),, o+ %/71 +!72)' l = g Erlangs.



(¢) P(systemis full) = py =

3

5 | —

|
)\'/v ipf‘
P(a job is blocked)==— = 1 =

3 =0, 16.
2py + épl +pyt+ o0y

3
19

10.We use the M/M/2-model with 1 queueing place and 6 clients.

(a) Let state k = k jobs in the system.

. T : . I
If there are k jobs in the system. the total arrival rate is (6 — k) - z jobs per second.

3 5/2 2
I 2 2
(b) The “cut”-method gives the following balance equations:

Py = 3pg
s 15
2Py = 3 Py = Py = r Py

2py =2py = py=— Py

Use the normalisation condition to determine .

2 6 15 5
Result: p, = 73 Py = 3 Py = 16 och Py, = _IT;
: : 3 45 ,
(c) Average number of blocked jobs per second: A, = 5 P3 = 92 =0, 49
(d) P(the system is full) = p; =0, 33.
3 »
Ay 5 13 45
P(a job is blocked)=r), = SUES — — = —=0,24.
3 9 - 3 189
3pg+5 Pt 205 s
(e) Alternative I:
S o 5 , d 72
Use the definition of carried load: p. = A, - X = | 3py+ 5 - p + Z}JW) = 16 1, 57.
2 - 46

Alternative 2:



I'1.We use the M/M/2-model with | queueing place and 4 clients.

(a)  State diagram:

=
(')
(8

O OBONCO

1 2 2
4ro = p)
The “cut™-method gives the following balance equations: ¢ 3| = 2p5 = p,
12172 = 2py=py =

. . . o . 3 I
Py is determined with the normalisation condition: Z/{ _oPk = | = py=—=,

17

e *E,alld/73=£.

which means that p, = 7 By = T =

(b) The average number of jobs in the queue: 1\71 =0 (po+p;+py)+ 1 py

(¢)  P(the system is full)=p; = 0. 35

Ay L py 3
P(ajob is blocked)=— = = = = —==0,18
: A dpo+3p,+2p, + py 17
. . 28 -
(d) Throughput = Effective arrival rate = )‘m =dpy+3p,+2p, = 7 I, 65

|2.State diagram:

n 2u 3u

(a) Since no jobs are blocked. the carried load = offered load =p
(b) There is no queue. which means that the average waiting time is zero.
(¢) The “cut™-method gives the following balance equations:

Apy = Up,

Ap, = 2Up,

pp = (k+ Dup,,

2

that can be expressed as: p, = (
g I

/\
) : /\l' Py for k=0.

Let L/l = p.

= Opy,

op)

6
17

= A:E[X] = A/



P is determined with the normalisation condition:

oo

- kol -p
Zv “/—7/\-:l:>2 p 'H'Fll:l:)/)u:t' .

k= k=0
k
which means that p, = %@ ?
!

(d)y Alternative 1:
The average number of jobs in the system:

N =
' Z'/\':l

Alternative 2:

oo oo k oo k-1

g — '& 17p — :)—p ___p— = )—p' >p =
/\p/{_z/\.:l/\/\'!é = pe Z/‘:](/\’—l)! pe " -e p

No queue means that N = 1\_"3 = p, = p, = p.(The average number of jobs in the system

is equal to the number of jobs in the servers, which is the same as the carried load that in this
case is equal to the offered load since there is no blocking).

13. M/ M/ eo-system with two jobs in each arrival.

(a) State diagram:

u 2u 31 (k=1 kut (k+1)u

Apg = Up,

Global balance equations: )
Ap, _\&®hpp 5 = kup, k=2

(b) Multiplicate the balance equations with 2 and then summate them:

oo

)LZ/\' = 2Pk~ 'Zk " 7‘21 5Pk - 35k = ZT: ) /\'Hpk:/‘

(¢) Solve each part individually.
Right part:

o k J — k Jd, 5, _ ki
D=2 FUPE = WDy oPie = Mg (P@ =g mpi) = WP =)

First sum in the left part:

) - A = k -
AZ/\':ZP/\*I: - )\:Z/\: Pz = AZ(P(2) = py)

Second sum in the left part:

- k 2 =) h N~ D
)\Z/\':Zp/"’zz = A# Z/{:()p/x: = Az P(z2)



) A A . . ) . )
By using p, = =p,, the following differential equation can be derived: -
) £ Ll/ 0 £ |

P2y = P(2)(] + )
H

(d) Justinsert the proposed solution in the differential equation above....

3

- 2u

(e) Use [’(]):l:[’(l):("u\' =l=C=ce

. o > . d 2)
(f) The average number of jobs in the system: N = lim /—P(:) = —[
z= L@z U

14 M/M/ I-system with 2=1s" and u=2s".
(a) Let Niyy=number of arrived jobs in a time interval [7, T+].

()»f)
k!

k

At I . . e s o . . .
‘e since N(1) is Poissonian distributed (The arrival process is Pois-

P(N(1) = k) =

sonian).
This means that P(at least one job has arrived in interval [20,22])=
PIN(2)=21) = 1-P(N2)=0)=1-¢ ~=0. 865

(b) Since N1 is Poissonian distributed. the time between two arrivals is exponentially distributed
with mean 1/4. The memoryless property of the exponential distribution gives that when look-
ing at the system at time ¢, the time to the next arrival is always exponentially distributed with

mean 1/X. independent of 7,,. Here. 7,=the time instant when the system becomes empty.

(¢) Let.Vi=service time for job i. /=1.2 (., is a random variable).

M/M/1-system means that X, € exp(l/u) = Fy(s) = n i .
X, o

Let Z be the total remaining time in the system for the two jobs. (Z is a random variable).

In this case. Z = X| +.X, since the remaining time for the job in the server at time 10 has the

same distribution as this job’s total service time (due to the memoryless property of the expo-
nential distribution).

,
. L - ; 2, =
This means that /7,(s) = | —— | = f,(t) = U te
‘ W+ Iz ‘

us

P(the two jobs have left the system at time 12| 2 jobs in the system at time 10)=
Bl

P(Z<2) = [ fndi = o= 1-(1+2u)- ¢ = 0,908

8]

I5.The blocking probability in an M/M/c-system without queue can be found in the Erlang tables.

P, = S Erlangs: £ (5)<0.0l = c¢>11.
[0 Erlangs: £ (10) < 0.0l = ¢>18.

Po
p, = 20 Erlangs: £ (20)< 0.0l = ¢ =30

Let Uy be the utilisation per server. All servers are chosen randomly, which means that they are
evenly utilised. Also. the utilisation per server is the same as the carried load per server. In this sys-
. p(1-E(p,))

tem. p. = p, (1 =FE_(p,)). which means that U, = —
, P &



p, = 5 Erlangs: U, = ¥ = 0,45.

p, = 10 Erlangs: U, = 0,55.

p, = 20 Erlangs: U, = = 0,606

20% increase in offered load means that p, .. = 1.2-p ;.

Py = O Erlangs: Py = E;(6)=0,023. U = 0, 53 (for the new system).

Py = 10 Erlangs: P, = Eg(12) = 0,027. U = 0, 65
P,y = 20 Erlangs: Py = E5,(24) = 0, 040. U, = 0,77

16.

=)

M/M/10-system without queue.
The offered load is 5 Erlangs, ie. p, = A - E[X] = AL/l = 5.

Consider the end of the state diagram:

31t ou 10

We know from Erlang’s loss formula that p, = E,4(p,) = E4(5)=0.018385

The “cut”-method gives the following balance equations:

10 S e R
Apg = 10Up = py = 10" ;—lpl() = p—pm =2-E,,(5)=0,03677
L

[

Apg = OUpg = pg = ‘—)9—}79 =0, 066186

[

17.We consider three loss systems:

OO
OO
o e O O

where p; = 3 Erlangsand p, = 6 Erlangs.

(a) The number of servers should be chosen so that P(call blocking) is less than 0.01¢.

The call blocking probability is found with Erlang’s loss formula.

System 1: Ew(p] )< 0,001 = ¢, =10 E,,(3) = 0,00081
System 2: £ (p,) < 0,00l = ¢, 215 E\5(6) = 0,00089
System 3: £ (p3) < 0,001 = ¢;>20 E,,(9) = 0,00062



L . p,"(l “Ecy(p,'))
(b)  Average utilisation per server = Carried load per server = —————— " for system i.

“i

System |: —————— = 0,03

L6 (1=E5(6))

w
<
1%
—
o
=
=
1

n
I

9- (1 —E54,(9))
System 3: h(—zo—“o(—) = 0,45

(¢) P(no more than two servers are idle)=p+p. ;+p,. >

(c=2)u (c—hu clt

From the state diagram the following expression can be derived:

2y = ELD,)
_oeu
pc-—l - },[‘
(c—1u
KDC—I = }v LD»»,[
p, = LU

which means that we can calculate P(no more than two servers are idle) tor the three systems
above. Result:

System [: P(no more than two servers are idle)=0.01161

System 2: P(no more than two servers are idle)=0.008325

System 3: P(no more than two servers are idle)=0.004883

This means that system 3, which has most servers. can be more efficiently used. This phenom-
enon is called “The bigger the better” and applies to all queuing systems. For example, a small
radio cell in a mobile network is less efficient than a larger cell with more radio channels (and
more traffic).

. ) 2 As
187.Let o=k +k; Bz 0 p, = m p, = m
(a) State diagram:
P ). /l,\ . ) ).\ ik P
() |/ {2} %)*‘*k\/%\/ %:?1
SN NN e N N
L =U 3u i nm

The “cut method™ gives the following balance equations
o = kup, A <m

Mpi_ = mup, k>m



which means that p, can be derived as:

AL
By = (L—lJ ‘/T!po ke<in

<)¥‘ )A~m ( }‘1 )/<1)1 ()\’)m | -
| = po=— e =
Pi mu P mu u mi!0

pp 1s tound by using the normalisation condition:

2“’ pp=1=pg= :

- n Y \k B A, \k—m k
k=D Z (é)l+2 ( 'j (&)l
c=o\/) A b= a1 VL /A

(b) The blocked load, p, , is calculated as

) [ A
\q[?k\)'.a = EE

7 B =

Py =2y ELX = (Y Py = psz Py

k k=m k=i

A=m

& A, \A—m 2\ [ m . p k—m m
= i AT . Ly = . L £ o i
psz _ m(mp) (p) P P2Po m! zk - ,,,(/71 ) pzp"'m! (m -P

mn

)

19. This is a special type of loss system. and we can therefore not use the theory of Erlang systems.

(a) The state (i) corresponds to 7 jobs in server .4 and j jobs in server B.
State diagram:

M+

(b) Let: p(0,0) = py p0, 1) = p, p(l1.0) = p, p(L D) = p;
The ~flow-in-tlow-out method™ gives the following balance equations:
(M| + )by = Wp +Up,
(A + A+ )P = hapy+ Ups
(2 + )Py = Aypy + Up;
2Upy = (A +Xa)py + Aapsy

Let: Ay = | A, =2 uw =1

. . - E:
Solve the equations and use the normalisation condition: 2,, _oPr = I

Result: p, = 0, 12963 p; = 0,18519 py = 0,2087 py = 0,4815

The utilisation of server A = P(server A is busy): U, = p, +p; = 0, 6852



(c) Utilisation of server B: Up = p; +p; = 0, 6667
(d) Alternative I:
Carried load is defined as:

p.= }\‘L'f,?.. E[XT=[(A +M)pg+ (A +Xy)p, + haps ] Lll =1, 35186 Erlangs

Alternative 2:
Carried load is the same as the average number of jobs in the servers. which in this case is:
N¢ = U+ Upg=1,35186. since the utilisation of a specific server is the same as the aver-

age number of jobs in that server.

20.In this system the average service time for a job depend on the state of the system.

(a) State diagram:

)\. 7\, )‘»
ONONIONO
)
u 2Cu 3Cu

The “cut method™ gives the following balance equations:
Apy = Up)

1?&/7[ = 2Up,

which means that

A
Py = ﬁﬁu
(AN
Py = ﬁ) 5P
(e
13 - ‘u 6(|[ 0

o is as usual found with the normalisation condition:

|
s AL Y|
M HE

' o Apy N
(b)y Ptacallis blocked)=F, = =7 - = p,=0,2195
9 \ i

(¢) Inthis case it is not easy to use the definition of carried load. since the average service time var-

Pg =

ies. Use instead the fact that the carried load is equal to the average number of jobs in the serv-

ersp. =Ny =0-py+1-p+2-py+3-py=11752

(d) Alternative |: One more processor.



New state diagram:

A 8 A A

O OO ONNO
)
1 2Cu 3Cu 4Cu

Derive new balance equations, and find the new probability distribution.
The blocking probability, P, = p, =0, 1385

Alternative 2: A better memory.

Use ('=0.95 in the calculations in (a) and (b).

The blocking probability, P, = p; =0, 1512.

Conclusion: Alternative | gives the lowest blocking probability.

(a) We have conducted measurements on an M/G/m-system without queue (Erlang system).

72,3
meo = 3600~ > 020

The measurements showed that

82,2
P99 = 3600

=0,023

The offered load is defined as p, = A - E[X] = A

u

The end of the Markov chain for this system is as follows:

A 8

99 100
This means that we can derive the following equation: Apgy = [00Up | - from which we

_ N ) 100p 00
can find the offered load: p, = = = ——— =87
H Pog
(b) Let 7 be the interarrival time between tvi calls (random variable)
. oy . . . : —At
Exponentially distributed interarrival time means that: fT(I) = Ae T,

where 2. = 400 calls/hour. which is about 0.11 calls/second.

Therefore. P(T<t) = Fr(1) = | _L;‘). Il

which means that 2(7°<0,02) =0, 0022.
In average 400 - 0, 0022 = 0, 9 calls/hour are lost.



22.M/M/10 loss system with & = N/2sand E[X] = 15 (Erlang system).
(a) The conditions for Erlang’s loss formula are fulfilled which means that P(call blocked)=£,(p,,)
where p,, is the offered load.

- N . . .
p, = A E[X] = 5 Wwhich means that P(call blocked)=£"(((N/2) < 0. 0]

. . N ,
By using the Erlang tables we find that 7 <4, 4 = N <8, 8 to achieve a low enough block-

ing probability.

Therefore. maximum 8 sources can send jobs to the system.
(b) It N=8 then p,=4.

Carried load=

Pe = hyy ELX] = Ao (1= Eo(p,) - ELX] = p, - (1-Ey(p,) =3, 98

. Po ‘ . -
Carried load per server =— = 0, 4 Erlang, since the load is evenly distributed.

10
(¢) The end of the Markov chain:
4 4 4
8 9 10

P(at least 8 servers busy) = pgtpotp g Also py = £,(4) = 0. 005308

The “cut method™ gives the following equations:

[SORR]

J»’lpg = 10p,g=py=2-pyy=0,01327

[4;)8 =9pg = pg == pg=0,02986

1O

Therefore, P(at least 8 servers busy)=0.0484



