22.M/M/10 loss system with . = N/2sand E[X] = 1 (Erlang system).

(a)

(b)

The conditions for Erlang’s loss formula are fulfilled which means that P(call blocked)=F£,,(p,,)

where p,, is the offered load.

- . N o X .
p, = A E[X] = 5 Wwhich means that P(call blocked)=£ 10(N/2) < 0,01

. R . N : : .
By using the Erlang tables we find that == 4,4 = N <8, 8 toachieve a low enough block-

ing probability.

Therefore. maximum 8 sources can send jobs to the system.
. _

If N=8 then p,=4.

Carried load=

p. = km CE[X] = - (1= Eo(p,) - E[X] = P, (1=E4(p,))=3,98

: Po : . :
Carried load per server =— = 0, 4 Erlang, since the load is evenly distributed.

10
(¢) The end of the Markov chain:
4 4 4
8 9 10

Plat least 8 servers busy) = pgtpo+p . Also Py = £,3(4)=0,005308

The “cut method™ gives the following equations:

Il

[N RRES

dpg = 10p,3= py -P1p=0,01327

Il

2. po=0,02986

9pq = pg = I

4dpg

Therefore, P(at least 8 servers busy)=0.0484
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Solutions for the exercises in Chapter 5
(M/G/1-systems)

The service times in an M/M/1-system are exponentially distributed with mean /i1, This means that

e __ —
the density function for the service times. b(1) = Ue M=o,

i o
. .= AELXT ,
Pollaczek-Khintcin's formula gives N = p + ;—(f—“—} where p = AE[X] = A/1L.
=(l=p
Alternarive 1:
The second moment of the service times. Eﬁ\'J]. N calculated
as:
N =9 s = 5 =3 o2 g 2 )
E[X] = J “h(ndt = J ["le War = [-t7e 'L”]U +'f 2ee Mt = . = =5 2 - E[X]
s 0 0

=

Alternative 2:
An alternative way to calculate the second moment is to use the Laplace tranform of b(1).

B:}:(k\.) - ,u
L+s
i ) 2
E{X7] = lim L pE(s) = ... = lim —“L— = —
s—0ds .s-Au)(“ +S)-’ w
}3 2/ 2 2
For an M/M/1-system this means that: N =p+ booid o p+ P = . = ..
2(1-p) (I=p) [-p
2 I CZ
Pollaczek-Khintcin's formula can be written as: N=p+ prist ] where p = AE[X] and i
P "

is the squared coefficent of variance. As can be seen from the formula, a larger value of C° means a
higher mean number of jobs in the system for a specific arrival rate, if the systems have the same
mean service time.

M/M/1:

E[X]=1, (’=1 (see, Exercise 3 in Chapter 7)

M/D/1:

E[X]=1. The variance is zero for a deterministic service time. which means that

oL = IRy

E[X7]

M/E,/1:

2 . S ; 2 |
E[X]=1. (- can be found by using Exercise 3 in Chapter 7: G =E=

-

M/H,/1:
The mean service time can be found by using the formula on page 82. Result: £/Y/=1.
There. you can also find the formula for ¢ < Either calculate it explicitly. or just conclude that >l
Result:
The curves belong to the following systems (from lowest to highest curve): MDA MEY T MM



3. Of course, it must be assumed that the system can be modelled as an M/G/1-system.

o . N MELY]
Combination of PK-formula and Little's theorem gives: 7' = E|.X] + At |

2(l-p)
where p = AE[X].

o) 2
(@) Exponential distribution: £[X7] = = = 2. (L_ll) = I8 (see, Exercise |)
e
0.1-18
This means that 7' = 3 + —————— = 4.3 seconds.
2(1-0.1-3) o

(b) Deterministic distribution: I'[X] = 0= E[X" |- E[X] = 0= E[X | = E[X] = 9.
This means that 7' = 3 + 9,1 3 3.6 seconds
s means thi =3+ —————=3.0 seconds.
2(1-0.1-3)
(¢) Density function for the service time:
b(1) = 0.25-8(1=1)+0.5-8(r-3)+0.25-8(1—5). where 8(¢) is the Dirac func-
tion.
This means that the Laplace transform for the service time is:
; & - -3s -5s
Bi(s) =025 ¢ 405 ¢ 4025 ¢

E[X] = —lim ([_’B*(m =025 1405-34025-5 = 3 seconds.
s—=0dsS

ELX] = limZB%(s) = lim(0.25- ¢ +4.5 ¢ +6.25 ¢ = (1.

s—ods s=0
which means that 7= 3 + L“ﬁ = 3.8 seconds.
2(1-0.1-3)
2
. i SR s . ; AE[XT] 5 .
4. Combination of PK-formula and Little’s theorem give: I = ')(I_p) where p = AE[X].

<2

)
(@) Exponential distribution: £[X7] = 2 - E[X]" (see, Exercise 1),

2

A2 E[X] _ p - E[X]
2(1-p) l-p °

which means that " =

(b) Deterministic distribution: E[,\’ZJ = E[,\]2 (see. Exercise 3),
Lo ELXT 1 p-ELY]
2(l-p) 2 1-p °

(¢) The average waiting time in the M/M/1-system is twice the average waiting time in the M/D/1-
system.

which means that 1" =



5. In this exercise. we have to assume that packets arrive according to a Poisson process with mean
1500 packets per minute, which is equal to 25 packets per second. Then, if we assume that the queue
is infinite, we can model the system as an M/G/1-system. The capactity of the server is 50kbit/sec.
The variables that are searched for are N, Ny, T'.

(a) If the packets have an exponentially distributed length with mean 1000 bits. the service time for
a packet will also be exponentially distributed with mean E[X] = :I—O@ = 0.02 seconds.
50000
This means that we have an M/M/1-system, with A=25 and E/X/=0.02.
Let p = AE[X] = 0.5,
This means that:

He s = |
l=p
N O — N_N — E _
Aq__N—N‘_l_p—p-Oﬁ
N N
Use Little’s theorem: 7" = £ = Al = 0.04 seconds
)“v// A

(b) In this case. 10% of the packets are 100 bits and 90% of the packets are 1500 bits.
This means that the denstity function for the service time is

100 1500
bir) = 0.1-8¢1— 9. 8l
o) = Ul 6(’ 50000)+09 6(’ 50000

) = 0.18(r-0.002) + 0.96(r - 0.03)

where 0(f) is the Dirac function.

. . ~0.002s ~0.03s
The Laplace transtorm for b(t) is B*(s) = 0.le " +0.9 "

This means that:

E[X] = =lim i’B*(.\‘) =0.1-0.002+0.9-0.03 = 0.0272 seconds
s 0ds

") 12 % o4

E[X] = lim C_B*(.s‘) =0.1-(0.002)"+0.9-(0.03)" =8.1 - 10
s—>0ds

Letp = AE[X] = 0.68.

Use the PK-formula:

4

N::p+&£EL]:.”:LU
2(1-p)
N, = p = 0.68
N, = N-N; = 0.79
Use Little’s theorem: 7" = ; = )— =(.059 seconds
v 9



6. We have an M/G/1-system with A=10 calls per hour, which is equal to 1/6 calls per minute.
Before course:
M/NM/1-system with £/X/=5 minutes.
Letp = AE[X] = 5/6

/

\‘r

P _5

I=p

In the following calculations we will also need the variance of the service time for an M/M/1-sys-
P 5 ) g ]
tem: I'[X] = E[X7] - E[X] = E[X] (see. Exercise 1)

For this system this means that: J'X] = 25

Standard deviation: ¢ = JI[X] = 5
After course:

Mean service time has increased 10%: E[X] = 1.1 -5 = 5.5 minutes

Standard deviation has improved (decreased) 20%: ¢ = 0.8 -5 = 4
which means that

FX] = 6 = 16

ELXT] = V[X]+E[X] = 46.25
Let p = LE[Y] = 0.9167
‘ = A ELX
PK-formula: N = p+=——"— = . =862
P

This means that the general performance of the system has decreased (is worse than before).

Foran M/G/1-system. the generating function for the stationary probability distribution is given by

/')( ) = B:::(A(I —Z))(I":/)(

| — ; . . .
p) where B*(A(1 —z)) is the Laplace transform of the serv-

B*(A(l =z)) -z

ice time distribution, B*(s) . evaluated in s=X\(/-z) and p = AE[X].
(a) M/M/|-system:

b e o S - .
The density function for the service time is given by b(f) = Le M Where E[X] = 1/n.

Therefore, the Laplace transform is given by B*(s) = “tl_ . and evaluated in s=A(/-z) this
S
o A L

gives B*(A(l —z2)) = ————

gives 57(M ) W+ A(l=2)
il —z)(1-p)

Therefore. P’(z) = et Al =2) = Hl —2)(1-p) — wl=p) _ =P

1 . (=) =Xkz(1-2) U—Az | —p:z
W+ Ar(l—-z) ~
(b) M/D/I-system:
The density function for the service time is given by h(1) = 8(/ —a) where ¢ = ElX].
which means that B%(s) = ¢ = B*(A(1 —=z)) = ¢ M =7

]7(I)\(|

= . [ —2)(1 - l—2)(1 - | —z)(1 -
Therefore, P(z) = ¢ ﬂ])\‘(li_))( p) - ( )U()\“ﬁ)) e )E)(!—P))'
e = -z | —ze ) | —ze )




8. For an M/G/1-system, the Laplace transform for the waiting time in the queue is given by

W=(s) = (—RL . where B%(s) is the Laplace transform of the service time distribution
s—h+ 7»8":(.\')

and p = AE[X].
(a) M/M/l-system with E[X] = 1/LL:

B#(s) = H (see, Exercise 7)
U+

W (s) = (I =p)s = (B+s)(1-p)s = (s+(l=p) which can be fur-
RO N CE S (TR T stu—n
ST M
-2

ther derived to 1 (s) = (1 =p)+p- T e
_ |

An explanation to this expression is that with probability 1-p. the waiting time becomes zero
since the job arrives at an empty system. With probability p. the waiting time is exponentially

distributed with mean

1
u—Ar
(b) M/D/l-system with £[X] = «:

18

Bi(s) = e "

pre(sy = L= U=p)s

s—h+dhe ™ s=Al=-e¢")

(see. Exercise 7)

9. M/E/I-system

(a) In this system, the Laplace transform for the service time distribution is given by

wr+s

B*(s) = ( 4 ) (see, page 85).

e s ——

(l-p)s  _ (L-p)s

s— M+ ABE(s) ¢_1+7( wr )
) i+

which means that /*(s) =

(b) Let =5, 2=0.8s". and pu=1s".
Alternative 1: Calculate IV from 1#(s)

Start with the general formula for 117#¢s). Multiplicate both sides with s — h+ AB¥(s):

W(s) - (s —h+ AB(s)) = (1 —p)s

Derivate both sides once:

i”"*(‘\') (s =+ ABE(s)) + 5 (s) - (1 + )\ib’*(x)j =(l-p)
ds ds
and again:

5

A sy - (s — b+ MBF(s)) + 2 -‘/_/H*(x)(l + xig*(s))ﬁL sy - A BE(s) = 0

ds ds ds ds



Lets =0 (lim B*(s) = 1, lim I™(s) = |, lim[_/”'*(‘s') = —II"etc..):

5= 0 s—0 s—0ds

0= 21(1 = LE[X]) + AE[X*] = 0

which means that 17" = #ff[{\'l) .
For the E,-distribution with mean 1/, E[I\QJ = Lj + — (see. Exercise 3 in Chapter 7).
W orus
WL ‘,)
which means that 1§ = —H— TH 7 _ pEIX](r+ l). where p = AE[X] = A/u.
2(1 =A/n) 2r(l-p)
In this specific system 1" = #—88) = 2.4 seconds.
Alternative 2: Use the PK-formula and Little's theorem
= VEX ,
N, = 2(1;5_[_[): where p = AE[X] = A/
N, N LELN
JWw=—4 =4 = m which is the same formula as above...
)\,C” A 2( I - p)

10.There can only be O or 1 jobs in the system. which means that the server will have busy and idle pe-

riods as shown in the figure below:

busy idle

The length of a busy period is the service time for the Jjob currently beeing processed. An idle period
starts when a job departs from the system and it ends when the next job arrives at the system.

The distribution of the busy period lengths is the service time distribution. b(t), with mean E/.\].
Due to the Poisson process, an idle period is exponentially distributed with mean 1/A.

L/
EXT+ /)

This means that the probability that the system is empty. p, = .since it is the average

fraction of time when the system is empty.
The probability that there is one job in the system is derived in the same way:
E[X]

= | gy = =kl
i Po = BIxT+ 1/n

-This is an M/G/1-system since the merging of two Poisson processes gives a new Poisson process.

Both job streams have exponentially distributed service times.
Stream A: Ay=1 571 ELY /= 1/1,=0.7 seconds.
Stream B: Ap=0.007 s E[Xp/=1/1=30 seconds.

(@) The waiting time distribution will be the same for both types of jobs.
The service time distribution for a random job is given by

~

; }&;1 b (D) /‘[} ;
b(t) = ———b () + —————h (1
(1) hy+ )\,/5 b )LJ o 7\,), b( /

which means that the Laplace transform for the service time is



A A
A B‘f‘(s)+}\——3 Byt(s)

Ayt hp 4T

Since both service time distributions are exponential:

B*(s) =

I e

5 =B “B

B #(s) = Byi(s) = ——
’ Hp+s Wp+s

: . . . e I —p)s
I'herefore, the Laplace transform for the waiting time 1s =(s) = ( )J. where
§ =M+ ABE(s)

, . oy
A=Ay +hg. p = AELX],and E[X] = 7 E[X,)+ 57—
’ . 7\_,{ * 7\‘3

B Xl -
7\»1 + 7”‘) [ B]

(b) The time in the system for a job is the waiting time plus the service time. This means that the

Laplace transform for the time in the system for a type B job is givenby
SpF(s) = WE(s) - Bp*(s)

(¢) The average time in the system for a type B job. Ty = 11"+ E[Xg] where J7"is average wait-

ing time in the queue.

Also, I = Tl)\—Ek\T]X]) (see, Exercise 9).
hete ELX Mg e
whae BLX ] = hyt+Ag X +}‘-1+7‘3 X1
For this system:
; | 0.007
E[Y] = ——— 0.7+ —————"-30 = 0.9037 seconds
[\] I +0.007 0.7 + 1 +0.007 0 90 seconds
E[Ai] =2 E[XA]z = (.98 (see. Exercise 1)
E[X3] =2 E[X,]" = 1800
2 | 0.007 5
E[X|= ——— 098+ ———— - 1800 = 13.49 s~
= 0007 140,007 °
2
W = AELX ] = 1.007 - 13.49 = 75.44 seconds

T2(1=AE[XD)  2(1-091)
and 7'y = 30 +75.44 = 105.44 seconds

12 This is an M/G/1-system since the merging of two Poisson processes gives a new Poisson process.

Type | signals: ;=20 s E[X,;]=27 milliseconds = 0.027 seconds.

Type 2 signals: hy=2 s E[X5]=150 milliseconds = 0.150 seconds.

(a) The interarrival times are exponentially distributed with mean /(A +4,) seconds. which means

s ; ; . . . . —(hy + 2ot
that the density function for the arrival times is given by a(/) = () + 7\3 e o



(b) The service times for a specific signal type are deterministic.
- 2 s o . )"i : -y P
The probability that a job is of type i is T This means that the density function for a
Y \y

)\/ }\,w
random job is h(1) = ﬁ&(r —0.027) + WS(I -0.150).
A A, )
(¢) The mean service time for a random job is £[X] = =l X ] ¥+ ——— B[] .
}L|+?\,l )x[+)\,2 -

The utilisation Uis given by

1 AT A >
U] = )yt,ﬂb[l\] = (7\1 + )\z)l:mf_‘,[z\, | + mEL\:JJ

= MELX, ]+ ME[X,] = 0.84

(d) The waiting time distribution will be the same for both types of jobs.

AE[X]
2(1 = hE[X])

PK-formula plus Little’s theorem gives JI7 = (see. Exercise 9).

2 7\, Al ) 5
where £[\7] = A,TIAZE[‘W * g EL) e Bxercise 5.
Since the service times are deterministic. E[X,-:] = EL»\']Z (see. Exercise 3). which means
5 2. 5
that £[X7] = 0.0027 and IV = 2_(—15)“(?%17; = 0.186 seconds.

(e) Little’s theorem: Ny = &~V = AJ'=22-0.186 = 4.1

(f) P(a job must wait in queue)=P(system not empty)=1-p,=AE[.X] = 0.84 .

(g) A job that arrives when the system is empty will not wait in queue. This means that:

W= p, 0+(l =PI, i Where IV
Therefore, W\.-un = ] " = (.22 seconds.
— Py

wair 18 the waiting time for those jobs that must wait.

I3. The system is shown in the figure below

- o
*‘_>
— /-0
E[X]
(a) Assume that a job is served 17 times.
. L . . s : . n—1
The probability that a job is served 1 times is given by P(n) = o (I —w) nz1.

Assume that x; is the i:th service time. All x; have the same density function. with Laplace

transform B*(s) .

Let .y, be the total service time for a job, x, = Z ;.



(b)

The Laplace transform for the density function for x,,,, given that the job is served n times, is

o n - . - %
therefore given by B *(s = [B*(s)] (use the formulas for sums of random variables

in Chapter 7).
Use the theorem of total probability to remove the condition on n:

oo oo

‘ ' . n n—1
B¥g(s) = B, F(s|mP(n) = B(s)l o (1 -0)
W = 3 BFGIP = 3 1B (
KL o - I %t n-1 = (¢ —l—‘
= B¥(s)(I 4(1)2”:1[0.13 ()] = B¥s)(l-o) | — 0B*(s)

Mean service time:

Let X,,, be the mean total service time for a job. ¥, , =

hm/—[B syt )

s—0¢
Use the equation above, multplicate both sides with 1 —0.B*(s):
B s(s)(1 —aB*(s)) = B*(s)(1 -0)
Derivate both sides:
d

e Fas(s) - (I —aB*(s)) —oB u&W—J?U)—(lfU) B(W
Lets = 0 (B*(0) = 1.B%,,(0) =

X, (l—o)+0% = =(1 —0)¥

Derive an expression for x, X, == al

tot " 1ol | —
Variance of service time:

=
Let \m/ be the second moment of the total service time, and X~ be the second moment of one
service time.
Derivate both sides of the equation above once more:
/* 1 I I”
d . : ( d pe a
—)B‘,\'_\"\‘(‘S) ’ (l - OB ( )) - 7OTB “\(b)-[—B (S) + OB ?\\(\)—B ( )
ds” 4 ds”
(/y
(I —0o)—B*(s)
(/S
Lets =0
2 - 2 2
v, (1 =0)-20%,,Y+0x = (l-0o)x
- i = X 2 [ 2. 200 a2
Derive an expression for x, - (use that Xt = — Xy = [ a(.\ + - (‘/.('\) )
The variance of Niop VX o] is given by
T2 | (2, 20 ,..2 vV
0 = 5= ) = (e 2 @)= (75 ) =
l o)

:4jafuﬁ+aﬁmy

where I'/X7 is the variance of a single service time.



I4.Groups arrive according to a Poisson process with mean . Each group contain 7 jobs with probabil-
ity g;.

(a) Consider a time interval [0, (].

. . s " w4 ~Al
Assume that n aroups arrive (]Lll'll]g the interval. P(n groups ill'l‘l\'@):( ') e .n=0.
.

Let m; be the number of jobs that arrive in group . P(m/ =1) = g;. The generating function

: . - i Gt g

form;is G(z) = E g;z - Allm; have the same probability distribution.
: s | j

Let.\"be the number of johs that arrive during interval [0.7].

Xis the sum of all n; (if n=0. then X=0). Therefore. \" = Zm/.
:

This means that the generating function for .\, conditioned on groups is given by
Py(z|n) = [G(2)]"
The theorem of total probability is used to remove the condition on -
= - 3 uxdl o Gz n
Bz} = Z P(z|n) P(n) = > [(}(:)]11%07/\/ = cf)‘/Z (Rdlal) ”[(’("))
n=>0 n=0 n n=0 n.

—ht )\/(.f(.')
> e —

=Ml =G(=))
= g e

(b)  Now we must condition on ¢ as well.
Let T'be the length of a service time.
Let v be the number of jobs that arrive during a service time.

The density function for 7" is h(1). with Laplace transform B#(s).
. -h(1-G(z2))

This means that P (z|T=1t) = ¢ ¢ &

Use the theorem of total probability to remove the condition on 7:

P(z) = j P.(z|T = O)b(1)dl = j MG Ly
‘ 0o 0

This is the same as the Laplace transform for (1) evaluated in s=( 1-G(z)),

thatis P (z) = B¥*(A-AG(z2))



