
ENUMERATIVE COMBINATORICS (SF2741), 2016
PROBLEM SET 3

The problems are due January 13 (by email or in my mailbox at KTH). You may discuss the
problems with other students in the class, but with no one else. You may not copy solutions you
have found elsewhere. If you discuss with other student(s) in the class you should mention the
name(s) for each problem. Each and every one should write down your own solution in your own
words. Maximal credit will be given only to complete and clear solutions. Problems 1–5 give 4
points each, and 6–7 give 6 points each.

(1) Problem 3.62 c), d), e) of the book. Hint: See p. 27–28 of the book.
(2) Problem 3.89 of the book.
(3) Problem 3.114 b) of the book.
(4) Let λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0 be an integer partition. Consider the arrangement Aλ in Rn

defined by

xi = xj , for all 1 ≤ i < j ≤ n,
x1 = j1, for all integers 0 ≤ j1 ≤ λ1,
x2 = j2, for all integers 0 ≤ j2 ≤ λ2,

...

xn = jn, for all integers 0 ≤ j2 ≤ λn.

Find a simple formula for the characteristic polynomial χAλ(t).
Note that there are

(
n
2

)
+ λ1 + λ2 + · · ·+ λn + n hyperplanes in Aλ.

(5) Let m and n be positive integers. Consider the labeled poset Pm,n on [m+n] with relations
m ≺ m+ 1 ≺ · · · ≺ m+n and m ≺ m− 1 ≺ · · · ≺ 2 ≺ 1. Determine the order polynomial
ΩPm,n(x).

(6) Consider the Ferrers board Bn = {(i, j) : 1 ≤ i ≤ n, 1 ≤ j ≤ 2i} (see Ch. 2.4 of the book).
(a). Determine the number of ways of placing out n non-attacking rooks on Bn.
(b). Determine the number of ways of placing out n non-attacking rooks on Bn so that the

rooks are in increasing order, i.e., if (i1, j1) and (i2, j2), where i1 < i2, are occupied
by rooks, then j1 < j2.

(c). (harder) Determine the number, An,k, of ways of placing out n non-attacking rooks
on Bn so that exactly k of the rooks are at positions with odd y-coordinate (j-
coordinate).

(7) Let P be a finite naturally labelled poset.
(a). In this problem we consider a labeled poset to be a poset with ground set a subset

of the set of positive integers (not just [p] as in the notes). Prove that if x and y are
independent variables, then

ΩP (x+ y) =
∑

I∈J(P )

ΩI(x)ΩP\I(y),

(We define Ω∅(x) := 1). Here I and P \ I are the induced labeled sub-posets with
ground sets I and P \ I. Hint: It suffices to prove it for positive integers x, y, since
both sides of the equation are polynomials.

(b). For x ∈ C, let ξx the element of the incidence algebra I(J(P ),C) defined by ξx(I, J) =
ΩJ\I(x), and note that ξ0 = δ and ξ1 = ζ. Prove ξxξy = ξx+y for all x, y ∈ C.

(c). Deduce that the Möbius function of J(P ) is

µ(I, J) = ξ−1(I, J) = ΩJ\I(−1) =

{
(−1)|J\I| if J \ I is an antichain,

0 otherwise.

Hint: Use reciprocity to evaluate ΩJ\I(−1).
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(d). Prove the recursion

ΩP (x) =
∑

S⊆M(P )

(−1)|S|ΩP\S(x+ 1),

where M(P ) is the set of minimal elements of P .


