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Introduction

The atomic nucleus is a quantum man-body object composed of A nucleons (mass number): Z protons
(atomic number) and N neutrons. An atomic species with the specified numbers A and Z is also often
called a nuclide [1]. One denotes by 4 Xy the nucleus X with the total number of nucleons A = N + Z
(although the simpler notation 4 X is often used). Such a system is stable only for certain combinations
of numbers Z and N. Presently, around 300 stable nuclides are known. Systems different from stable
configurations undergo spontaneous radioactive decays until the stability is reached. A nucleus of such an
unstable nuclide is considered as a well defined object if its half-life is much longer than 1072! s which is
a characteristic timescale for processes governed by strong interaction. These nuclides are bound by the
nuclear force and/or by Coulomb and centrifugal barriers. The number of unstable nuclides synthesized
in laboratories is constantly growing, and up to now more than 3000 were identified.
Nomenclature

e Nuclide: A specific nuclear species, with a given proton number Z and neutron number N
e Nucleon: Neutron or proton

e Isotopes: Nuclides of same Z and different N

e Isotones: Nuclides of same N and different Z

e Isobars: Nuclides of same mass number A (A =Z + N)

e Isomer: Nuclide in an excited state with a measurable half-life

e Mesons: Unstable particles composed of one quark and one antiquark. Some light mesons are the
associated quantum-field particles that transmit the nuclear force.

A brief history of nuclear (structure) physics:

e 1896: Discovery of radioactivity (Becquerel)

e 1911: Discovery of the nucleus (Rutherford)

e 1932: Discovery of the neutron (Chadwick)

o 1935: Bethe-Weiszaker mass formula

e 1939: Discovery of (neutron-induced) fission

e 1949: Shell model (Goeppert-Mayer, Jensen)

e 1951: Collective model (Bohr, Mottelson, Rainwater)

e 1957: Nuclear superfluidity (Bohr, Mottelson)

e Since then: Nuclear forces, many-body methods (HF, HFB, RPA, GCM, Green function, etc).

It is very difficult to treat the nuclear many-body system. On the one hand, the nucleon-nucleon
interaction provided by fundamental theories, as Quantum Chromo Dynamics (QCD), is extremely dif-
ficult to apply. On the other hand the many-body problem itself is very difficult since the number of
particles is large, but not large enough to be able to be treated in statistical terms, as it happens with
other many-body systems like e. g. condensed matter. Therefore the main tasks in nuclear structure
studies is first to find effective forces that explain the available experimental data and then to be able
to perform this task within a manageable theoretical framework. In this course we will present the most
important solutions that have been found to perform those tasks.

Effective forces are introduced to explain in a treatable fashion nuclear properties. Thus, it is known
that all nuclei with N even and Z even (even-even nuclei) have in the ground state spin and parity 0%.
This indicates that nucleons of the same kind are arranged in pairs. The nucleons in each pair are coupled
with the corresponding spins pointing in opposite directions, such that the pair is coupled to zero angular
momentum. The force inducing this pairing of nucleons is called ”pairing force”.
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The nucleus is an isolated system with a well defined total angular momentum. It is common practice
to represent this total angular momentum of a nucleus by the symbol I (or J) and to call it nuclear spin.
Associated with each nuclear spin is a nuclear magnetic moment which produces magnetic interactions
with its environment. It should be noted that for electrons in atoms we make a clear distinction between
electron spin and electron orbital angular momentum and then combine them to give the total angular
momentum.

I 1T~ T * T 7 ' L I L
3; = AME2012] |
',,' -_F l-'ﬁ.". -_'
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|
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| ]

=
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|
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Figure 1: Experimental values of nuclear binding energies per nucleon (in MeV) for all known nuclei from
Ref. [2]. The three cases with binding energies per nucleon less than 2 MeV correspond to *H (1.720
MeV), 1Li (1.154 MeV) and 2H (1.112MeV). In comparison, ‘He is bound by as much as 7.074 MeV.

The atomic mass M, the nuclear mass M, and the electron mass Mel are related by
Mat = Mnu+ZMel _Bel/c2 (1)

where 7 is the number of electrons (and therefore of protons in a non-ionized atom) and B, is the
binding energies of the electrons (notice that Be; is subtracted). It is therefore straightforward, by using
the above relation, to obtain the nuclear mass from the atomic mass. Usually what is given not the
measured atomic masses but what is called the "mass excess”, which is defined by

AM = My — A-amu (2)

where A = N + Z is the atomic number and M, is the atomic mass unit, which is defined as one-twelfth
of the mass of a neutral 12C atom.

The convenient unit for measuring the nuclear mass is called the atomic mass unit or for short amu.
The mass of a >C atom (including all six electrons) is defined as 12 amu. We have

Lamu = 1.6605402(10) x 10™2"kg = 931.49432(28) MeV/c?. (3)

The total binding energy B(N, Z) is defined as the total minimum work that an external agent must
do to disintegrate the whole nucleus completely. By doing so the nucleus would no longer be existent but
disintegrated into separated nucleons. This can also be considered as the total amount of energy released
when nucleons, with zero kinetic energy initially, come close enough together to form a stable nucleus.
The B(N, Z) is the binding energy of the nuclide related to its mass M (N, Z) as

M(N,Z) = Z My + Nm, — B(N, Z), (4)

where My and m,, are masses of the hydrogen atom and the neutron, respectively.
Another important nuclear quantity is the binding energy per nucleon, which for some nucleon num-
bers N and Z is larger than the average. These numbers are called "magic numbers”. They include
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Figure 2: Stability of nuclides as a function of N and Z from Ref. [1].

the numbers 2, 8, 20, 28, 50, 82 and 126. A nucleus having magic N and Z, like e. g. {°Og (Oxygen
16), 35Cass (Calcium 48) and 298 Pbyag (Lead 208) are very bound. It was found that a nucleon moving
outside the nuclear field induced by a double magic nucleus does not influence appreciably the motion of
the nucleons inside the nucleus. The double magic nucleus is as a ”frozen core”. The field induced by the
core acts as a whole upon the odd nucleon moving outside the even-even core. In other words, the low-
lying excitations of even-odd or odd-even nuclei outside a magic core can be considered as single-particle
excitations.
The proton- and the neutron separation energy of a nuclide with numbers N and Z are given by

$,(N,Z) = B(N,Z) - B(N,Z — 1) (5)

Sn(N,Z)=B(N,Z)— B(N —1,7). (6)

When we move along the line of isotopes with the given atomic number Z, starting from stability
towards neutron-deficient nuclides, the proton separation energy .S), decreases and at certain location it
becomes negative. The proton drip-line is defined as the border between the last proton-bound isotope
and the first one with the negative value of the S,. In the fully analogous way, the neutron drip-line for
a given neutron number N is defined as a border between the last neutron bound isotone, when counting
from stability, and the first one for which the neutron separation energy .S,, is negative. The drip lines as

defined above are very useful in identifying and discussing limits of stability. The two-nucleon separation
energies are given as

Sop(N,Z) = B(N,Z)— B(N,Z — 2) (7)
Son(N,Z) = B(N,Z) — B(N —2,7). (8)

The separation energy of an « particle is given as
Sa(N,Z)=B(N,Z)— B(N —-2,Z —2)— B(2,2). (9)

Most heavy nuclei with masses A > 150 are unstable against o emission with negative S, (or positive
Qo). The Q, for o decay is given as

Qu(N,Z)=B(N —2,Z —2) + B(2,2) — B(N, Z). (10)
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Chapter 1

Basic Quantum Mechanics concepts

Hermitian operators. Physical meaning of the eigenvectors and eigenvalues of Hermitian operators. Rep-
resentations and their use. Unitary Operator: symmetries and conservation laws. Sum of angular mo-
menta. 3§, 65 and 95 symbols.

1.1 The Hilbert space

In Quantum Mechanics the states are represented by vectors in an abstract space called Hilbert space.
Thus, a state « is a vector which, in Dirac notation, is written as |«). As we will see below, this vector can
be associated either to a function ¥, (), which is regular and square integrable, or to a one-dimensional
matrix (spinor). In the first case the metric of the space is defined by the scalar product in the region V'
of the three-dimensional (physical) space where the functions are square integrable. Usually V' includes
the whole space. Thus, the scalar product between the vectors |a) and |8) is defined by

(Blo) = | a7 w3 ¥a () (1)

For the case of an N-dimensional spinor the vector « is associated to the one-dimensional matrix given
by

ai
(65
(1.2)
an
and the scalar product between the vectors o and g is given by
a1
(%) N
Blay= (61, B3 »  » By)| | =D B (1.3)
i=1
an

The vector («| is called "bra” and |a) is called "ket”. The scalar product («|3) is called "bracket”.

One sees from the definition of the scalar product that it is («|8) = (8|a)*. Therefore the norm N,
of a vector |a), i. e. N, = y/{a|a) is a real number. In Quantum Mechanics N2 is the probability of
measuring the system in the state . Since the system exists, this probability should be N2 = 1. Notice
that we assume that the system is stationary, that is all processes are time-independent. Therefore if the
system is in the state «, it will remain there for ever. Below we will describe this system in terms of a
set of vectors |n). The probability of measuring the system in the state |n) is |(a|n)|*.

1.2 Eigenvalues and eigenvectors of matrices

The word ”eigenvector” almost always means a ”’right column” vector that must be placed to the ”right”
of the matrix A. The eigenvalue equation for a matrix A is

Av— v =0 (1.4)
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which is equivalent to
(A= Xv=0. (1.5)

There may be also single-"row” vectors that are unchanged when they occur on the "left” side of a
product with a square matrix A,

uA = Au. (1.6)
The left eigenvectors of A, are transposes of the right eigenvectors of the transposed matrix A7,
ATyt = M7 (1.7)
In matrix form we can write,
A171 ALQ e Al,n U1 U1
As1 Ass ... Azn Vg U2
) = (1.8)
An,l An,2 e An,n Un Un
where for each element we have,
n
w; = Ailvl + Aigvg + -+ Ainvn = ZAijUj = )\Ui- (19)
j=1
The inverse of a matrix is given as
AAT = ATTA=1T, (1.10)

where [ is the identity matrix. For a simple 2 x 2 matrix we have

1 A —A
ATl = 2 b2 1.11
AnAzs — AjoAs, (—A2,1 Ais (1.11)

The determinant of a 2 x 2 matrix A is given as
det(A) == A11A2’2 - A1,2A2’1. (112)
The trace pf a n X n matix is given as

tr(A) = Ai. (1.13)

For a 2 x 2 matrix the eigenvalues are found to be

tr(A) £ /tr?(A) — 4det(A)
= 5 .

A (1.14)

For the eigen vectors we have

vi Az A=A

= = 1.15
V2 A— A Az ( )

1.3 Hermitian operators

An operator A acting upon a vector |a) in the Hilbert space converts this vector into another one |3).
It is important to point out that the Hilbert space we consider is closed, that is all vectors belong to the
space. In the applications that we will encounter in the course of these lectures only small subspaces of
the total Hilbert space (which usually has infinite dimension) will be chosen. In such a case the operator
A may bring |a) to a vector |3) lying outside the subspace. But we will not treat such situations here.
In other words, the systems we will treat are always closed.

The operator A is called Hermitian if

At=4 Hermitian (1.16)
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The eigenvalues a and eigenvectors |a) of the operator A satisfy the equation

Ala) = ala) (1.17)
and for the adjoint operator Af it is, R
(AT = a*(a] (1.18)
If the operator A is Hermitian one has
(BlAla) = (B|AT|a) (1.19)

If, in addition, |a) and |3) are eigenvectors of A, then one gets

a(Bla) = b"(Bla) (1.20)
Which implies that
a) #[B);  (Ble)y =0
{ la) = |B); a real (1.21)

That is, the eigenvectors of a Hermitian operator form an orthogonal set and the corresponding eigenvalues
are real. These two properties play a fundamental role in Quantum Mechanics, as we repeatedly will see in
the course of these lectures. In quantum mechanics, the expectati on value of any physical quantity must
be be real and therefore an operator that corresponds to a physical observable must also be Hermitian.

Physical meaning of the eigenvectors and eigenvalues of Hermitian operators

The most important property of Hermitian operators in Quantum Mechanics is that their eigenvalues are
real. This property has allowed one to interpret these operators as the devices used to measure physical
quantities. One postulates that the Hermitian operator represents the apparatus used to measure a
physical quantity and the corresponding eigenvalues are all the possible values that one can obtain from
the measurement. In other words, only those values are allowed and nothing else. This is a radical
departure from Classical Mechanics, where one can give any value one wishes to all physical quantities
(for instance the energy).

The eigenvectors of Hermitian operators are the corresponding wave functions that allow one to
evaluate all probabilities, in particular transition probabilities. Besides, they play a fundamental role in
Quantum Mechanics. Thus, normalizing the eigenvectors in Eq. (1.20) as (a|a) = 1 and from Eq. (1.21)
one finds that they satisfy

(@) = bas (1.22)

which means that they form an orthonormal set of vectors in the Hilbert space. They can be used as
a basis to describe any vector belonging to the space. In a more rigorous statement one can say that
the eigenvectors of an Hermitian operator span the Hilbert space on which the operator acts. To see the
great importance of this property, assume a Hilbert space of dimension N and a Hermitian operator A
acting on this space such that,

Alow) = aglas), i=1,2,---,N (1.23)

Any vector |v) in the space spanned by the basis {|a)} can be written as

N
lv) = Zci|ozi> (1.24)
i=1
From Eq. (1.22) one obtains
ci = (i |v) (1.25)

The numbers («;|v) are called ”amplitudes”. If the vector |v) represents a physical (quantum) state, then
the amplitudes have to obey the normality relation given by,

N

N
(v]v) :ZCZ Vo) —Z<U|az v|ey) = Z‘ |O‘z = (1.26)
=1

i=1 1=1

2
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From Eq. (1.25) the vector |v) can be written as,

N
[v) :Z v)ai) = Zlaz (ailv) (1.27)

which shows that

N ~
>l =1 (1.28)

This is the projector into the space spanned by the set {|a>} We will use the projector often in these
lectures.

Representations and their use

One of the most important problems in theoretical nuclear physics is to evaluate the eigenvectors and
eigenvalues of a given operator B. That is, to find the vectors § and numbers b defined by

B|) = b|B) (1.29)

This is called the ”Eigenvalue problem”. To evaluate the eigenvectors and eigenvalues one first chooses
a basis, that is a set of orthonormal vectors {|a>} which are usually provided by the diagonalization of a
Hermitian operator. This basis is also called ”Representation”, for reason which will become clear below.
If the number of vectors forming the orthonormal set {|a)}, i. e. the dimension of the basis, is N one
has, applying Eq. (1.28)

B|B) =b|8) = B

Sy
.MZ

—

N
(el 8) = D ({ay|Blos) — oy ) (eu]) = 0 (1:30)

1=

which provides the equation to evaluate the amplitudes as,

XN: ( aj|Blas) b5ij) (ai|3) =0 (1.31)

i=1

This is a set of N x N homogeneous linear equations in the N unknowns amplitudes («;|3). Besides the
trivial solution {(a;|8)=0 for all ¢, one finds the physical solutions by requiring that the equations (1.31)
are linearly dependent upon each other. This occurs if the corresponding determinant vanishes. That is

H(Oéjlélozi> —bd;|| =0 (1.32)

which allows one to calculate N values of b. To calculate the amplitudes one disregard one of the Eqgs.
(1.31) and the remaining N — 1 equations plus the normalization condition given by

N

> Heal®)? =1 (1.33)

i=1

give a non-linear N x N set of equations from which the amplitudes («o;|8) are extracted.
The set {|a>} can be a continuum set. An example of this is the eigenvectors corresponding to the
distance operator, i. e.
Flr)y = r|r) (1.34)

The operator 7 represents the device used to measure the distance (a rule for instance), |r) is the
corresponding vector in the Hilbert space and r the length one measures. Since

#=pf (1.35)

one gets the projector as

/dr|r><r| =1 (1.36)
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where, in spherical coordinates, it is r = (r, 0, ) and dr = r2dr sin #dfdp. One cannot speak of a number
of dimensions of this continuous basis, since it comprises all real numbers (which cannot be labeled by
integers). Therefore one uses the name ”representation” for the projector (1.36). In r-representation the
eigenvalue problem is

Bl6) = b13) = B [ dr')(v)3) (137)
B [ ar'(rir'yo'15) = i) (138)

With (r|r’') = 6(r — r’) and ¥g(r) = (r|S), one gets
BUg(r) = bWg(r) (1.39)

and the matrix elements can readily be evaluated as,

(o] Bla) :/d’r/dr’(aj\r><r|B|r’><r’\ai> :/dr\I/;f(r)B\I'i(r) (1.40)

1.4 Unitary Operator: symmetries and conservation laws
An operator is Unitary if its inverse equal to its adjoints
vl =ut, (1.41)

or
Ut =UU = 1. (1.42)

Unitary operators are of a fundamental importance to describe transformations of the system (basis).
We will analyze in this Lecture the cases of translations, rotations and parity.

Translation symmetry
The translation operator T is defined by,

T(A7)|r) = |r + A7) (1.43)
which applied to the vector |¥) gives,

T(A7)|0) = / dr' T (A7) |r') (¢! |T) = / dr'|v' + Ar) (r'| W) (1.44)

and, in r-representation, the translated function is

Uy (r) = (r|T(AT)|V) = /dr’é(r —7' — Ar){r'|¥) = U(r — Ar) (1.45)
Since
(r|THAPT (Ar)|r) = (r+ Arjr + A7) =1 (1.46)
one obtains
T =1 (1.47)

which defines the operator T as unitary.
The invariance of a wave function with respect to translations implies the conservation of the linear
momentum, This can be seen by noticing that the time dependence of an operator A is given by

dA  9A i -
e T 1.4
% - h [H, A (1.48)

Assume a system for which
HU,(z) = E, ¥, () (1.49)
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If there is translation invariance, then
HY, (z+ Ax) = E U, (z + Azx) (1.50)

Making a Taylor expansion of ¥,, one gets,

oo k k ] k
n(z+ Az) = 2 A]j % = z:: 1 <Amd> U, (z) = eAaj%\Iln(x) (1.51)

and defining the linear momentum operator in the usual fashion as,

r = —— 1.52
Pz =T (1.52)
one obtains,
U, (z+ Ax) =en p ATpe U, (x) (1.53)
Therefore the translation operator is
T(Az) = enArpe (1.54)

and one has
HT(Az)¥,(z) = HY, (z + Az)
= B, U, (z + Az) (1.55)
= E,T(A2)¥,(z) = T(Az)HV,, (z)

which implies,
[H,T]=0 (1.56)

[H,pz] =0 (1.57)

Since p, is time independent it is 9p,/0dt =0 and from Eq. (1.48) one gets dp,./d¢t=0, which means that
the linear momentum is conserved.

Rotational symmetry

Performing a rotation of the system by an angle d¢, as shown in Fig. 1.1, a function ¥(r) is transformed
to ¥(r 4+ a). As seen in the Figure, it is a = d¢ rsinf and the relation among the vectors a, d¢ and r is

a=0pxr (1.58)
Calling
F(r)=Y(r+a) (1.59)
one gets
U(r)y=F(r—a)=F(r)—a-VF(r)+--- (1.60)
Performing a Taylor expansion as,
Flz+ Az,y+ Ay, z+ Az) =
OF (z,y,z) OF(z,y,2) OF(z,y,2)
F A A Az+--- (1.61
(@) + g e S Ay + SN (161)
one gets,
Fir+Ar)=F(r)+Ar -VF(r)+--- (1.62)
With d¢ infinitesimal it is,
U(r)—F(r)=—(0@ x7) - VF(r)=—=dp - (r x VF(r)) (1.63)

and replacing momenta by the corresponding operators one gets,

h i i
prV:rfoﬁrxpfﬁL (1.64)
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Figure 1.1: Angle d¢ corresponding to the rotation of the system and the relation among the radius 7,
the radius increment @ and the angle increment dy.

Finally one obtains,
U(r) = F(r) - %ao "LF(r) = (1 - %&p : L) F(r) (1.65)

For a finite angle ¢ one defines a small angle by using d¢ = ¢/n, where n is a large number. Rotating
n times, i. e. applying the rotation operator n times, and in the limit of n = oo, one gets,

C oy (1o fee LY
U(r) = nlgréo (1 o ) F(r) (1.66)
Since the Euler’s number e is
e= lim (1+1/n)" (1.67)
n—oo
one can write _ _
U(r)=e 79 LP(r) = e 59 LU(r + a) (1.68)
Therefore the rotation operator is ,
Up =e w¢l (1.69)
and one gets
U(r+a)=Ug"¥(r) (1.70)
If the Hamiltonian is rotational invariant
HY,(r+a)=EY(r+a)=E,U;'¥(r)=Ug ' HY(r) (1.71)
UrHY,(r +a) = UrRHU L' ¥(r) = HY(r) (1.72)
[HUR]=0=[H,L| =0 (1.73)

That is, if there is rotational invariance, then the angular momentum is conserved.
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Parity symmetry

The parity operator 7 is defined as,

7tlz) = | — ) (1.74)
it is #7 = 7 (exercise) The eigenvalues of the parity operator are obtained as,
7|Wy) = NWy) = 72|Ty) = A\?|Ty) (1.75)
since
#2|z) = |z) (1.76)
one gets
N0y = |Ty) = A= +1 (1.77)
in x-space it is
<$|ﬁ|\I’A> = <—{E|\I/)\> = \I/,\(—.T) = )\\I/,\(x) (178)

even, A=1
Uy (z) = { odd. A= —1 (1.79)

If [H, 7]=0, as it happens with potentials with reflection symmetry, parity is conserved and A is a good
quantum number.

1.5 Sum of angular momenta

We will first analyze the possible angular momentum values of a two-particle system. The angular
momenta of the particles are I; and ls and the total angular momentum is L = l; + l;. The components
L,,Ly, L, of L satisfy the commutation relations

[L? L;]=0 (i=ux,v,2) (1.80)

[Lyy Ly =ihLl., [Ly,,L.)=ihLl,, [L.,L.|=ihL, (1.81)

and the same for I; and Il».
Besides, since the degrees of freedom of the particles are independent of each other one also has

i) =0, [B50) =071, =0. (1.82)

The eigenvectors corresponding to these operators are given by

I:L%\llmﬁ = hzll(ll + 1)|llm1> 3 I:/12|llm1> = hm1|l1m1>
L%Jl2m2> = h2l2(l2 + 1)|lgm2> ; LQZJl2m2> = ﬁm2|l2m2> (183)
L2|im) = RA(+1)[Im) ; L.[lm) = hml|lm)
|l1—l2| <UL+ 1, m=mq+ms. (184)
We have

Not all the quantum numbers related to these operators can be used to label the states. In other
words, not all of them can be taken as good quantum numbers. To see the reason for this we will analyze
the behavior of commuting operators.

Given two operators and their eigenstates as

Ala) =ala) and B|B) = b|B) (1.86)

and assuming that they commute, i. e. [/L B] = 0, then they have common eigenvalues (see Homewor-
problems 1), i. e.,

Alag) = alaB), BlaB) = blag) (1.87)

Therefore one cannot choose as quantum numbers to label simultaneously the states the eigenvalues
of, e. g., L%, L1,, Lo, and Lo, since these two last operators do not commute with each other. But



1 Basic Quantum Mechanics concepts 19

there are many combinations one can choose. For instance, one can choose the eigenvalues of IA/%, I:u,
f)g, Lo,. However, it is standard in Quantum Mechanics to choose as quantum numbers the eigenvalues
of the z-component of all angular momenta. Therefore the standard choose (which corresponds to all
existing Tables of angular momentum coefficients) is L2, Ly, L2, Ly, or L?, L%, L2, L., i.e. the standard
eigenvectors used to label the angular momenta are

|l1m112m2> or |l1l2lm> (188)

and, therefore, the standard projectors are

Z |l1m1l2m2><llmllgm2| = j or Z |lllglm><lllzlm| = j (189)

limylama lilalm

One can write the vector in one representation in terms of the other representation, for instance

‘llm112m2> = Z ‘lllglm> <lllglm|llm112m2>, (190)
Ilm
and
|l1m1l2m2> = Z<11m1l2m2|lm>\lllglm) (191)

lm

The number (lymylams|lm) = (l1lolm|lymilams) is real and is called Clebsch-Gordan coefficient. Due to
the orthonormality of the basis elements

Llalm) = > (lymalama|lm)|lymylame) (1.92)

mims

If the Hamiltonian corresponding to the two-particle system is spherically symmetric then the eigen-
states of the Hamiltonian can be labeled by the eigenvalues of the angular momenta shown above.

Symmetry properties of the Clebsch-Gordan coefficient
The Clebsch-Gordan coefficient can best be written in terms of the 3-j symbol defined as

-1 l1—ls+m
( ll l2 ! > = L<ll7’nllg7’ng|l7’n> (193)

mi; me —m 20+ 1

with the properties that

1 lh I 1 _ L 1 Lt _ A PR P
) mi Mg m me M mq moomp Mo
9 bl 1 (—1)bHat lo &
\mp me m me M1 m

3 L ly Iy (=)t Lol 1
) —my; —mg —m mi Mo m

4. mi+mos—m=20
Short Algebraic Table of the 3-j Symbols

T o [(T = 250)1(T = 242)1(J — 2j3)1 2
(JO1 JO2 JS> . [( 1) ((J+{§!)( js)

" (37)!

(37 =Nz = j2)! (57 = ja)!

(1.94)

where J = j1 + jo + j3 is even.
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. 1/2
Jj o J 0 jom |1
= (=1) 1.
(m —m 0> = [2j+1} (1.95)
. 1/2
(155 3, 4) - am[ in) ] o
m  —m-z 5 2]+2 2]+1)
. 1/2
m —m-1 1 23+3 2j+2)(2j+1) '
j+1 g 1 — (—1)ime 2 +m+ 1) —m+ D] (1.98)
m —-m 0 (27 +3)(25 +2)(25 +1) '
. 1/2
( j i1 ) — (—1)ym [2(.7 )(J+m+1)] / (1.99)
m —-m—1 1 (25 +2)(25 + 1)(29)
. 4 9
( Jod (1) ) — (—1)im m — (1.100)
me-m [(25 +2)(25 + 1)(25)]
The orthogonality relations,
. jioJ2 G\ (A 2§\ _ s
(2 +1) Z <m1 mo m) (m1 mo m’) = 05 Omm’- (1.101)
mimsa
Joo J\(J J2 7\ _
Z(Qj +1) (m1 o m> (m’l o, m) = Smymt Omam,- (1.102)
am
6-j symbols
In the sum of three angular momenta one can choose the partition
J=g1+J2+73=Ji2+j3 = g1+ Jo3 (1.103)
where
Jiz = g1 +7J2, J2s =7J2+73 (1.104)
One can write the basis vector in one representation in terms of the other representation as
|(j1j2) J12J3; JM) = Z<j1(j2j3)=]23; J|(rg2)Jr2s; J)| g1 (J2J3) J2s; T M) (1.105)

Ja23

The symmetry properties of the expansion coefficient can best be seen by introducing the 6-j symbol as

(J1(d243) J23; J|(J1d2) Jr2js; J)

o PP |
= (=1)itiztis T (201, + 1) (2003 + 1 { AR } 1.106
(1) V(212 +1)(2723 + 1) G Sy [ (1106)

which is a real number (therefore it is the same for ((j1j2)J1273; J|j1(j273)J2s; J)). The 6-j symbol does
not change if two columns are inter changed, for instance

J1 g2 Ji2 o Jiz g2
. = . . 1.107
{ J3 J Jas } { Js Jaz J } ( )
The 6-j symbol is also invariant if upper and lower arguments are interchanged in any two columns,
Juv g2z _Jua g5 s\ _ v Js gs| _ [Jia g2 e (1.108)
Ja Js Je J1 J2 Je Ja J2 U3 1 Js U

The angular momentum triangular relation must be satisfied for (41, j2, J12), (41, J, Ja3), (43, 42, Jo3)

and (js, J, Ji2). Thus, e.g.,
1/2 1/2 0
{ U2 12 2 }0 (1.109)
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since 1/2+1/2 < 2.
In general, When js = 0 the expression for the 6-j symbol can be written as

J1 J2 J3 5j2,]'46j1,j5 TR
. . = —1)TI2TIs J15725737¢- (1110
{34 s 0 } Vi +1)(22 + 1)( ) { J )

The function {} is equal to 1 when the triad satisfies the triangle conditions, and zero otherwise.
The 6-j symbols satisfy the orthogonality relation,

. Jir J2 J3 J1 J2 J3 Jeds L ..
> @25 +1)e7 22 R e— L A S ,j2,je ). 1.111
- (275 ){34 Js ]6} {J4 e Jé} Do 1 0I5 J6 s 2. Jo} (1.111)
9-j symbols

In the case of 4 angular momenta
J=g1+J2+Js+Js (1.112)

one can write, e.g.,

J=Jio+ Jza = Jiz + Jou (1.113)

where J12 = j1 + j2, J34 = j3 + Ja, J13 = J1 + J3 and Jog = jo + ja.
One can thus write

(1) Tia(Gaga) Joas TM) = > ((jrj2)r2(jada) Jaa; J|(j1ds) Jia(jaja) Jaa; TM)
J12J34

x|(j172) J12(G3a) Jaas ) (1.114)

and the 9-j symbol is defined by,

((Jrg2)J12(d374) J345 J|(J173) J13(J2ga) J2as J)

Ji J2 Ji2
=22+ 1)(2J3a + 1)2J13 + 1)(2Joa + 1) Gz s Jaa (1.115)
Jiz Jog  J

which is also a real number.
The symmetry properties of the 9-j symbols are

1. Any permutation of rows and columns does not change the 9-j symbol except the sign, which is plus
if the permutation is even and (—1)°, where S is the sum of all angular momenta, if the permutation
is odd.

For example, we have,

J1 J2 Js Ja J5 Je Je g1 Js
ja Js do =1 q1 g2 s p=(-1%S J5s Ja Je ¢ (1.116)
JrJs Jo JrJs Jo Js Jr Jo
where
9
S=> ji (1.117)
i=1
2. The 9-j symbol does not change under a reflection about either diagonal.
Ji J2 Js Ji1 Ja g7 Jo Je J3
Ja Js Je o= J2 Js J8 p =19 J8 Js J2 (1.118)
JrJs  Jo Js Je Jo Jr Ja i

The 9-j symbols can be calculated as sums over triple-products of 6-j symbols where the summation
extends over all ”x” admitted by the triangle condition,

Ji1 J2 J3 S S L
s de g =Y (—1)F(2w41)q JU AT LG 2 U5 U8 g s U6 o k(g
j-i ?-8 ;2 zw:( )7 ){ Jg8 J9 X J4a T Je T J1 J2 ( )
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When jg = 0 the 9-j symbol is proportional to a 6-j symbol as

J1 J2 Js .
ja b5 e = O jolir i —1)j2+j3+j4+ﬂ'7{ Ju g2 s } (1.120)
j? j8 0 \/(2]3 + 1)(2]7 + 1) Js  Ja  Jv
The 9-j symbols satisfy this orthogonality relation,
Juodegs | fan Je s 085, ads) adsds Hisdodo)
27+ 1)(2js + 1)< ja s Je ja g5 g p o= LRI : . (1121
2.2+ D +1 6 (s + D2jo + 1) (121)

Jris Jr Js Jo Jr Js Jo

1.6 Homework problems

Exercise 1:
Using the eigenvectors and eigenvalues of the Pauli matrix o, as a basis evaluate the eigenvalues and

. 0 1 0 —i 1 0
eigenvectors of o, and o, where o, = (1 0>, oy = <z 0 ) and o, = (0 1).

Exercise 2:

a) Why translating the system of coordinates by an amount +Ar the function ¥(r) becomes ¥(r —
Ar)? (Eq. (1.45) of Chapter 1).

b) Show that the parity operator is Hermitian.

Exercise 3:
Show that if the operators A and B commute, then they have common eigenvectors.

Exercise 4:
a) Show that |]1j2JM> = (71)j1+j27J|j2j1JM>
b) Evaluate the following Clebsh-Gordan coefficients:
DU +1/25-1/21/21/2]j j),
i) (j+1/27+1/21/2=1/2j j),
i) (j—1/2j—1/21/21/2|j j) and
iv) (j—1/2j4+1/21/2 —1/2|5 7).

Exercise 5:
a) Which is the relation between mj, mg and m, and between ji,j2 and j in the Clebsh-Gordon
coefficient CG = (jymqjama|jm).
b) Show that CG = (jmjm|JM)=0 if 2j — J is odd. Which is the value of J if j = 1/27
o | 1 2 1 1
¢) Show that {g 9 %}annd 2 1 13=0.
2 2 3 2 2



Chapter 2

Gamow states and the Berggren representation

One of the main difficulties when studying processes occurring in the continuum is that the relevant
physical processes are time-dependent. The system is sensitive to the initial conditions and can easily fall
into chaos. The Gamow model presents a way to study the continuum by time-independent formalisms
in the complex energy plane. The physical reason behind is that, when the system is trapped by a high
enough barrier, it can remain in a localized region of space for a considerable long time. In this case
the system can be treated as quasistationary. In the following we will present these time-independent
formalisms for the evolution of the system in the complex energy plane.

2.1 One-particle Hamiltonian in one dimension

The one-dimension Hamiltonian is.
K2 d?

s +V(z)| ®n(z) = E,P,(2) (2.1)

and we will consider the square well potential shown in Fig. 2.1. There can be discrete and continuum
states in this case, as seen in Fig. 2.1. To solve the eigenvalue problem given by Eq. (2.1) we notice that
there are two regions:

Region (1): 0 <z < a; V(z) = -V
Region (2): 2 > a; V(z) =0

There are also two possibilities for the energy: Continue (F = E. > 0) and Bound (E = —F;, < 0)

h? d2
Region (1): {_2,uda:2 - Vo] oV(z) = E,20(z)
h? d?
Region (2): [_2udl’2] 2 (z) = E,?(x)
with
¢ = ;—’;(En + Vo), k= %’;En

the eigenvectors solution of the eigenvalue problem are
dW () = A,e'% 4+ Be '
2 () = Cpe*® + Do *®

To determine the constant A, B,, C,, and D,,, the boundary conditions of continuity of density and
current have to be applied. In addition, since V(x) = oo for 2 < 0, one has

PV (z=0)=0=A4,+B,=0

I) Bound states

2 2
=25 (Vo—Ey) >0 k= —10E, <0
Notice that we assume Ej > 0 and, therefore, the energy of the bound state is —E},.
. Q/.LEb
k=4iy; x= =

o) (a) = ¢ (a)

d d

— M) - @

FWE@| = gePe|
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V(x) A

=Y

=

-Vo

Figure 2.1: Square well potential in one-dimension. The range of the potential is @ and the depth is —Vj.
For x < 0 the potential is infinite and, therefore, the wave function vanishes at x = 0. Ej, (E.) is the
energy of a bound (continuum) state.

An additional condition in @5?’(1;) = Cphe X* 4+ D, eX” is that since eX* diverges as © — oo one has
to impose D,, = 0. Besides there is the normalization condition. With the constants thus evaluated
one obtains the possible energies as those for which the continuity relations are satisfied.

IT) Continuum

assuming that the system is confined in the region
L
O<m<L:>/ 1@ (2)]2 d = 1
0

Notice that all energies E. > 0 are allowed in the continuum, but only a discrete number of energies
—F, < 0 are allowed as bound states.
In these cases the projector becomes,

P=S il + /da\a)(a| (2.2)

where |n) (Ja)) is a discrete (continuum) state.
The orthonormalization condition now reads,

S(r—r') =Y Wi (r) T (r) + / da W}, (r) ¥, (r) (2:3)
n=1

2.2 Square barrier

This potential is defined as
Vie<0)=o00;V0<z<a)=0;V(ie<z<b)=Vo>0V(x>b)=0
There are three regions.

Region I, 0 < x < a; Vi(x) =0
Schrédinger equation
h? d?
H =——— =F
@I(kvx) om dxwl(k,x) (,O](]{i,l‘)
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i. e, (d%/dz® + k*)pr(k,z) = 0, where k = +v2mE/h.
w1(k,0) =0 = ¢r(k,z) = Asin(kz)
Region I1, a < = < b; Vi (z) = Vo
n? d?

Heorr(k,z) = (*%% +Vo)err(k,x) = Eprr(k, x)

i. e., (d?/dz? — k*)¢r1(k,x) = 0, where k% = 2m(Vy — E)/h? > 0.

orr(k,x) = A1e™ 4+ Age™"™*

Region III, & > b; Vir(x) =0
orrr(k,z) = Boe™® + Bje—ihe
Boundary conditions
1) At x=a
Asin(ka) = Aje® 4+ Age "
Ak cos(ka) = k(A1e"* — Age™ ")
Which gives,
Ay = AA /A Ay = AN /A, where

| sin(ka) e
Ay = ‘ keos(ka) —re—re |~ —e " (ksin(ka) + k cos(ka))
e sintha) | _ . -
Ay = ke ks cos(ka) ’ = e"*(k cos(ka) — ksin(ka))
eﬂa e—fi(l
A= kebt  _ge~ka | T 2K
2) At x=b
Ajer 4+ Aye—rb = Beikb 4 B,e—ikb
kAjet — kAse " = jkB, et — jkB;e kb
i. e.
B, = A3/Ag, B; = Ay/Ao, where
An— Alenb+A2€7,’$b e*ikb
37 kAjert — kAze b —jke kD
A, — et Ajert 4 Age b
7 ket A et — kAgerb
oikb o—ikb .
Ro = iketht  —jke—ikb | T —2ik

The ratio between the incoming and outgoing wave function amplitudes is

Bi7A4

B, As

Outgoing boundary conditions

This corresponds to B; =0,1. e. Ay =0
Phase shift

The wave function in region III can be written as,

orrr(k, ) = (B, + By)cos(kx) 4+ i(B, — B;)sin(kx)
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calling By = B, + B;, B2 = i(B, — B;), one gets

B
orrr(k, ) = Ba(sin(kx) + B—lcos(kzaj))
2

and one defines the phase shift § as

B
tand = B—;
from where one gets,
orrr(k, x) = Csin(kx + 0) (2.5)

where C' is a constant.

Notice that the difference between regions I and II1 is a phase shift in the wave function. This is the
reason of the name of the angle 4.

At the point x = b the continuity of the density and current can be expressed as the logarithmic
derivative of the wave function. This quantity, usually called 3, is given by,

B= 30/11(33’ b)/wlf(x7 b)
which is evaluated by using the expression (2.4). Continuity implies that it is also,

, kcos(kx + 9)
— b p) = MEOARL T O

ﬂ SDIII(xv )/@111(:6’ ) sm(kw—i—5) ’x:b

By writting sin(kz + 0) and cos(kx + 0) in terms of exp(i(kz + J)) and exp(—i(kz + J)) one gets,

Q26 _ 2k Bt ”“7
B8 —ik

The quantity
S = 62i5

is called S — matriz. If 3 is real then it is S* = S~!, that is the S-matrix is unitary.
The value of §(F) when F cross the energy of a resonance changes by an angle 7.

2.3 Gamow states

The wave function of a resonance with a peak at energy Ey and a width I' can be factorized as

- r/2
(E.r) = \/ T~ Fop 1 (0727 L) (26)

where ¥(r) = /n'/2®(Ey,r). Through the Fourier transform, we obtain the time evolution of the
resonance -
®(t,r) = / (B, r)e PV IE = U(r)e BN, (2.7)

which gives us the resonance in the form of a stationary state, but with a complex energy

. r
E=Ey—is. (2.8)

The probability of measuring the system at ¢ is given by
|(t,x)> = [ ¥ (r)[Pe M (2.9)

The half-life of the resonance can be obtained from

hln2
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Figure 2.2: Radial function of a narrow resonance and a bound state. The solid and the dashed line
denote the real and imaginary part of the wave function of a narrow resonance respectively, while the
dotted line denotes the wave function of a bound state.

Therefore a time-dependent process has now been transformed into a stationary problem by going to
the complex energy plane. The complex solutions to the corresponding stationary Schrodinger equation
are called Gamow states. The wave numbers k,, are a discrete set of complex values, which satisfy

~ h2
E, = ﬂkﬁ. (2.11)
They can be written as
kn = Kn + 5. (2.12)

The states can be classified into four classes, namely:
1. bound states, for which x,, = 0 and ~,, > 0;
2. antibound states with k, = 0 and v, < 0;
3. decay resonant states with «,, > 0 and ~,, < 0;
4. capture resonant states with «,, < 0 and ~, < 0.

Since the radial wave function has the form of w(FE,,,r) ~ e?*»"  one can see that the wave function
of the resonant states will diverge at infinity. However a narrow resonance can still be treated stationary
since the wave function does not diverge at small distance. As shown in Fig. 2.2, the narrow resonance
has the same wave function as a bound state inside of the nucleus, but at a large radius far out from the
nuclear surface it starts to oscillate and diverge. Since we are interested in the processes occurring at the
scale of nuclear distances, we can eventually consider the narrow resonance as a bound state and solve
the time-independent Schrédinger equation approximately.

The antibound state has a pure negative imaginary wave number k, = —i|y,|, which gives the
corresponding energy real and negative, as the bound state. However unlike the bound state, whose wave
function diminishes exponentially at large distances, the antibound state diverges exponentially. As a
result, the antibound state can be physically meaningful only if it is sufficiently close to the threshold.
Therefore it may have a great influence on low-energy cross sections and nuclear spectroscopy.

We plotted in Fig. 2.4 the 1s; /o antibound state. One sees that it extends in an increasing rate far
out from the nuclear surface, as expected in this halo nucleus (the standard value of the radius is here
1.2 x 11'/3=2.7 fm).
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Figure 2.3: Radial function ¢(r) corresponding to the single-particle neutron antibound state 0s; /o at an
energy of -0.050 MeV. Taken from Ref. [1].
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Figure 2.4: A schematic picture of the halo nucleus 'Li.
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0 Vi V4 (c.0) Re(E)

V2 V3

Im(E)

Figure 2.5: Integration contour L™ in the complex energy plane. The open circles denote the resonances
included in the sum of Eq. (2.14), while the solid circles are those excluded. The vertex (c, 0) corresponds
to the energy cutoff point c.

2.4 Berggren completeness relation

The eigenvectors of a Hamiltonian provide a representation projector which allows one to write
o0
5(r—r") an r)wy, (1 +/ dEu(r, E)u(r', E), (2.13)
0

where w,,(r) are the wave functions of the bound states and wu(r, E) are the scattering states. The
integration contour is along the real energy axis, and all the energies and radial wave functions are real,
or more precisely, can be chosen to be real. Notice that only bound states and scattering states enter in
Eq. (2.13).

In order to include other Gamow states, Berggren extended the integration contour to the complex
energy plane. By using Cauchy theorem, one gets

S(r—r') Zw )+ /L+ dEw*(r, E)u(r', E), (2.14)

where w,, () are now the wave functions for all the bound and antibound states plus the resonances lying
between the real energy axis and the integration contour L™, as shown in Fig. 2.5. In principle the
contour should start at the origin (0,0), and end at infinity (oo, 0). However, one usually cuts the basis
at a certain maximum energy as in any shell model, within which only a limited number of shells are
included.

The tilde over the wave function w,(r) denotes the mirror state of w,,(r), namely k, = —k*. With
this one can prove that @} (r) = wy,(r), and the same for the scattering state u(r, E). Therefore the
internal product in Eq. (2.14) is the wave function times itself, and not its complex conjugate. This
internal product is called the Berggren metric.

To make the representation useful in real calculations, one has to discretize the contour integral, i.e.

dEu(r, E)u thu r, Ey)u(r’, E,), (2.15)
L+

where the quantities £, are usually selected by the Gaussian method on the contour and h, are the
corresponding weights. Therefore the complete set of orthonormal vectors |¢;) now includes all the
bound states, antibound states and resonances inside the contour, i.e., (r |g0n> = wy(r,E,), and also
the discretized scattering states on the contour, i.e., (r|pp) \/>up (r,Ep). This is the Berggren
representation used in the complex shell model calculatlons
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2.5 Homework problems

Exercise 1: a) Find the eigenvalues and eigenvectors of the impulse operator in one dimension, i. e.
p2p(z) = ko(x), where p, = 24 within the range 0 < z < L and the boundary condition ¢(0) = ¢(L).
b) The same for p2 with ¢(0) = p(L) = 0.

Exercise 2: Write the unit operator (projector) corresponding to the Hilbert space spanned by the
representation given by the eigenfunctions ¢(x) of the one-particle Hamiltonian

n? d?
H=-—"2 4v
2m dx? + Vi),
where V(x) = oo for 2 =0, V(z) = =V for 0 < < a and V(x) = 0 for z > a. Assume that the wave
function in the continuum is normalized to unity within the region 0 < z < L.
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Chapter 3
Nuclear Shell Model

Introduction to the shell model. Shell model representation. Shell model central potential. Shell closures
and the magic numbers. Particle excitations. Hole excitations.

3.1 Introduction to the shell model

The general Hamiltonian corresponding to the motion of the A=N+7Z nucleons in a nucleus is

2
7

A A
H=2 217)m UPIRL &y
i=1

i<j=1

where m; is the mass of the ith nucleon (m;c®> ~ 940 (938) MeV for neutrons (protons)) and V;; is
the nucleon-nucleon interaction. To find the eigenvectors and eigenvalues of this Hamiltonian exactly
is beyond of what is possible at present and even in the foreseeable future. The main reason why the
nuclear Hamiltonian cannot be treated is that one does not know how to evaluate the nucleon-nucleon
interaction starting from the underlying theory (QCD). It is not only this what is the problem. Even if
the interaction were known the task of treating the Hamiltonian (3.1) for medium and heavy nuclei would
be overwhelming. At a difference with other fields, like condensed matter, the number of nucleons in a
nucleus is never so large as to be possible to apply statistical concepts. However, there have been rather
successful attempts to perform just this task during the last couple of decades. In this calculations the
interaction is not the one provided by QCD, since this is unknown, but rather it is an effective interaction
that fulfills the symmetries required by QCD and also reproduces nucleon-nucleon data. Even with this
limitation one has not been able to treat nucleons with A > 16 so far. This procedure to solve the nuclear
many-body problem is called ”ab initio shell model” or "no core shell model” because one starts just from
the nucleon-nucleon system (”ab initio”) and from there one adds nucleons up the A-particle system. No
core is present in this approach and therefore its name.

Another approach to obtain approximate solutions of the eigenvectors and eigenvalues of the nuclear
Hamiltonian (3.1) is based in the property that we have already discussed in the previous Chapter, i. e.
that double magic nuclei (i. e. nuclei with both N and Z magic numbers) are very stable. Some of the
points mentioned in that Chapter are very relevant here also and, therefore, we will insist on them. As
we have seen there, nuclear magnetic moments indicate that a nucleon moving outside a double-magic
core feels the interactions from the nucleons in the core as a whole. But this is not the only property
supporting the existence of magic numbers in nuclei. Other experimental evidences include:

1. The binding energies of magic-number nuclei is much larger than in the neighboring nuclei. Thus
larger energy is required to separate a single nucleon from magic nuclei.

2. The number of stable nuclei with magic values of Z or N is much larger than the corresponding number
in neighboring nuclei.

3. Naturally occurring isotopes with magic Z or N have greater relative abundances.

4. The first excited states in nuclei with magic numbers of neutrons or protons lie at higher energies than
the same states in neighboring nuclei.

5. Electric quadrupole moments of magic-number nuclei is zero as expected in closed shell nuclei, since
they should be spherically symmetric.

6. The energy of alpha or beta particles emitted by magic-number radioactive nuclei is larger than that
from other nuclei.

All this suggests that a double-magic nucleus is so stable that a particle moving outside this ”frozen
core” does not affect appreciably its internal structure. It is therefore reasonable to assume that the
frozen core induces a central field which only depends upon the distance » between the particle outside
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the core and the center of the core (notice that it does not depend on the direction of r, i. e. it is
spherically symmetric). This interaction, which we will call U(r), will be studied in detail below. Here
we will analyze its general features and its consequences on the nuclear many-body problem.

The nuclear Hamiltonian (3.1) can be written as

A 9 A A
p;
H=3 (3=+U@)+ Y Vg Ur) (3.2)
i=1 v i<j=1 i=1
Calling
A p?
Hy=Y (2% ;
0 ;(mi +U(r:)) (3.3)
and B B
V= Z Vij — Z Ul(ri) (3.4)
i<j=1 i=1
one gets,

H=Hy+V (3.5)

This is the shell model Hamiltonian.

We are assuming that for cases where there is only a particle outside a double-magic core the inter-
action U(r) describes the spectrum well and, therefore, in this situation it should be V' = 0. When more
than one particle move outside the core, then V represents the interaction among these outside particles,
which are usually called ”valence particles”. It would be an impossible task to determine V from Eq.
(3.4). Instead one uses effective forms which reproduce as many experimental data as possible. One of
these effective forces is the pairing interaction mentioned in the previous Chapter but there are many
others, as we will see.

The formalism presented so far is based on the assumption that the bulk of the nuclear forces acting
upon the nucleons in a double-magic nucleus induces a frozen core. This is by far the major component
of the outcome of the nucleon-nucleon interaction and its consequence is reflected in the eigenvectors of
the central potential U. Therefore it is very suitable to use the eigenvectors of the Hamiltonian (3.3) to
describe the Hamiltonian (3.5), even when many valence particles are present, since its diagonalization
within such representation (as we did in Eq. (6) of Chapter 1) would need only a few of the infinite
members of the representation. This is an important point which is worthwhile to clarify farther. In
principle one can use as representation to diagonalize the shell model Hamiltonian the eigenvectors of
any other Hamiltonian, for instance the plane waves corresponding to free particles. But this would
require to include a huge number of vectors in the representation. Instead, very few eigenvectors of the
Hamiltonian (3.3) would be needed to describe accurately enough the nuclear properties. The dimensions
of the shell model Hamiltonian matrix is relatively small by using the shell model representation. Yet
the main advantage of this representation is not that the matrix dimensions are small but rather that it
provides a clear physical picture of the property that is analyzed. For instance, to describe a bound state
in terms of plane waves would require a huge number of basis states, all of them with approximately the
same value (and therefore very small, since the wave function should be normalized to one). Such wave
function contains no clue about the characteristics of the state under study. Instead, within the shell
model representation perhaps only one state may be enough, and the single-particle components in this
state depict clearly the nature of the state. This is the essence and reason of the success of the Shell
Model, which we will analyze in detail throughout this Course.

3.2 Shell model representation

The shell model representation consists of the eigenvectors of the Hamiltonian (3.3) where each of the A
nucleons move under the influence of the central potential U. Calling Hy (%) the Hamiltonian corresponding
to the ith particle, one has

A
Hy =Y Hy(i) (3.6)
=1
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the eigenvectors |p,, > and eigenvalues €, of Hy(i) satisfy

2
Pi
(o—

Hy(1) < rilon >=
0(9) < rilgn >= (25

+ U(ri)) < ri|¢n, >= €n, < Ti|@n > (3.7)

Since the Hamiltonian Hy, with eigenvalues given by
Hy|V,, >=E,|Y, > , (3.8)

is a sum of the Hamiltonians H(i) and the degrees of freedom of different particles are independent of
each other, the states |¥, > can be written as,

< nry,Naly...nAT 4| Wy >= Uy (niry, nory, ..nAr 1) = @n, (£1)@n, (T2)...0n, (ra) (3.9)

and the eigenvalues are
E,=¢€n +€n,+...+t€n, (3.10)

From < @;]p; >= 6,5, it follows that < ¥, |VUg > = 0a3.

Assuming that one chooses N of the infinite number of single-particle states, the representation to be
formed with the functions (3.9) consists of all possible combinations of the A particles in the different
states |n;=1,2, . N >. However one has still to consider the Pauli principle, which requires that when two
particles change position the wave function changes sign. This is called antisymmetric wave function.
Such a function can be built as a linear combination of the functions (3.9). For instance, assuming A =
2 a particular antisymmetric wave function would be

\Ijgza) (nlrlv n2r2) = Na(@”l (rl)safm (1‘2) — ¥ny (r2)30n2 (rl)) (311)

which has the property that " (niry,nory) = —\I!,()fl)(nlrQ7 nary). The constant N, has to be included
due to the normalization of the wave function, which requires that N, = 1/v/2. Since ©y, (r2)@n,(r1) =
©n, (r1)@n, (r2) one sees that two particles cannot occupy the same state since, in that case, oo (nir{,niry) =
0. In general the antisymmetric wave function satisfies,

s naT ) = =D (niry ngry, . npr W TAT 4) (3.12)

a
ol )(nlrl,ngrg,...,npr

o Ngr R ¢

pr e ¢’ g P

We will analyze this general case later, but here it is important to stress that the many-body represen-
tation is the set of states {\Il((f) (niry, nors, oy MpE s ey Mg ..,nAT4)} that can be formed through the
combination of the A particles placed in the different states n;—12,.. n.

The property that two particles cannot be in the same single-particle state implies that the lowest
state of the non-interacting A-particle system consists of a particle occupying the lowest single-particle
state, the second particle occupying the second lowest state and so on. Such a system of non-interacting
particles fulfilling the Pauli principle is called ”a Fermi gas”.

The important conclusion of this discussion is that the potential U should provide a set of single-
particle states which, placing the particles in the order required by the Fermi gas, explains the appearance
of magic numbers. To find such a potential is the task that we will confront now.

3.3 Shell model central potential

We have solved the Schrodinger equation corresponding to a one-dimension square well potential in the
previous Chapter. We will now proceed to the more realistic case of three dimensions following the
historical developments in this subject. In the beginning the spin of the nucleon was neglected and
therefore we will start in spherical coordinates with a Hamiltonian corresponding to a spinless particle
moving in the central field U(r), i. e.

2 2 2
_ P U iy )
H= - +U(r) = 53 T 33 By <T 5 +U(r) (3.13)

One sees that the angular coordinates (f¢) are included in the orbital angular momentum operator 12
only while the radial coordinate r is in the rest of the Hamiltonian. Since there is no term which mixes
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them, the eigenfunction of this Hamiltonian is a product of radial and angular coordinates. As we have
already seen, with R
Y (0p) = B21(1 + 1)Yim (0¢) (3.14)

one can write the total eigenfunction as

i (1) = Ry (1)Yim (09), (3.15)
It is convenient to replace the radial eigenfunction R,,;(r) by the function w,;(r) defined as
Rpi(r) = un(r)/r (3.16)
and the eigenvalue problem acquires the simpler, one dimensional, form,

h* d?

(14 1)h?
apar T | T

sz T U un(r) = Bnvttna () (3.17)

The first problem that had to be confronted by the pioneers in the study of the structure of nuclei
was to determine the form of the central potential. For this purpose it was taken into account that the
nuclear force is very strong and of a very short range. Besides, the binding energy of the particle bound
to the core is strong, of the order of several MeV. Therefore the mean field itself should be deep and
of a short range. A convenient potential to describe such states which, as seen in Fig. 3.1, lie far from
the continuum threshold, is an harmonic oscillator potential. A more realistic one is the Woods-Saxon
potential Uy s given by,

U

UWS(T) = - 1+ e(T*RO)/a (318)

where Uy is a positive constant such that Uy g(r) is attractive, Ry is the radius of the nucleus, which is
taken to be Ry ~ 1.24/3 fm and a is the diffuseness, which usually has a value around 0.5-0.6 fm.

In the next Chapter we will introduce the Hartree-Fock potential which is a nuclear mean field derived
microscopically i. e. from the degrees of freedom of the nucleons that constitute the nucleus and their
interactions.

The use of the harmonic oscillator potential has the advantage of providing eigenvectors, i. e. a
representation, which is very convenient in many-body studies. One thus describes bound states lying
far from the continuum threshold by using a Harmonic oscillator potential of the form U(r) = mw?r?/2

h? d? (+nm 1 5,

“am a0 | T+ g wa(r) = Bt (1) (3.19)

The eigenvalues corresponding to this potential are

Ey=02n+1+ %)ﬁw (3.20)

where n > 0 is and integer. One sees that the energy depends only upon the number N, which is called
?principal quantum number”, given by

N =2n+1 (3.21)
which, like n, is also integer and N > 0. The energy becomes
3
Ey=(N+ i)hw (3.22)

Since Aw is a free parameter that defines the Harmonic oscillator potential, it can be chosen large enough
so that there are in the spectrum a series of bands, each band labelled by the number N. The gap
between bands was found to be related to the mass number A by the relation,

hw = 45A7Y3 — 2547%/3, (3.23)

thus allowing to determine the frequency w in different regions of the nuclear chart.

It is important to notice that the lowest (ground) state, i. e. the one corresponding to N = 0, is
not at zero energy but rather at En—¢ = (3/2)hw. This is a Quantum Mechanics effect. It is as if there
is a motion due to the uncertainties inherent to Quantum Mechanics that produces an energy even if,
classically, there is no real motion. This energy is therefore called ”zero-point energy”. It shows that in
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Figure 3.1: Potential describing bound single-particle states. The nuclear central field is well approxi-
mated by the Woods-Saxon potential (3.18). In the region where the single-particle states lie the nuclear
(Woods-Saxon) potential can be approximated by an Harmonic oscillator potential. Close to the con-
tinuum threshold the nuclear potential vanishes and the centrifugal plus Coulomb potentials become
dominant.

Quantum Mechanics (particularly in Field Theories) the vacuum is not a real vacuum. Everywhere there
is the zero-point energy associated to the ground states of all fields.

The spectrum of the Harmonic oscillator is given by Eq. (3.22). Each value of N implies several
values of (n,l), following Eq. (3.21). The corresponding level sequence is as shown in Table 3.1. One
sees in this Table that between one value of N and the next there is an energy gap Aw. Therefore the set
of (n,1) values corresponding to a particular value of N would be clustered together in bands separated
by an energy hw. In the Table the levels are labelled by (n,l), where the states | = 0,1,2,3,4,.. are
traditionally called s, p,d, f, g....

Table 3.1: Energy levels corresponding to an Harmonic oscillator potential of frequency w. The states
are labelled by N = 2n + [. The energies E,; are in units of iw. D; is the degeneracy of the state (n,1).

N |nl|l En [nl) | parity | Dy =2(20+1) | > D;

0010 3/2 0Os + 2 2

10| 11432 0p | - 6 g

S| o[22+ 0d [ + 10 20
1]o|2+3/2| 1s | + 2
01334132 of | - 14

St 3432 1p | - 6 40
04 |4+3/2] 0g | + 18

4 |1 |2]443/2 | 1d + 10 70
2 0|4+3/2| 25 | + 2

Since there is no term in the Hamiltonian that mixes the 1 and s angular momenta, the levels for the
same N are degenerate, as seen in the level scheme labelled by (N + 3/2)Aw in Fig. 3.2. It is important
to notice that the notation in this Figure is different than the one in the Table. In the Table we have
used the Harmonic oscillator quantum values for the labels. Therefore the lowest state correspond to
n = 0. Besides providing the energy, the number n is the number of nodes of the function w,;(r) in Eq.
(3.16) (the number of nodes is the number of times that wu,(r) vanishes). This function has always a
node since up;(r = 0) = 0 for all [. Therefore some shell model practitioners label the lowest state with
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the value n = 1, as in the Figure. We will use throughout this course the convention that the lowest state
corresponds to n = 0.

As with the magnetic moments discussed in the previous Chapter, this different conventions for the
value of n is unfortunate, but it should not produce any confusion.

3.4 Shell closures and the magic numbers

We are now in a position to give an explanation to the shell closures that give rise to the magic numbers,
i. e. the numbers 2, 8, 20, 28, 50, 82 and 126. As we have discussed above, experimental data show that
nuclei with a magic number of neutrons or protons have properties that are very different than other
nuclei. In particular, if N and Z are both magic the nucleus is very stable and can be considered a frozen
core.

One has to consider the spherical symmetry of the potential in order to count the number of particles
that can be placed in each state satisfying the Pauli principle. That symmetry implies that the energy
do not depend upon the projection [, of the angular momentum, i. e. upon the quantum number m.
Therefore in a given state (nl) one can place 2[+1 particles, each in one of the 21+1 values of m (remember
that — < m < 1). In addition each particle has its own intrinsic spin s = 1/2, which gives an additional
degeneracy 2s+ 1 = 2. Therefore the total degeneracy of the state Ny = 2n+1is D; = 2(21+1). As seen
in Table (3.1) this procedure reproduces the lowest magic numbers, i. e. 2, 8 and 20, but not the others.
Besides, it was found that experimentally different values of [ have different energies. In an attempt to
explain this feature an attractive term proportional to D12, with D a negative number, was included.
This contributes to the energy with the value DI(I + 1), as seen in the corresponding level scheme of Fig.
3.2. But still the sequence of the levels was not well explained.

In 1949 Goeppert-Mayer and, independently, Haxel, Jensen and Suess proposed the existence of an
strong spin-orbit potential that could account for the observed magic numbers. For this Goeppert-Mayer
and Jensen got the 1963 Physics Nobel Prize (it was the last time so far that a lady, Maria Goeppert-
Mayer, was awarded the Nobel Prize in Physics. Incidentally, the other lady who is a physics Nobel
laureate, Marie Curie, was also a nuclear physicist).

The spin-orbit potential proposed by Goepper-Mayer and Jensen et. al. has the form, Vi,(r)l - s,
where [ is the orbital angular momentum and s is the intrinsic spin of the nucleon. The shell model
Hamiltonian acquires the form,

o2y e v o 3.24

—%—l—imwr—l—so(r) -8 (3.24)

The orbital and spin angular momenta must be coupled to a total angular momentum 7 =1+ s. As we

have seen in Chapter 1 the eigenstates of the spin-orbit term are determined by the quantum number

j = |l +£1/2] and by the quantum number m associated with the third component of j. Therefore the
corresponding eigenvectors are {|nisjm)} and with

ji=0P+s*+2l-s (3.25)
l-s=(52-1°-5%/2 (3.26)
one gets,
hQ
l-s|nlsjm) = ) G +1) =11 +1) = s(s+ 1) |nlsjm) (3.27)

In r-representation it is,
(r|nlsjm) = Ry (r) [Yi(09)x1/2]

and the Schrodinger equation becomes

Ry (1) = ungj(r)/r (3.28)

gm?’

K2 d? (+nm 1 5,
_ %ﬁunl(r) {2mr2 + §mw re+

2

+ % [1G+1) = 1(1+1) —3/4] Vso(r)}unl(r) = Enun(r).  (3.29)
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Figure 3.2: In the left is the energy spectrum corresponding to a Harmonic oscillator potential of frequency
w. In the middle is the same plus a term DI?, with D negative. The spectrum to the rigth corresponds

to the shell model Hamiltonian (3.5), which follows very well the tendencies of the experimental data.
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Since |l —1/2| < j <14+ 1/2 and j =14 1/2 one gets

[0 +1) =1+ 1) — 3/4] Vao(r) = Vo) { P jf}g (3.30)

and one understands the experimental level scheme by assuming an attractive spin-orbit interaction, for
instance a constant term Vi, (r) = —V;. With this term one gets the level scheme labeled by Cl.s in Fig.
3.2.

One sees from Eq. (3.30) that the spin-orbit interaction is strongest for the state with the larger value
of the spin j and, due to the attractive character of the interaction, the total energy of this state lies
below the corresponding energy for the lower spin. This has as a consequence that the state in a band
with highest spin is so strongly affected by the spin-orbit interaction that they become mixed with states
of the band below. This can be observed in Fig. 3.2, where for [ > 2 the states with highest spin, for
instance 1f7/2, 1gg/2, etc, crosses the number N below, mixing with the states N — 1. These are called
”intruder” states, and there appearance is due to the spin-orbit interaction. The parity of the intruder
state is (—1)%, i. e. it has different parity than the ones belonging to the band N — 1.

The states in the shell model level schemes, i. e. the one at the right in Figure 3.2, carry as quantum
number the total spin j and therefore, again due to spherical symmetry, each level has a degeneracy of
2j 4+ 1. As seen in the Figure, one can then explain very well all magic numbers. One also sees that the
intruder states play a fundamental role. In particular, the intruder state 1f7/5 contains the eight nucleons
necessary to explain the magic number 28.

The spin orbit potential can be shown to have the form

B 1dUws(r)
‘/SO(T) - VUso r d’l" .

(3.31)
where v, is a positive number and Uy g(r) is the Woods-Saxon potential (3.18). Due to the form of
this potential the spin orbit potential above is peaked in the surface of the nucleus and, therefore, its
influence is mainly felt just in that surface.

The presence of the spin-orbit potential was found to be a result of relativistic effects.

Parity

Since we assume that the nucleon-core potential is spherically symmetric the quantum numbers [.j, m
are conserved (as discussed in the previous Chapter). This potential will also be assumed to be invariant
under reflections, and therefore the parity 7 of the state |nijm > will also be conserved. To find the
value of the parity one has to analyze the Spherical Harmonics Yy, (f¢) which, for m; > 0, is given by

/2l 1 l— .
Yim, (0¢) = + 7 Zi —1)me' ™Y P (cos 6) (3.32)

where L () g
P = S 1 - ) fem (€ - 1) (3.33)
For m; < 0 it is,
Vi (60) = (~1)"'¥iZ, (60) (3.34)

The parity transformation corresponds to r — —r, that is (r,0,¢) — (r,m — 0, + m), and since
for spherically symmetric potentials the value of r is the same for all values of the angles, only the
transformation of the Spherical Harmonics has to be considered. Therefore one finds,

\Ijnlen(fr) — (71)I\Ijnljm(7') (335)

The spin-orbit part of the wave function is as above independently of the spherically invariant poten-
tial, but the radial part has to be studied separately for each potential one has to deal with.

We have seen that the parity associated to this wave function is (—1)! and since N = 2n 41 the parity
also is (—1)". That is, all the states in a band corresponding to the quantum number N has the same
parity.

Analytic expressions for the first few orthonormalized spherical harmonics in the Condon-Shortley
phase convention,
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1 /1
Y0.0) = 5\ (3.36)
~1 L/3 o i
Y (0,p) = B gsmee @ (3.37)
o 1 /3
Yi(0,9) = 3 ;cos@ (3.38)
1 -1 /3
Yi(0,p) = 5 gsmee“@ (3.39)
1 /15 ;
Y, 2(0,0) = I 2—sin20672“" (3.40)
i
1 /1 ;
2710, 0) = 5 2—5sin0 cosf e ¥ (3.41)
T
0 L /5 2
Y5 (0,0) = 1 ;(3(308 0—1) (3.42)
-1 N1 .
Y3 (0,0) = 7\/2—5 sinf cosfe'”? (3.43)
T
1 /1
YZ(0,0) = 1 2—5sin2062w (3.44)
™

Particle excitations

We have seen that a nucleus ém Xy, , where N, and Z,, are magic numbers, acts as a frozen core. The
total angular momentum of this core is zero and a nucleon moving outside it feels the interaction of the
nucleons inside the core as a whole. The core induces a central field which generates the shell model
set of single-particle states, that is the shell model representation of Fig. 3.2. The nucleons in the core
form a Fermi gas such that each one of these nucleons occupy a level of the shell model representation.
Since the core is in the lowest excitation the nucleons occupy the lowest states. For instance, the nucleus
30Cag (Calcium 40) is a core, since 20 is a magic number. In terms of the shell model the 20 neutrons as
well as the 20 protons occupy the states 1s; /2, 1p3/2, 1p1/2, 1ds/2, 2512 and 1ds/. In the same fashion,
adding a nucleon, for instance a neutron, one would get the spectrum of 35Caz;. The lowest (ground)
state of this Ca isotope is, according to the shell model (Fig. 3.2), f7/2, that is 7/27, as indeed it is

experimentally. The ground state of 5% Nigg (Nickel 57) should be 3/27, the first excited state should be
5/27 and the second excited state 1/27, as also it is experimentally.

The nuclear experimental spectra are found in many publications, but a convenient way of getting
them is through Internet. In the site

http : / Jwww.nnde.bnl.gov/nudat2/
one finds all the available nuclear experimental spectra.

It is important to stress that the analysis we have carried out so far is based on the assumption that
the nucleus consists of freely moving nucleons in the shell model potential fulfilling the Pauli principle.
Considering that the nucleus is a bunch of strongly interacting nucleons packed in an extremely dense
environment it may seem nearly as a wonder that the independent particle shell model works so well.
There are arguments which allow one to justify this feature, but the importance of the single-particle shell
model lies not so much in its predicting power but rather in that it provides an excellent representation
to describe many-nucleon states, as we will see.

In order to complete the representation one has to know the energies of the single-particle states.
These can be taken from experiment, or from calculations that fit the experimental data as closely as
possible.

The single-particle energies €,, are the eigenvalues of the Hamiltonian Hy(i), Eq. (3.7). They are
depicted in Fig. 3.3, where the origin of energies is the continuum threshold. That implies that all
values of € in the Figure are negative, as it should be for bound states. At positive energy there is the
continuum, which does not have any quantized state and, therefore, all energies are allowed. These are
all the possible kinetic energies of the particle at infinite, where the nuclear potential vanishes. One sees

m?
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Figure 3.3: Single particle states in the shell model potential. The energies € are measured from the
continuum threshold. The Fermi level is indicated as FL.

from the Figure that €,, is the energy necessary to bring a particle in the bound state n, to a rest state
(zero kinetic energy) at infinity. This is called "separation energy”, which thus is the same as — €,,.

We have seen that the A nucleons in a double magic core occupy the lowest shell model single-particle
states. In Fig. 3.3 these states are labeled by h;, where i = 1,2...; A, and the highest one is called ” Fermi
level”. From the Fermi level and below all states are occupied. Above the Fermi level all states are
empty, i. e. unoccupied. They are labeled pj in the Figure, where k = 1,2, ..., N and N is the number of
unoccupied states. Therefore, and since we assume that the core is frozen and neutral, the nucleus with
A + 1 nucleons has to be in one of the states pg.

According to Eq. (3.10) the energy of the core is

A
Ecore = Z €h; (345)
=1

and the energy of A + 1 nucleus in the state py is

EA+1<pk) == Eco’r‘e + €pp (346)

from where one gets,
€pr, — EA+1(pk') - Ecore (347)

Since all single-particle energies are negative one finds that

EA+1(pk) < Ecore (348)

The experimental values of F4 are tabulated in many publications. A convenient way of getting them
is also through Internet. In the site

http://ie.lbl.gov/t0i2003 /MassSearch.asp

one finds the available binding energies B(A) of all nuclei in the ground state. The binding energy is
defined as B(A) = -E4, i. e. B(A) is a positive quantity such that Bay1(pr) > Beore, according to Eq.
(3.48).
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Figure 3.4: Experimental spectrum of the nucleus °"Nigg taken from the Internet site mentioned in the
text. Energies are in MeV. The level at 3.010 MeV has not been completely determined yet. It can be
7/2% as well as 9/27F.

To obtain the single-particle energies from experiment one uses Eq. (3.47). We will show this, as well
as the limitations of the independent single-particle model, in an illuminating example.

As we have seen above, the neutron single-particle states between 28 and 50 can be extracted from
the spectrum of ®"Niyg. The experimental spectrum in Fig. 3.4 shows that the ground state is 3/27, i.
e. the state 1p3/o (remember that we use the convention that for the lowest state it is n = 0). The first
excited state lies at 0.769 MeV and is 5/2", i. e. 0f5/2. The second excited state lies at 1.113 MeV and
is 1/27, 1. e. 1py/y. After this there are a number of states which do not correspond to the ones in Fig.

3.2. Only at the rather high energy of 3.010 MeV appears a state that may be 9/2+. This indicates that
after the state 1p; /2 the energy is high enough to disturb the core, probably by exciting single-particle
states from below to above the Fermi level. But one can still assume that the states 9/2% at 3.010 MeV
is the Ogg/o level of Fig. 3.2.

The experimental energies in the spectrum are given relative to the ground state of the nucleus, as
seen in Fig. 3.4. To obtain the corresponding values of € one has to evaluate the binding energies B(Z, N).
In the Internet site mentioned above are given the values of B(Z, N)/A. For our case we need the binding
energies of *Ni (the core) and of ®'Ni (see Eq. (3.47)), It is B(28,28)/56 = 8.643 MeV and B(28,29)/57
= 8.671 MeV, i. e. €1p,,, = - 10.239 MeV. This is the lowest state. It corresponds to the state labelled
p1 in Fig. 8.7. The state 0f5/2, at 0.769 MeV, corresponds to py (is less negative). Therefore one gets
€0fs,, = (- 10.239 + 0.769) MeV = - 9.470 MeV. In the same fashion it is €1y, , = -9.126 MeV and €, ,
=-7.229 MeV.

The evaluation of the single-particle energies follows this procedure in all cases.

Hole excitations

We will now analyze the spectrum of a nucleus with a particle less than a magic number. According to
the shell model, the structure of such a nucleus is determined by filling the single-particle states as if the
system were a Fermi gas. This we did above with the core and with the core plus one-particle nucleus.
In the present case all the A-1 particles will occupy the levels below the Fermi level, i. e. the levels
called h; in Fig. 3.1. As seen in Fig. 3.5, the resulting spectrum is that of the core (all levels below the
Fermi level are occupied) except the level, called h; in the Figure, where the last particle was not placed.
Therefore this excitation is called "hole” since it is like a hole in the spectrum of the core. The energy of
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Figure 3.5: Excitations h; in the (A-1)-particle nucleus. It looks like at the level h; there is a hole
in the completely filled states of the core. Therefore the states below the Fermi level are called ”hole
excitations”. A hole at the more deeply bound level ho induces a higher excitation than the one at hy.

the nucleus referred to the core is now (see Eq. (3.47))
EA—l(hl) - Ecore = —€hy (349)

which is a positive number. This implies that a state which is more bound than hq, for instance the one
labeled hs in Fig. 3.5, lies at higher energy than h; since |ep,| > |en, |.

We will again clarify this point with an example, which is the spectrum of the nucleus '3'Sn, with
7Z=50 and N=81. That is, the single-particle excitations of this nucleus are holes in the neutron core
below N=82. Therefore the ground state should be the first hole state, the first excited state the second
hole state and so on. And indeed we see that the level sequence of the experimental spectrum of Fig.
3.6 is the one predicted by the independent-particle shell model in Fig. 3.2. That is, the shell model
(experimental) levels are 1dz/, (ground state), Ohqq/o (04x MeV), i. e. experimentally has not been
possible yet to disentangle this from the ground state. Notice also that this is an intruder state. After
these states follow the levels 2515 (0.332 MeV), 1ds5/2 (1.655 MeV) and 0gr/5 (2.434 MeV). In this case
there is a good agreement between the experimental and the shell model sequence of levels, since only the
last two states are in a reverse sequence (the first two states are nearly degenerate). But in general one
expects that the levels predicted by the shell model should be there, but not with the exact sequence.

The ground state single-particle energy is, according to Eq. (3.49), €5, = Ecore — Ea—1(h1), where hy
is the hole state 1d3/, and the core is 1328n(gs) (gs means ground state). The binding energies of interest
are B(50,81)/131 = 8.363 MeV and B(50,82)/132 = 8.355 MeV. Therefore it is E.ore = -B(50,82) =
-1102.860 Mev and E4-1(h1) = -B(50,81) = -1095.553 MeV, from where one gets €14,,, = -7.307 MeV.
For the other states it is €op,,,, = -7.307 MeV also, €25, , = (-7.307 - 0.332) MeV = -7.639 MeV, €14, ,,
=-8.962 MeV and e€qg,,, = -9.741 MeV.

3.5 Parameterization of the Woods-Saxon Potential

arXiv:0709.3525

A number of parameterizations of the Woods-Saxon potential have been published, created with
different objectives and relevant to different nuclear mass regions. Most commonly used is the so-called
“Universal” parameterization [3] , which was adjusted to reproduce the single-particle binding energies
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Figure 3.6: Experimental spectrum of the nucleus “5;3Sng;. The levels are in parenthesis, meaning that
they are not completely determined yet. The level 11/27 is at 0.0+x MeV, implying that it is only
slightly above the 3/2% ground state.

of proton and neutron orbitals around the doubly-magic nucleus 2°8Pb and correct ground state spins for
nuclei of masses around A=180, but claimed to be applicable to lighter mass regions as well. Characteristic
for the “Universal” parameterization is the choice of different radii for the proton- and neutron potentials.
It has been pointed out, that this parameterization has shortcomings with respect to lighter nuclei and
that it predicts charge radii inconsistent with experiment. [4].

Basis for this investigation are the experimental single particle spectra around the doubly magic nuclei
160, 40Ca, 48Ca, 56Ni, 132Sn and 2°%Pb. These systems were chosen, because they are expected to show
the most pure experimental manifestation of single-particle excitations.

Woods and Saxon [2] suggested to model the nuclear mean field i.e. the nucleon-core interaction with
a spherically symmetric potential that has a Fermi-function form

= [ien (20)] oo

where the size R and diffuseness of the surface a are fixed parameters of the same units of length as r.
The total nuclear potential is defined as

V(?") = —Vf<7“, R’ CL), (351)

where V' represents total strength and the minus sign is introduced to represent the attractive nature of
the interaction.

The electromagnetic force is a second part contributing to the proton-core interaction. This repulsive
potential is fully determined with the assumption of a given nuclear charge distribution p(r). The solution
of the corresponding electrostatics problem gives

V.(r) = 4me (i /07" 2 p(r)dr’ + /TOO r’p(r’)dr’) : (3.52)

In the spirit of the Woods-Saxon parameterization it is often assumed that the nuclear charge distri-
bution is proportional in shape to the same function (3.50) p(r) ~ f(r, R.,a.), where the coefficient of
proportionality must be determined from the normalization of density to the total nuclear charge. The
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integration in Eq. (3.52) along with a normalization of density must be done numerically, which is of-
ten too time consuming. The influence of surface terms on the strength of the Coulomb interaction is,
however, weak. We have numerically tested, that the diffuseness of the charge distribution can be set to
zero within the precision of the fit discussed below. Furthermore, for the same reason we have assumed
R. = R which removes an extra unnecessary parameter that has little influence on the outcome. Except
for special cases [?] these assumptions are typical in other Woods-Saxon parameterizations. Through this
paper we adopt the following form of the Coulomb potential

o BRZ—1r?)/(2R?), r<R,
Ve(r) = Z'e { 1/r, r> R,

which as a result of the above assumptions corresponds to a uniformly charged sphere of radius R, which
can be treated analytically.
Thus, the total effective Hamiltonian becomes

(3.53)

_p
2p

H

+V(r) + V(r) + 2:% (50(@) 1-s, (3.54)

where — unlike for the Coulomb field — the potential V (r) is not equal to the original potential V' (r) and
may have a different form factor [?]. Therefore, the form factor of V(r) is another assumption that goes
into construction of the Woods-Saxon Hamiltonian

V(r) =V f(r,Rso,as0). (3.55)

Here, Rso and agso stand for the radius and the diffuseness of the spin-orbit term.

The parameters of the potential change as one goes over the nuclear chart. The dependence of the
above 7 parameters on the number of protons and neutrons in the core-nucleon problem defines the
structure of parameterization. In the following, we will describe our choice of structure parameterization,
which we call the “Seminole” parameterization.

In the conventional parameterization of the Woods-Saxon potential, as well as in our work, the size
of nuclear potential is calculated as

R=Rc = RoAY3, Rso = Ros0A"?, (3.56)

in terms of the parameters Ry and Ry so, which are constant over the nuclear chart.
The surface diffuseness for both the central and spin-orbit potential is assumed to be constant and
size independent
a = agso = const. (3.57)

While the isospin dependence of the Coulomb force is obvious, the behavior of the effective nuclear
potential on the isospin of the nucleon t and the core T’ has to be introduced phenomenologically. We
adopted the suggestion by Lane [6] to introduce an isospin dependence to the potential by the lowest
order isospin invariant term

V=1, (1 - % (t- T’>> . (3.58)

We chose the “minus” sign so that the parameter x will be consistent with conventions. For the
ground-state of a nucleus, the isospin quantum number is T = |T;| = |N — Z|/2, which together with the
relation t + T = T leads to

3 N=1Z
—4t-T)=4 £(N-Z+1)+2 N>Z |, (3.59)
*(N-Z-1)+2 N<Z

where here and below we use upper sign for the proton and the lower sign for the neutron. Traditionally,
the isospin-dependence of the Woods-Saxon potential had been parameterized by the expression.

V=V (1 + H(]VIZZ)) (3.60)

For heavy nuclei with large neutron excess, the difference between the two definitions is small. However,
the definition of Eq. 3.59 leads to significantly different predictions in lighter nuclides around N=Z.



3 Nuclear Shell Model 46

Table 3.2: Commonly used Woods-Saxon parameter sets in the literature.

Parameterization W[MeV] | k Ry [fm] | a [fm] | A Roso[fm]
Rost[7] n | 49.6 0.86 | 1.347 |07 | 315 | L28

D 1.275 17.8 | 0.932
"Optimized’[8] n | 49.6 0.86 | 1.347 0.7 36 1.30

p 1.275 36 1.30
"Universal’[3] n | 49.6 0.86 | 1.347 0.7 35 1.31

p 1.275 36 1.32
"Chepurnov’[9] 53.3 0.63 | 1.24 0.63 23.8* | 1.24
"Wahlborn’[10] 51 0.67 | 1.27 0.67 32 1.27

Existing parameterizations

A number of parameterizations and parameter sets are available in the literature. We list the most
commonly used ones in Table 3.2. All of these parameterizations use Eq. (3.60) for the isospin dependence
of the nuclear potential. In contrast to the “Seminole” parameterization, the same isospin dependence
enters into spin-orbit term via V = AV.

The “Rost” parameters [7] were determined from the orbital energies of 2°8Pb. The “Optimized” [8]
parameter set took the central potential parameters from “Rost”, but changed the spin-orbit interaction
in order to improve predictions for high-spin spectra in the lead region. A further refinement of these
parameters was introduced as the “Universal” parameter set, which improved the description of high spin
states in 1%6Gd [3]. The “Chepurnov” parameterization introduced an additional isospin-dependence for
the spin-orbit interaction in deviation from the commonly used proportionality to the central potential.
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3.6 Homework problems

Exercise 1:
Show that J2, 12, s and J,, where J =l + s, commute with the Hamiltonian

2
H= % F V() + Via(r)l - s
What does this implies?
Show that under a parity transformation a particle with angular momentum [ and total spin j carries
a parity 7 = (—1)%.
Hint: [j (or j.),H] =0, [l (or l,),H] #0.

Exercise 2:
Draw the first 7 levels corresponding to the Hamiltonian
2
1
H:p—+7uw7"2+vlslos

2u 2

where iw = 5 MeV and Vs, = -0.56MeV.
Comment on the structure of the spectrum.

Exercise 3:

a) Determine the single-particle levels (including energy, [ and j) for neutrons above the magic numbers
7=50, N=82.

b) Do the same for protons.

Hint: You may just extract the excitation energies (relative the ground state) or the total energies of
the single-particle states from experimental data.

Exercise 4:

a) Determine the hole levels ( (including energy, ! and j) ) in nuclei with protons below the magic
numbers Z=82, N=126.

b) Repeat for neutrons.

The nuclear experimental spectra are found in the site

http : / Jwww.nnde.bnl.gov/nudat2/
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Chapter 4

Magnetic resonances in nuclei

Charge particles in a magnetic field. Time dependent magnetic fields. Time-dependent perturbation
treatment. Rabi formula. Magnetic Resonance Imaging (MRI). Dipole magnetic moments in nuclei.
Schmidt values.

4.1 Charge particles in a magnetic field

Assume a nucleon in the presence of a magnetic field carrying only its intrinsic angular momentum, i.
e. its 1/2-spin. This would happen is the nucleon is trapped within the region where the experiment
is performed. For instance, a proton in some molecules forming a crystal, or a proton in a molecule of
human tissue, which is largely composed of water with two hydrogen atoms (where the nucleus is the
proton itself) in each H,O (water) molecule.

Assuming also that the magnetic field applied externally has the form

B = Byk (4.1)
where By is constant and k is the unit vector in the z-direction, the Hamiltonian is
H=—-p-B=—p.By (4.2)
where the magnetic moment is defined by,

99
p=5_ -8 (4.3)
In contrast to what we presented above, the magnetic moment is now defined with dimensions. This
is an unfortunate change of notation. We keep the notation used in each field. In Nuclear Physics the
Hamiltonian is as in Eq. (4.3), while in the applications of magnetic resonances to be analyzed here we
will use the Hamiltonian (4.2).

Since only the intrinsic spin of the particle is considered, the g-factor in Eq. (4.3) is as the g5 factor
above, but for clarity of presentation we give them again here. In the cases of interest in the applications
the g-factors are

2.00 electron
g= 5.58 proton (4.4)
—3.82 neutron

As before, g is the charge of the particle (¢ = —e for electron) and s = (s, sy, s») are the Pauli matrices

given by,
h(io 1 h(0 —i h(1 0

The Hamiltonian becomes,

h
H:—M'B:—ﬂB()S'k:OJ(]SZ:wL 1 0 (46)
2me 2

where

and the eigenvalues are,



4 Magnetic resonances in nuclei 50

There are two stationary (i.e. time independent) states with energies

If the particle is in the state +, it will not decay unless a perturbation disturbs it. When it decays a
photon with energy £, — E_ = hwg will be emitted which can be measured with great precision, thus
allowing one to determine precisely quantities like the g-factor.

4.2 Time dependent magnetic fields

A convenient way to perturb the system is by applying a weak and time-dependent magnetic field in the
z-direction. Rabi chose for this purpose the form By coswt¢,. The perturbation will then vary from —B;
to +B; as the time increases. The hope is that at a certain value of w the transition will take place.
Notice that By has to be very small in comparison to By in order not to destroy the spectrum determined
by By (i.e. the levels E1). The problem is then to solve the Hamiltonian

By

H = wps, — 99 coswt sy, (4.10)
2mc
with wy = —92(1 1, one gets
mc
_wh (1 0 wih 0 1\ h wo w1 cos wt
HQ(O -1 >+2COSWt< 1 0>2 w1 cos wt —wp (4.11)

where |w1| < |wp|. One has to use the time-dependent Schréodinger equation, i.e.

AU
HU(t) = ih— (4.12)

Time-dependent perturbation treatment

Since By is very small the solution ¥(¢) should not be very different from the solution corresponding to
Bi = 0. We will therefore solve first the case B; =0, i. e.

(5 %)) ()

where a(t) = d%(tt). One thus has
h o dal(t .
_ (.OQCL(t) = ih ( ) a(t) _ (L(O) ef]&)()f/?
2 dt
= . (4.14)
—g wob(t) = ih—dg(tt) b(t) = b(0)et/?

The general case is

Z( w1 ;Oswt Mfzzm ) ( Zgg ) = ih( ZEQ ) (4.15)

since |wi| < |wg|, one proposes as solution

7N

> Q

—~ =

~& T

SN—

~~
I

(g ) (4.16)

which contains the main term explicitly.
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The Schrodinger equation becomes

h wo wi cos wt e iwot/2 ¢(¢)
2\ wycoswt —wo elwot/2 q(t)

_i@e—iwot/2c(t) +e—iwot/2c'(t)
ih 27 : ; 4.1
1 < i%elwot/Qd(t) _|_eu.u0t/2d(t) ) ( 7)

with coswt = (elwt/2 4 e~1wt/2) /2,

i( é(t) ) _ w1< [[ei(“0+wﬁ+ei(“0w)t] d(t) > (4.18)

e—i(wo—w)t + e—i(wo-‘rw)t] C(t)

The idea is to change w in the perturbation term Bj coswt such that fuwwg = hw. Since wy is large, the
highly oscillating functions e*(«o+«)t can be neglected. One thus gets

ie(t) = % el (o=t (4)
(4.19)

id(t) = % emilwo—w)t o)

which is a coupled set of two first order differential equations. To solve it one transforms it in a second
order differential equation as follows.

i6(1) = YL pilwo—w)t [i(wo —w)d(t) + d(t)}

4 (4.20)
-7 _ W —i(wo—w)t . .
id(t) = St et [— i(wo — w)e(t) + c(t)]
and replacing ¢(t) and ¢(t) from Eq. (4.19)
-5 _ Y1 i(wo—w)t| s _ ﬂ i(wo—w)t j Wi i(wo—w)t
id(t) 1 ¢ [ i(wp — w) o e dt) + ¢ d(t)]
B (w12
= (wo—w)d(t) —i ( . ) d(t)
. . 2
d(t) + i(wo — w)d(t) + (%) d(t) = 0 (4.21)
which has the solution
. 1
d(t) = Ae @0t 26in O, Q= 5\/(wo —w)2 + (w1/2)2 (4.22)

where A is a constant which is determined by the normalization condition, i.e.,

(e*(6), d*(8)) ( ;E?) ) = le@®)[* + |a(t)] = 1 (4.23)

One proceeds in the same fashion with ¢(¢) to obtain

C(t) =2A % ei(wo—w)t/2 <_ sinQt —iy/1+ B S CoS Qt) (4.24)
1

Rabi formula

We have assumed that before the perturbation the system is in the state (+), i.e.

c(0)=1; d(0)=0 (4.25)

1c(0)] + [d(0)|* = [e(0)]” =1 (4.26)
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Eo

Figure 4.1: The resonant form of the signal as the energy E, corresponding to the weak magnetic field
B, approaches the energy E; induced by By. The width of the resonance is I'.

From |c(0)’2 =1, and after some algebra, one gets,

2 (w1/2)
A" = 4.27
A= G+ @iy 420
and the probability that the transition takes place, i.e. that the system is in the state (—) is
2 2
ld(t)|* = (@1/2) sin? Qt (4.28)

(wo —w)? + (w1/2)?

and a resonance occurs when w = wy. Eq. (4.28) is the Rabi’s formula.
Nuclear magnetic resonance was first described and measured in molecular beams by Isidor Isaac Rabi
in 1938. In 1944, Rabi was awarded the Nobel Prize in physics for this work.

http://www.nobelprize.org/nobel_prizes/physics/laureates/1944/

4.3 Nuclear magnetic resonance (NMR)

Nuclear magnetic resonance (NMR) is a physical phenomenon in which magnetic nuclei in a magnetic

field absorb and re-emit electromagnetic radiation. This energy is at a specific resonance frequency which

depends on the strength of the magnetic field and the magnetic properties of the isotope of the atoms.
One sees that A shows a form similar to that of the Breit-Wigner formula

@/2° R (D2
(w0 — )+ @i/2)? B~ (Bo— E)? + (T1/2)?

(4.29)

from which one can define £ = hwg as the magnetic resonance energy and I'y = hw; as the the width.
In Fig. 4.1 the form of the signal resulting from this expression is shown. The signal-energy plot shown
in Fig. 4.1 has been used to investigate the inner structure of materials. Many scientific techniques
exploit NMR phenomena to study molecular physics, crystals, and non-crystalline materials through
NMR spectroscopy. NMR, allows the observation of specific quantum mechanical magnetic properties
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Table 4.1: the gyromagnetic ratio v of typical nuclei.

Nucleus Spin +(MHz/T) Natural Abundance

H 1/2 42.576 99.985
’H 1 6.536 0.015
13¢ 1/2 10.705 1.11

N 1 3.077 99.63

of the atomic nucleus. In particular, it is used in Medicine to image nuclei of atoms inside the body
(magnetic resonance imaging (MRI)).
In all applications of MRI one uses SI units and introduces the Bohr magneton

_ah

= 4.30
pp =5 (4.30)
In these units the frequency becomes
99Bo _ guBBo
wo e 7 Y50 ( )

This is known as the Larmor Equation. As already mentioned, for electrons it is g = 2.00 and pup =
5.79x107°%eV /T, where the unit Teslais 1T = 10*gauss. Remember fic &~ 200MeVfm. The precise value of
his h = 6.58x10722MeVsec. For protons g = 5.58 (as also already mentioned) and puy = 3.15x10~%eV /T.
In practical applications, the frequency is similar to VHF and UHF television broadcasts (60—1000 MHz).

Magnetic Resonance Imaging (MRI)

An MRI machine uses a powerful magnetic field to align the magnetization of some atoms in the body,
and radio frequency fields to systematically alter the alignment of this magnetization. This causes the
nuclei to produce a rotating magnetic field detectable by the scanner and this information is recorded
to construct an image of the scanned area of the body. Strong magnetic field gradients cause nuclei at
different locations to rotate at different speeds. 3-D spatial information can be obtained by providing
gradients in each direction.

MRI provides good contrast between the different soft tissues of the body, which make it especially
useful in imaging the brain, muscles, the heart, and cancers compared with other medical imaging tech-
niques such as computed tomography (CT) or X-rays. Unlike CT scans or traditional X-rays, MRI uses
no ionizing radiation.

This last is a very important point, since it implies that no damage of the human tissue is associated
with MRI.

All isotopes that contain an odd number of protons and/or of neutrons have an intrinsic magnetic
moment. The most commonly studied nuclei are 'H and 3C (both with spin 1/2). Hydrogen is highly
abundant, especially in biological systems in water (H2O) and lipid (CHs) molecules. It is the nucleus
most sensitive to NMR signal (apart from 3H which is not commonly used due to its instability and
radioactivity). Proton NMR produces narrow chemical shift with sharp signals. Fast acquisition of
quantitative results (peak integrals in stoichiometric ratio) is possible due to short relaxation time. The
'H signal has been the sole diagnostic nucleus used for clinical MRI. Nuclei from isotopes of many other
elements (e.g., 2H, SLi, 1B, 1B, N, 15N, 170, 19F, 23Na, 29Si, 31P, 35CI, 13Cd, !?%Xe, 95Pt) have
been studied by high-field NMR spectroscopy as well. Most even-even nuclei have zero nuclear magnetic
moments, and they also have zero magnetic dipole and quadrupole moments. Hence, such nuclides do
not exhibit any NMR absorption spectra.

The biological abundance describes the fraction of certain atom in the human body. The biological
abundances of H, O, C and N in the body are 0.63, 0.26, 0.094, 0.015, respectively.

http://www.cis.rit.edu/htbooks/mri/

Electron spin resonance

The magnetic moment of an electron amounts to 658 times the magnetic moment of a proton. The
electron does not contribute to the signal in MRI, though it can undergo a similar process as the nucleus,
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called electron spin resonance (ESR). ESR is a related technique in which transitions between electronic
spin levels are detected rather than nuclear ones. The basic principles are similar but the instrumentation,
data analysis, and detailed theory are significantly different.

The electron gyromagnetic ratio is given by 28024.95266(62) MHz/T. The magnetic field produced by
an electron is much stronger than that produced by a proton. However, in most substances the electrons
are paired, resulting in a weak net magnetic field. There is a much smaller number of molecules and
materials with unpaired electron spins that exhibit ESR (or electron paramagnetic resonance (EPR))
absorption than those that have NMR absorption spectra.

Nuclear magnetic resonance quantum computer

NMR quantum computing uses the spin states of molecules as qubits. Operations are performed on the
ensemble through radio frequency pulses applied perpendicular to a strong, static field, created by a
very large magnet. Some early success was obtained in performing quantum algorithms in NMR systems
due to the relative maturity of NMR technology. For instance, in 2001 researchers at IBM reported the
successful implementation of Shor’s algorithm in a 7-qubit NMR quantum computer
(http://www.nature.com/nature/journal /v414/n6866 /full/414883a.html).

4.4 Magnetic fields and magnetic moments

A nucleon moving in a single-particle state outside a central potential, as discussed above, will be affected
by the presence of an external magnetic field. The corresponding Hamiltonian is,

q
H=——u-B 4.32
T (4.32)
where q is the effective charge of the nucleon, B is the magnetic field and p is the dimensionless nuclear
dipole moment defined as, .
= gil + s (4.33)

The effective charge should be ¢ = 1.0 e (e is the absolute value of the electron charge) for protons and
0 for neutrons. However, its value is taken to be about 1.5 e for protons and about 1.0 e for neutrons
(these are illustrative values that can vary in different nuclear regions, i. e. for different values of N and
Z). The reason why the effective charge was introduced is that the odd nucleon affects the core and it
has been shown that its influence can be taken into account by the effective charge.

The magnetic moments can be measured with great precision, thus providing precise value for the
g-factors also. These are given by,

| 1 proton _ 5.58 proton
9= { 0 neutron gs = { —3.82 neutron (4.34)

Dipole magnetic moments in nuclei

When the magnetic field is applied the energies observed experimentally are quantized according to the
allowed angular momenta in Eq. (4.33). To measure the dipole magnetic moment p one chooses the
maximum splitting of the levels. One sees from Eq. (4.32) that the maximum effect of the magnetic field
would be induced by the maximum alignment of g and B. This is what one chooses experimentally.
Classically this occurs when j, = j (since B is in the z-direction). In Quantum Mechanics one has to
choose the projection m of the total angular momentum such that m = j. Therefore one defines the
dipole magnetic moment as R

p=(jm = jlgil- + gs8:1jJ) (4.35)
notice that p is just a number without dimensions.

Since I = 5 — s one can write .

n= <J.7|gljz + (gs - gl)éz‘]]> (436)
To calculate the values obtained by the application of the operator §. upon the state |jj), we expand
this state in terms of the eigenvectors of §,, i. e.

gm) = > (bmy1/2mg|jm)|lmy1/2m.) (4.37)

mimes
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and one obtains
noo= <J]| Z <lmll/2ms|]]> [glj + (gs - gl)ms} |lml1/2ms>
mimsg
= Y (mu/2mg55)* [9id + (95 — gi)ms]
mymes
It is my = j — ms and ms = £1/2, m; = j F 1/2. Therefore
po= <l j— ‘JJ> gj+ L4 (4.38)
’ 2272 2
1 - 9s — 41
#1345 alid) i -
< Jt 5 B% 17 {glj B }

Schmidt values of single-particle states

The general expression for the magnetic moments corresponding to a nucleon moving outside a central
field is given by Eq. (4.38). There are two different possibilities, namely a) [ = j+1/2; b) I =45 — 1/2.

a) j=1-1/2
<~+, l}}‘-~2 _ 1
JH 5005550 G110
CTENTER NI £
JH 50+ 5 550 G+ 1)
w=gj—(9s — 1) .j
23+ 1)
b) j=1+1/2
GoLao LT
J=5d=5550i) =
(i 1,,11 1’-->2 — 0
=gt gig5) =

w=agij+ (gs—a)/2

(4.39)

(4.40)

Our assumption that the nucleon moves around the core without farther disturbances (for instance
without exciting other nucleons in the core) is equivalent to assume that the nucleon moves in a single-
particle state. If this is valid, then one can estimate probable values of the angular momenta [ and j (we
will perform this task in this Course). Since also the Schmidt values for the magnetic moment should
be valid, then one can compare these magnetic moments with experiment to probe the models used to
infere the angular momenta as well as the single-particle assumption that this implies. We will attest the

success of this in the exercises.
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4.5 Homework problems

Exercise 1:

a) Calculate the spectrum corresponding to a spin 1/2 particle with magnetic moment fi = gq/(2mc)s
situated in a magnetic field B= Bai+ By;’ where B, and B, are constants.

b) Which is the probability that in the lowest state thus calculated the spin projection of the particle
is measured to be s,=-1/2.

Exercise 2:
a) In the Rabi formula one has to assume |By/By| < 1. Why?.
b) Show that d(t) (Eq. (4.22) in Chapter 3) is solution of Eq. (4.21).

Exercise 3 (not mandatory):

Consider medical applications of Magnetic Resonance Imaging (MRI). In these applications,
a) Only protons are considered, while other heavier isotopes, like 10, are neglected. Why?.
b) Why are the interferences of electrons also neglected?.

¢) The intrinsic spin of the proton is considered to be j =s. Why?.

Exercise 4:
Which is the width of a MRI resonance if the variable field perpendicular to By=1 T is B;=10 gauss?.
How much changes this width if Byg=2 T7.

Exercise 5:

Evaluate wp for a proton in a magnetic field Bp=1.0 T (which is the most common value used
in medical applications of MRI). Compare this frequency with the one corresponding to the x-rays in
computed tomography (CT), with an energy of 10 keV, and the y-rays of radiation therapy, with an
energy of 1 MeV.

Exercise 6:

Evaluate the magnetic dipole moment (Schmidt value) corresponding to

a) A proton moving in an orbital [ = 2,5 = 5/2.

b) A neutron moving in an orbital { =1,j = 1/2.

Exercise 7:

a) The magnetic dipole moments corresponding to the ground states of the nuclei 7 Fg and *1Scy
are observed to be 4.72 and 5.53, respectively. Which are the corresponding values of [ and j7.

b) Which values of [ and j would have the ground states of 17Og and 4'Cas1, for which the magnetic
dipole moments are measured to be -1.83 and -1.59, respectively?.
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Rotational model

Rotational model

5.1 Rotational model

So far we have considered the nucleus as a Fermi gas consisting of neutrons and protons moving freely
under the influence of the shell model central potential. We have indicated that the success of the shell
model was in the beginning considered a wonder since the very short range of the nuclear force acting
upon the tightly packed nucleons make it difficult to understand their free motion. There are arguments
to justify this, but still one would rather think that those characteristics are more suitable to generate
a collective behavior where all nucleons move together as a whole preserving the nuclear volume. These
considerations gave rise to the so-called liquid drop model in which the individual nucleons do not play
any role. It is the nucleus as a whole that determines its dynamics. Like a liquid drop, the surface of the
nucleus vibrates and rotates generating bands of quantized states. An even more limited collective model
considers the nucleus as a rigid body with fixed center of mass. The only possible motions of such an
object are rotations. This is the rotational model, where the conglomerate of individual nucleons form a
compact entity, like a top or a rugby ball.

From classical mechanics it is known that three angles are needed to define the position of a rigid
body with fixed center of mass. These are called Euler angles. One chooses an intrinsic axis system,
called (x’,y,2’) in Fig. 5.1, and determines the direction of one of the axis, say z’, with respect to the
laboratory system (x,y,z). This operation requires two of the Euler angles. The third one is used to
obtain the orientation of the body along the intrinsic axis z’. The Euler angles are denoted by (6, ¢, ¢).
The energy of the rotating rigid body, with the center of mass fixed at the center of coordinates, is

E o Ji/ Jy2’ Jzz/

— 1
2, | 23, 23, (5.1)

where J, is the 2’ component of the moment of inertia and J, is the corresponding angular momentum
component.

We will assume that the rigid body has cylindrical symmetry along the z’ axis. Therefore the com-
ponent J,, of the angular momentum, which is usually denoted by the letter K, is conserved. This
symmetry also implies that J,» = J,,. We will use the symbol J to denote this moment of inertia.

In the intrinsic system the rigid body is at rest and here the symmetry is only cylindrical. But in the
laboratory system the symmetry is spherical because the rigid body rotates in all directions and there
is no way to distinguish one of these directions from another. Therefore the angular momentum J is
conserved in the laboratory system and that implies, as we have seen in Chapter 1, that J2 and .J, are
good quantum numbers which can be used to label the rotational state. The quantum number associated
with J, is usually called M. The state thus carries J, M, K as quantum numbers, i. e. it can be written
as |[JMK) or,

Di1c(6,6,0) = (06| TME) (5.2)

which are called ”d-functions”. They satisfy the eigenvalue equations,
JQD&K(G’ (ba ()0) = h2‘](‘] + 1)D1{4K(9a ¢7 Qp)a

J.Diyc (0,6, ) = hM D31 (6, 6,), (5.3)
JZ/D}\]/IK(aa ¢7 30) = hKD]\]/[K(ga ¢a 50)

In classical mechanics one can distinguish whether an spherically symmetric body rotates or not, but
in quantum mechanics all directions are the same and the body appears to be at rest. Therefore there is
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Figure 5.1: A cylindrically symmetric rotator. The symmetry axis is z’. The projection of the angular
momentum upon this axis is K, and upon the z-axis in the laboratory frame is M.

no rotational energy associated to such a system or, in general, to degrees of freedom corresponding to a
cylindrical symmetry. The Hamiltonian (5.1) thus becomes,
JL 4+ g2 g2
H=**_Y — z (5.4)
27 27

The eigenfunctions of this Hamiltonian satisfying all the symmetries of the system, including the cylindri-
cal symmetry, the reflection symmetry with respect to the (x’,y’) plane and the parity symmetry (notice
that the Hamiltonian is invariant under the parity operation of changing r by —r) is,

(00l IMK) = ¢ (Diyic + (-1)" D3y _x) (5.5)
where ¢ is a normalization constant. The corresponding eigenenergies are, from Eq. (5.4),

J(J+1) - K2
_ 32
B(J.K) = h* ="

Since J > K and positive for a given K > 0 there is a band of states with energies proportional to
J(J + 1). This is call "rotational band”. The lowest lying of these bands is the one corresponding to
K =0, and its lowest state, i. e. E(0,0) = 0, is the ground state of the rotational nucleus. Therefore this
band is called ground state band. From Eq. (5.5) one sees that for the ground state band (8¢p|JMK)
vanishes if J is odd. Therefore the members of the ground state band have even J and parity (—1)7 =
+1 (since parity is conserved) and the energy is

(5.6)

J(J+1)
E ==
(J,0) = i"——

(5.7)
This is a very characteristic spectrum and many nuclei follows it. An example is the nucleus 238 Py which
spectrum is shown in Fig. 5.2.

An important sign that a spectrum corresponds to a ground state band is that the relation between
the energies of the first 47 and 2% states should be 10/3, as shown by Eq. (5.7). In general, the
levels of a rotational ground band are related to the energy of the first excited state 2% by the relation
E(J,0) = E(2,0) J(J+1)/6. The agreement between theory and experiment can be excellent, as is seen
in Fig. 5.2. The moment of inertia of a rotational nucleus can be extracted from the experimental energy
E(2,0), since

3ol

EE0 (5.8)
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Figure 5.2: Ground rotational band (i. e. K=0) of 23® Pu. Energies are in keV. The rotational energies
E(J,0) = E(2,0) J(J+1)/6, where E(2,0) = 44keV in this case, are E(4,0)=147 keV, E(6,0)=308 keV
and E(8,0)=528 keV.

For the K > 0 bands one can show that K must be even and J=K, K+1, K+2,... The lowest of the
states of a band is called bandhead, and it corresponds to J=K. Therefore the bandhead energy FEyy, is
given by, X

2
=5

The rotational model has been very successful to explain the spectra of a large number of nuclei. It
was formulated by A. Bohr and B. Mottelson in the beginning of the 1950’s and it was corroborated
experimentally by J. Rainwater. They were awarded the 1975 Nobel Prize in Physics for this work.

This model complements the shell model since it works very well in the middle of the major shells of
Fig. 3.2, 1. e. with values of the number of neutrons and protons which are far from magic numbers.
However the shell model is, more than a model, a procedure to obtain a very good representation to solve
the nuclear many-body problem. Therefore there have been many attempts to explain rotational spectra
by using the shell model. This, which is even been pursued at present, has had a great importance in the
understanding of nuclear correlations.

One can separate out the deformed nuclei from the others by making use of the ratio excitation
energies

Epn(K) (5.9)

=5
It is a good indicator of the character of the nucleus and has the value R4o = 10/3 for an axial rotor.

A histogram of R4, for all the nuclei for which the energies are known is shown in Fig. 5.3. There is a
sharp peak around the rotor value.

Rus (5.10)

5.2 Deformed shell model (Nilsson model)

The spherical shell model can explain many features of spherical nu- clei, but needs modifying to describe
nuclei with many nucleons outside a closed shell. The residual interaction between these many valence
nucleons may be more simply described by a deformed potential. For nuclear rotation to be observable,
the nuclei have to be non-spherical, so that they have a preferred axis.

Quadrupole (A = 2) deformations can give rise to asymmetric shapes. These triaxial distortions are
governed by the v shape degree of freedom, and this describes a stretching/squashing effect at right angles
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Figure 5.3: Distribution of nuclei with respect to deformation indicator R4o. Taken from GF Bertsch,

arXiv:1203.5529.
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Figure 5.4: The different nuclear shapes that can be parametrised by spherical harmonic functions, where

A characterises the different orders of the corresponding distributions.
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to the major nuclear axis. Gamma is measured in degrees, where v = 0° and v = 60° correspond to
prolate and oblate shapes respectively. Completely triaxial shapes have v = 30°.

The model that describes axially symmetric nuclei is called the Deformed Shell Model. In this model
the Schrédinger equation is solved using the potential that describes the shape of the nucleus. An result
of the deformation is that the orbital angular momentum, 1, and the intrinsic spin, s, are no longer good
quantum numbers and thus, states with different l-values but the same parity can mix. The energy of the
states now depends on the component of the single-particle angular momentum (j) along the symmetry
axis, which is denoted by €. For each orbital with angular momentum j, there are 2j+1 values of Q2
(= m,; in the absence of other couplings). However, levels with +{2 and  have the same energy due to
the reflection symmetry of axially symmetric nuclei, so that each state is now doubly degenerate, i.e. two
particles can be placed in each state. For example the {7/2 orbital can have |Q| equal to 7/2, 5/2, 3/2
and 1/2. The ordering of these € levels depends on the particular shape of the nucleus since the lowest
in energy is the orbital which interacts (overlaps) the most with the nuclear core. For prolate shaped
nuclei the states with the lowest 2 values are the most tightly bound, whereas for oblate shaped nuclei,
the states with the highest Q occur lowest in energy. Such deformed shell model calculations were first
performed in 1955 by Nilsson with an anisotropic harmonic oscillator potential and the calculated states
(called Nilsson orbitals) are labelled by Q[Nn.A] where N is the total oscillator shell quantum number
and determines the parity, given by (—1)Y. Lambda is the projection of the particle orbital angular
momentum, 1, on the nuclear symmetry axis, and n, is the number of oscillator shell quanta along the
direction of the symmetry axis.
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5.3 Homework problems

Exercise 1:

Determine the moment of inertia from the experimental spectrum corresponding to the rotational
ground state band in

(a) 238Pu.

(b) 168YD.

Hint: Experimental data could be found in
http://www.nndc.bnl.gov/nudat2/



Chapter 6

Two-particle states

Two-particle states. Parity of n-particle states. Isospin. Sum of isospins. Consequences of antisymme-
try.

In order to evaluate the two-particle matrix elements we have to extend the formalism to r-space. To
this end we will assume that the particles move in the shells |p) = |npl,jpmy) and |¢) = |nglyigmg) of
the chosen single-particle representation. Since j =1+ s the corresponding single-particle wave function
is (Chapter 1),

(rlp) = Rn,1,j,(r) [Ylp(f)Xlﬂ]jpmp (6.1)
The two-particle representation consists of the product of the one-particle states, i. e.
(12|pq) = (r1lp)(r2lq) (6.2)
and the corresponding antisymmetric wave function is.
(12|pg)a = N ((12[pq) — (21|pq)) (6.3)

where N is a normalization constant, which in this case is N =1/ V2. Writing explicitly the brackets in
terms of the radial and spin coordinates one gets,

Va(pairira) = = [Ryra) [V, (el Rolr) Y o) e
= Ry(r2) [V, (72)x1/2],, Ro(r) [Yi, (F)x1 /2], | (64)

In this equation each index carries all the quantum numbers, e. g. {p = npl,jpm,} although in the
angular momentum function ¥ the orbital angular momentum is shown explicitly. The quantum numbers
associated to Eq. (6.4) are {nylyjpompnglyiqmg}. This is called the m-scheme. In this scheme the Pauli
principle forbids all quantum numbers to be the same since if ¢ = p, then ¥, (pg;r172) = 0. .

We have also seen that one can choose another coupling scheme, in which the two particles carry total
angular momentum J = j, + j, with projection M = m, + mg, such that |j, — j4| < J < jp + jq and
—J < M < J. This is called coupled-scheme. In this scheme the two-particle wave function reads,

Uo(pg, JM;rime) = N | Rp(r1) Ry (72) [[Yl,,(fl)Xuz]jp [, (fz)Xuz]quM

= Ry(ra)By(r1) [[¥i, Faxae], [V, Gdxapa], | ] (65)

JM}
The quantum numbers associated to this wave function are {n,nqlylqjpiqJM}. There are eight quantum
numbers in both schemes, as it should be since the quantum numbers express symmetries of the system
that do not depend upon the chosen scheme.

In the coupled-scheme the quantum numbers m, and m, do not appear (remember that the radial
wave functions R,(r) do not depend on m,). Yet in the shells j, and j, one can place 2j, + 1 and
274 + 1 particles, respectively. Therefore in the coupled-scheme all quantum numbers can be the same.
This can be seen from Eq. (6.5) since it is not apparent that the wave function vanishes when p = q.
To see how the Pauli principle works in this case it is convenient to exchange the angular momentum
coupling of the second term in Eq. (6.5), from (jpjq; JM) to (jejp; JM). One gets (see Exercise 4a of
Homeworkproblems 1),

Uo(pg, JM;rim2) = N | Ry (1) Ry (72) [[Ylp(fl)XI/Z]jp v, (fz)X1/2]jq}JM

- Rp(r2)Rq(7“1)(_1)jp+jq_J [[qu(fl)hﬂ]jq [Ylp(@)Xl/zLJ (6-6)

o)
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For p = ¢ it is,

a(pp, JM;T172) = NBy(r)By(r2) [ [¥, (F)xa 2], [V, (Rxage], | (L= (-0277) (67)
Since j, is a semi integer one gets (—=1)%» = -1. Therefore the Pauli principle requires that if p = ¢
the total angular momentum J should be even. One sees in the equation above that in this case the
normalization constant is A'=1/2, and the antisymmetrized wave function becomes,

U, (pp, JM;r172) = Rp(11)Rp(72) [[sz (721)X1/2]jp [Yl,,(%)xuz]ijM (6.8)

Parity of n-particle states

We have seen in the previous Chapter that within the shell model the correlated two-particle states (that
is the eigenvectors of the total Hamiltonian) are expanded in terms of the basis states (6.4) in m-scheme
or (6.5) in coupled-scheme. In both cases the angular part of the wave function is a product of the single-
particle Harmonic functions, e. g. in Eq. (6.4) this product appears as [Ylp (’f’l)xl/g]j m [qu (fg)xl/g] oo
pMp JqMyq
The parity operation consists of making the transformation (rq,r2) — (—r1,—r2) and, as we have seen
in Chapter 1, this transformation adds a phase (—1)! in the Harmonic function Y;,,,. Therefore the term
above becomes (—1) " [y, (fl)xl/g]jpmp v, (fg)xl/Q]quq and the parity of the state is (—1)'»*!e. For
instance, if a particle is in a state with j, = 51, and the other in a state j, = ps/o the parity of the
possible states is —1. The possible total angular momenta are |1/2 — 3/2| < J < 1/2 + 3/2, that is the
possible states are 1~ and 27. In the same fashion, if p = ¢ and [, = [, = 3, j, = j; = 5/2 the possible
states are 07, 27 and 4.
In the n-nucleon case the basis consists of the product of n single-particle states (since they are eigen-
vectors of the free Hamiltonian Hy), The Harmonic functions in this product is given by [Ylpl (71)x1 /2] )

Jpl mpl
Yi,, (fg)xl/g}jmmm Y, (fn)xl/g]jpnmpn and, as before, the parity is (—1)/x+l++in

6.1 Isospin

Except the electric charge, protons and neutrons are very similar to each other. Not only they possess
almost the same mass (M, /M, = 1.0014), but they also show a far reaching symmetry with regard to
the nuclear interaction. Thus, experimental results extracted from proton-proton and proton-neutron
scattering show that the nuclear forces are virtually the same for the proton-proton and neutron-proton
systems. The properties of mirror nuclei, i. e. nuclei in which the number of protons and neutrons are
exchanged retaining the same nuclear number A, are also very similar to each other. In particular the
energy spectra of these nuclei are very much alike if effects induced by the Coulomb force are subtracted,
as we will see.

One can consider neutrons and protons to be two states of the same particle, the nucleon. The nucleon
is determined by the strong nuclear force. The Coulomb interaction is much weaker and has a very long
range. At difference with the nuclear case, the Coulomb interaction is very well known and it is relatively
easy to include its influence independently of the nuclear force.

The two states of the nucleon suggest a similarity with the spin and its two projections. This similarity
prompted Heisenberg in 1932 (soon after the neutron was discovered) to introduce a new quantum number,
the isospin €, with value 1 /2 and two projections in an abstract space, the isospin space. The projection
up of the isospin, |v), is a neutron and the isospin down, |r), a proton, i. e. for neutrons t,|v) = %|V>
and for protons f,|r) = —%|m). The reason why one has taken the convention of given the value +1/2
to the neutron eigenvalue of ¢, and —1 /2 to proton, is that for the vast majority of nuclei it is N > Z.
This implies that the total isospin projection of the nucleus (N, Z) is (N — Z)/2 > 0.

One defines the isospin projection in terms of the Pauli matrices following the spin relations, i. e.

=y=3(0 %) m=(05) m=(7) (©.9)
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and the isospin is defined also following the spin algebra, i. e. &2 = fi + f?/ + fg. The components
(tg,ty,t.) satisfy the same conmutation relations as the spin and, therefore, one can choose the eigenvalues
(t,t,) = (1/2,t.) to label the isospin states.

For the operator ¢ it is,

t21/2t,) = t(t +1)|1/2t.) = Z|1/2tz> (6.10)

and for ¢,
t.|1/2t.) =t.]1/2t.) (6.11)

One can define a charge operator in terms of the z-component of the isospin as,

e R S I B

One finds that Q is indeed the charge operator since its eigenvalues are the same as those of ., that is

a=a(g)=e(g)s am=a(])=c(7) (6.13)

and the eigenvalues are the charges, with the values e, =0 and e,=1, as it should be.
Since the Hamiltonian conserves charge one has

[H,Q] = 0= [H,i.] =0 (6.14)

i.e. t, is a constant of the motion and, therefore, a quantum number.
The single-particle wave function can then be labeled by the spatial-spin quantum numbers |nlsjm)
(where s = 1/2) and the isospin quantum numbers |¢¢,) (t = 1/2). The corresponding wave function is,

(elnlsjmtt.) = Rogy (r) [Vi(F) Xl 7o (6.15)

where 74 is the isospin state. It should be stressed that the isospin bears no relation to ordinary space.

Before finishing this Section it has to be emphasized that since the masses of the neutron and proton
are not exactly the same, isospin is not an exact symmetry, although for all practical purposes one
can consider isospin a good quantum number. The reason of this broken of symmetry is explained by
the theory behind strong interactions, Quantum Chromo Dynamics (QCD). This theory describes the
nucleon as been composed of three quarks, called up and down quarks, with different masses which are
not possible to measure directly because the theory predicts that free quarks cannot be observed. The
neutron contains 1 quark up and 2 down, while the proton contains 2 up and 1 down.

Ladder operators

In analogy with angular momentum one can define raising and lowering operators as

1 . 0 1
ty = 5(7‘30 +ity) = < 0 0 ) ) (6.16)
and .
, 0 0
t_ = 5(7’;,0 —iTy) = < 1 0 ) . (6.17)
The commutation relations between the ladder operators and t, can easily be obtained as
o ty] =+ g,
[t:, 2] + (6.18)
[ty t.] =2t..

Direct application of the explicit matrix representations to the isospinors yields the relations (i.e., beta
decay process)

t+|p> :|n>7

ty|n) =0,

_in) =), (6.19)
t_|p) =0

or

teltt) =/ (t Ft.)(t £t, +1)|tt, £1). (6.20)
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Sum of isospins

Since the isospin operators obey the angular momentum algebra (that is, the same commutation relations
as the angular momentum operators) all the studies done for the case of sum of angular momenta is valid
also here. Thus, given the isospins t1 and ts, the two-nucleon state can be labeled by using the m-scheme,
i e. (tityztate,), with t; =t = 1/2. One can also use the coupled-scheme by introducing the total
isosspin T = t; + to with z-projection T, = t1, + ta, and the state can be labelled by (t1t277T,). Both
schemes can be used to describe any state in the space of isospin. In particular one can write a state in
the m-scheme in in term of the states in coupled-scheme, as done in Eq. (1.91) of Chapter 1, by

[trtratataz) = Y (titratate:|TT.) [t1toTT:) (6.21)
TT,

or the other way around, as done in Eq. (1.92) of Chapter 1,

61t TT.) = Y (titratote: |TT:) [ty tatsz) (6.22)

tizt2z

where (t1t1,tata,|TT,) is the Clebsh-Gordan coefficient.
The triangular relation in this isospin case is, as usual, |t; —t2] <K T < t1 +te and -T < T, < T.
Since t; =t2 = 1/2 one has T'=0,1. The T'= 0 (T = 1) excitation is called "isoscalar” (”isovector”).
In general, with A nucleons with isospin t; (¢ = 1,2...A), one has

A A
T=> ti=T.=)Y t. (6.23)
i=1 i=1
and with A = N + Z one gets
N-Z
T.|A) = 5 |A) (6.24)

i.e. the isospin projection is (N — Z)/2.
We define

Ty = Zfii' (6.25)

It can be shown that one has

TLTT.) =/ (T FT.)(T + T, + 1)|TT, + 1). (6.26)
Since T, is bounded by the value of —T < T, < T we have

Ty|T +T) = 0. (6.27)

Consequences of antisymmetry

The isospin symmetry that we are assuming implies that an A-body state defined by the space-spin
quantum numbers bears also the isospin quantum numbers and therefore the wave function of such an
state carries the quantum numbers

{(nilisijimatite, nalasajomatitay, ...,nalasajamatat.a)}. (6.28)

The meaning of the isospin symmetry is that an A-nucleon state with isospin 7' will be present in all
nuclei with A nucleons satisfying A = N + Z. But this requires that all the other quantum numbers, i. e.
those corresponding to the space-spin degrees of freedom, are the same. Therefore generally the isospin
is a useful quantity only when the nucleons move all in the same orbits. This means that the core should
have N = Z, but preferably it should be self conjugate, i. e. N = Z.

The antisymmetric wave function of two nucleons moving outside a frozen core is like in Eq. (6.6) but
including also the isospin component of the wave function. If the two nucleons move in the same shell,
as it was the case in Eq. (6.7), the wave function including isospin satisfies,

(121(ndj)50r (1/21/2) 77, )0 = N (1 = (=1)7) (12/(nl5) 0, (1/21/2)71.) (6.29)
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which shows that the wave function vanishes unless J + T is odd.
Since the space-spin part of the wave function is decoupled from the isospin part one can write,

(12|(nlg)Tar(tr, t2)rr.)a = ((121(ndf)700)(121(1/21/2) 1)), (6.30)

That is, either the spatial-spin part is symmetric and the isospin part antisymmetric, or the other way
around. This is determined by the value of T', as can be seen by expanding the isospin part of the wave
function,

<12|(t1t2)TTz> = Z <t1t12t2t22|TTZ><12|t1tlzt2tgz> (631)

tizlaz

WithTanndtl :tQthl/Q,itiS

1/2
(12|(tt)o0) = Y (tmt —m]00)(1[tm) (2]t — m)
m=—1/2
1/2 _
_ D ol —m (6.32)
—mzz_m 5 ()2t —m)

1 1
=—((12|vm) — (12|7v)) = —=(12|v7
5 (12lvm) - (124m0) = —=(12prm),
the isospin part is antisymmetric and therefore the spatial-spin part has to be symmetric which, in turn,

requires J odd.
If T'=1 the isospin part is symmetric and the spatial-spin part is antisymmetric.
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6.2 Homework problems

Exercise 1: Derive Egs. (6.7) and (6.8).
Exercise 2: Derive Eq. (6.29). What does it imply?



Chapter 7

Second Quantization

Creation and annihilation operators. Occupation number. Anticommutation relations. Normal product.
Wick’s theorem. One-body operator in second quantization. Hartree-Fock potential. Two-particle Random
Phase Approxzimation (RPA). Two-particle Tamm-Dankoff Approximation (TDA).

7.1 Creation and annihilation operators

In Fig. 3 of the previous Chapter it is shown the single-particle levels generated by a double-magic core
containing A nucleons. Below the Fermi level (FL) all states h; are occupied and one can not place a
particle there. In other words, the A-particle state |0), with all levels h; occupied, is the ground state of
the inert (frozen) double magic core.

Above the FL all states are empty and, therefore, a particle can be created in one of the levels denoted
by p; in the Figure. In Second Quantization one introduces the creation operator C;n such that the state
|p;) in the nucleus containing A+1 nucleons can be written as,

[pi) = cb,|0) (7.1)
this state has to be normalized, that is,

(pilpi) = (Olep, ch,10) = (Oley, |pi) =1 (7.2)

from where it follows that
‘0> = Cpi

Pi) (7.3)

and the operator ¢,, can be interpreted as the annihilation operator of a particle in the state |p;). This
implies that the hole state h; in the (A-1)-nucleon system is

|hl> = Ch;

0) (7.4)

Occupation number and anticommutation relations

One notices that the number
nj = (0lcie;]0) (7.5)

ism; = 11is j is a hole state and n; = 0 if j is a particle state. In the same fashion it is (O\cjc;|0> =1 (0)
if j is a particle (hole) state, that is (0|cjc;|0> =1 - n;. Therefore n; is called occupation number of the

state j.
In general it is

(Olcfex]0) = n;65x, (7.6)
and
(0fexct|0) = (1 — ny)de. (7.7)
Summing these two equations one gets,
(Olexc! + chexl0) = 31 (7.8)

which is valid independently of whether |j) and |k) are particle or hole states. It is a general equation
and, therefore, the creation-annihilation operators satisfy

{cj e} } =k (7.9)
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The operation
{A,B} = AB+ BA (7.10)

is called the anticommutator of A and B, and these operators anticommute if
{A,B}=0 (7.11)
In second quantization the antisymmetrized two-particle state is |ij), = c;rc;|0>, since it implies
cjc;r- = —c}cj - cfc;r =0 (7.12)

as required by the Pauli principle. In the same fashion

CiCj = —CjC (713)
Therefore
{ciacj} = {Cl‘LaC}} =0 (714)

Since the state |0) corresponds to a nucleus with A = N + Z nucleons, the state c;-rc}|0> corresponds
to A + 2 nucleons. Therefore

(Olefet]o) =0, (0ese;]0) =0 (7.15)

for all 4 and j.

7.2 Normal product

Since <O|cic;-|0> = (1 —n;)d;;, one can write
Cl'C;- = (1 — 77,1)(51]+ : CiClj : (716)
where : cl-c; : is defined by the relation,

O] : cict 10y =0 (7.17)

J

The operator : AB : is called normal product between A and B. In the same fashion
cch =n;d;;+: czcj : (7.18)

?

From these equations one gets (using {c¢;, c;} =0i; )

ciel =65 —cle; = (1 —ny)dy—: cle; - (7.19)
but
cjcj =(1—mn4)d;+: cjc;-r : (7.20)
: cjc;-r =— czcj : (7.21)
One uses the notation —
cic;r- = (1—ny)dij;  cle; = nidy, (7.22)

[
The operation AB is called contraction of the operators A and B. The contraction is a number. It is
defined as the difference between the ordinary and the normal product of the operators A and B.

Therefore,
1
clel =tic/ =0 (7.23)
from where one gets,
c;fc} =: clc; GG =i ec (7.24)
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Wick’s theorem

One can write any product of creation and annihilation operators in normal form by using the Wick’s
Theorem. It says that the product of operators,

A1AxA5-- A, 1A, (7.25)
where A; is cz or ¢;, can be written as
A1A2A3 e AnflAn = A1A2A3 e AnflAn :

1

—+ A1A2 . A3 e An—lAn :
1

— A1A3 . A2 e An—lAn :

+ -+ (all single-contractions)
I | E—

+ A1A2 A3A4 : A5 s An—lAn :
I |

— A1A3 A2A4 : A5 tee An—lAn :

+ -+ (all double-contractions)

(7.26)

+ -+ (upto n/2-contractions)

The plus or minus sign in each term is determined by the number of permutations one must do in order
to arrive to the final form of the term. An odd (even) number of permutation gives a minus (plus) sign.

The great property of this theorem is that it allows one to get in a straightforward fashion the mean
value of the product of operators, which is what one usually needs. This number is just the term without
normal products, i. e. the last term in the equation above.

We have
<0| : A1A2A3 te AnflAn : |O> :<O|A1A2A3 te AnflAn|0>
—(0]A1 4245 -+ - A;,—14,0)(0]0) (7.27)
=0
The “normal product” of a normal product
2 AB:=:AB:+: AB :=: AB: (7.28)

The best way of understanding how this theorem works is by applying it to simple cases, We start by
the product
1
clej=clej+:cle; (7.29)

K3
where only one contraction is possible and no permutation is needed to reach the final value, that is the
1
sign is plus. As expected, one gets, <O|c;[cj|0> = c;rcj
The next degree of complication is when two contractions are possible, for instance

1 Tt i

clejepe) =1 ¢jciepc)
T T T T T Tt
+clejiepe] c—cleg el —cjie) el e ke (7.30)

| — | —
+ cj-cj ckc;r - c;[ck cjcz(
[ —
one needs one permutation to get the term czck : cjcj and therefore a minus sign is added. The same is
done to get the signs of all other terms. The mean value of this operator is,
| — | —
<0|cjcjckczr|0> = c;rcj ckc;r — czck cjc}L =n;0i5(1 — ng) 0 — ni0in (1 — nj)6; (7.31)
Further examples
We have
el ch}; =+ ¢icl c}cg D — cicg : c;[cL :

K3
+: clciclc}; 5

(7.32)
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and
clcg celei=—cle czcg : +cgci celel (7.33)
+: ch};czci 5
from which we get
[ele; :,chE] =0iq : cT c =gz clel - (7.34)
We also have
cel cjgc,yc(; el ; =: <:Lc:gc,y(:5(:TCJr :
1
- cﬂ,cZT : c};cgc(gc; : + -+ (other three single contractions) (7.35)
L — i1
— el cac} : CLCE : +cvc} esel clcg :
and one finds, after some algebra
[: cfyc;gc,yc(; :, c;rc;-] =— 0y : chLclgcT : 4 --- (other three single contractions) (7.36)
' 7.36

+ (1= ns — 1) (—8yi085 + 04is;) : chely

7.3 Omne-body operator in second quantization

One-body operators depend upon one radial coordinate r only. In second quantization a one-body
operator M can be written as,

V=3 (plNTlg)eheq = S (pIME ) cheg - +cheq) (7.37)

pq

where p and ¢ run over all single-particle states (particle- as well as hole-states). To proof that this is
correct we will evaluate the matrix element of M between two single-particle states, i. e. (A+1)-states

of the form |i) = cZT|O> for which n; = 0. The final result of this calculation should be that we get the
matrix element itself again.
We then evaluate

(il M |7) =(0lesMcf[0) = D (pl M |q) (Oleicheqc][0)
Pq
—Z (p|M|q) <0| cic cqc —&—cchr cch |0)
(7.38)
_Z |M|q [ (1= n;)dip(1 —ny)dg; + (1 — i)éij”pdpq}

:(1 = ni)(1=ny) (i M|j) + (1= ni)di; Y ny(pl M |p)

p

and we see that with n; = n; = 0 we get the matrix element we needed, i. e. (i|M|j), but that there is
also another contribution which appears only when ¢ = j. This corresponds to the sum of the mean values
of M over all hole states. It is the interaction of the particles in the A-nucleon core among themselves,
leaving the particle in the (A+1)-nucleus untouched. This term is called ”core polarization”.

To avoid polarization effects one defines

M = Z<p|M|q> : chq : (7.39)

that is, one assumes that M itself includes polarization. One sees that this avoids the core polarization
term, since one cannot contract the indexes p and ¢ (i. e. the term d,, in Eq. (7.38)). Therefore
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the core polarization effects were assumed to be contained in the operator itself. This procedure is
called ”renormalization”. It is done by introducing some parameters that takes proper account of the
polarization. We will see that in electromagnetic transitions this is done by defining an effective charge
for protons and also for neutrons which, without polarization, has no charge at all.

7.4 Two-body operator in second quantization

To avoid effects related to the interaction of the particles in the core, as it was the core polarization effect
in the one-particle case above, one defines the two-body operator in second quantization in normal form,
i. e. as,

M= Z (aB|M|y6) : czlc};c(;c7 : (7.40)

afyd
and evaluate the matrix element of this operator between antisymmetrized two-particle states, i. e. states
in the (A+2)-nucleus. Our aim is to show that this procedure will indeed provide the antisymmetrized
matrix element. In this context it is worthwhile to point out that a great advantage of second quantization
is that in the many-particle case the Pauli principle is automatically taken into account.
The antisymmetrized two-particle states are,

[if)a = clc}l0) = a(ij] = (Ol(c]e]) = (Oleje: (7.41)
and the matrix element is,
(if| M|kl = Z (aB|M|v8)(0|c;c; - cj;c};c(;cn, : c%c}|0> (7.42)
afvyo

Since the mean value of operators in normal form vanishes, the terms that survive contain only contrac-
tions. They are,

|
cici clcgc(scw : c,tc} = [cic:; cjc}g — cic}‘j cch] [cﬁyc;rc c(;c; — CAYC;r c(;cH (7.43)
which give,

o) = 3 {@BITR6)[(1 = no)oia(1 = n5)655 — (1= no)dia(1 = m5)65 ]
afydé

X {(1‘7 nk)5k7(1 4’ﬂ¢)5w 4’(1‘7 nk)6k5(1 4’ﬂ1)5p{

(7.44)
=(1 = ) (1= ny)(1 =) (1= ) | (M KL o = (il N D)
= (1= ) (1 = ny) (1= ng) (1= ) [ [Nk} o — (Gl NT|UR)
In r-representation the matrix element is
(if| M|kl) = /drldrg(\Ili(rl)‘llj(rg))*M(m,rz)\llk(rl)\lll(rg) (7.45)

and due to the principle of action and reaction it is, M(71,75) = M(ry,71) which, according to Eq.
(7.45), implies (ij|M|kl) = (ji|M|lk).
The matrix element antisymmetrized to the right only becomes,

(ji| M|kly, = (ji| M[|Kl) — [Uk)] = (ig| M [|Ik) — |kl)] = —(ij| M |kl)q (7.46)
and Eq. (7.44) becomes,
a1 MKl)q = (1 —ni) (1 = n;) (1 = np)(1 = ny) o (i M]kl)q (7.47)

which is just what we wanted to show. However, one does not need to take the matrix element with
antisymmetric wave functions in bra as well as in ket positions since , (ij| M |kl), = 2(ij| M |kl),. Therefore
to obtain the matrix element (ij|M |kl), one has to add a factor 1/4 to the expression (7.40), i. e.

~ 1 ~
M= 1 Z (aB|M|6) :ciyc;rgc(;c7 : (7.48)
afydo
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This is the expression that is used in general. We will use it here also.

7.5 Hartree-Fock potential

We found that to avoid core excitations the one-body operator should be defined in terms of normal
products. That is to use : ch[g : instead of CLCQ. It was due to this that we wrote the two-body operator
in normal form also. But in doing so we bypassed what maybe an important physics. And indeed there
is an important physics behind the core excitations in the case of two-body operators, particularly in the
Hamiltonian. This is what we will explore now.

To this end we write the Hamiltonian H = T + V in a representation consisting of the eigenvectors
of another Hamiltonian. This is often chosen to be an Harmonic oscillator representation because it
is mathematically easy to deal with and also because the nuclear bound states are well described by
Harmonic oscillator potentials, as we have seen in the previous Chapter. Within the chosen representation
(labeled by Greek letters below) the Hamiltonian becomes,

1
H= E (a|T|B)cl cs + 1 g <aﬂ\Vh6)c&cTﬁctgcw. (7.49)
af afyé

Converting to normal form one gets,

1
H :Z(a\ﬂﬂ)(: cheg:+ches) + 1 Z (aBV|yo): clc;gc(;c7 :
ap

afvyo
7.50
+: chV : C;C(s — ch(; : cTBcV — c};cnY : c};c(; +: cgc(; : CLC,Y ( )
+cle, cgcts —cles c;cv],
[ — 1
where, as was shown before, we have cic; = (1 — n;)d;; and czcj = n;0;5. After some algebra to be
performed,
1
H=FEy+ Hygr + 1 Z (aB|V|d) : chI;q;cv : (7.51)
afvyo
where 1
By =Y nalalT|a) + 3 Zﬁnanﬁmmwama (7.52)

This is the kinetic energy of particles in the occupied states plus the interaction between particles placed
in any pair of levels of the representation. It is the energy carried by the core, as can also be seen by
noticing that Ey = (0| H|0).

The one-body Hamiltonian is

Hpr = Z <<aT|ﬁ> + Zn7<a7|V|67)a> : CLCg : (7.53)

apB vy

In this Hamiltonian the levels a and § include all states of the representation. These are the levels that
we will occupied by particles which eventually will be added to the core. One thus sees that Hyp contains
the core excitations through the interaction of particles in all occupied states (called |y) in Hyp) with
the rest of the particles (including those in the core). The Hamiltonian Hp g, which is called the Hartree-
Fock Hamiltonian, thus corresponds to the core excitation which in the one-body case were assumed to
be contained in the renormalized operators.

The diagonalization of Hypr provides the Hartree-Fock representation. This is not a very easy task
because it is not a linear problem. To see this we write Hy g in Dirac notation, i.e.

Hyp =Y |a) <<a|m> + Zwaﬂvwa) (Al (7.54)
ap

Y
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and the Hartree-Fock representation will be defined by the eigenvectors {|i)} given by,
Hypli) = gi) (7.55)

To solve this eigenvalue problem we multiply by («| from the left to get,

> <<aIT|ﬁ> + anaﬂvwm) (Bli) = ei{ali) (7.56)

B

and the eigenvectors are obtained by imposing the normalization condition,

i) = > (ali)la), (ili) =1 (7.57)

[e%

Within the representation {|i)} it should be

(J|Hurli) = €:di; (7.58)

If it is not then one uses as representation these vectors {|i)} (instead of the one labeled by Greek letters)
to obtained new eigenvectors, which we call {]i’)}, satisfying

Hypli') = eold’), 1i') = (ili")]i) (7.59)

%

If the condition (j'|Hgr|i") = €;0;/; is still not fulfilled, then one proceeds as before and chooses {|i’)}
as representation. One repeats this procedure until one arrives after n attempts, to

<j(n)|HHF|i(n)> = €;m) 05(m) j(m) (7.60)

and the states {|i(™)} form the Hartree-Fock representation.

This representation is used very often in shell model studies. It has the advantage of being based in
a fully microscopical formalism. This can be contrasted with the one obtained as diagonalization of the
shell model potential discussed in the previous Chapter.

7.6 Two-particle Random Phase Approximation (RPA)

In this Section we will study the dynamics of the (A+2)- and (A-2)-nuclei, that is of two nucleons added
or subtracted from the core. For this we will write the Hamiltonian in the Hartre-Fock representation
which we will label with Greek as well as Latin letters. It is,

H = Zaa.c Co ' + Z (afp|V]vo) : 660507 (7.61)
aB75

where ¢, is the Hartrre-Fock single-particle energy. The constant energy Ey, Eq. (7.52), is not included
because all eigenvalues of the Hamiltonian (7.61) will be referred to the core and, therefore, Ey plays no
role.

To obtain the two-particle energies we evaluate the commutator,

{ } Zsz { ¢ ,CQCH + i Z(z]|V|kl> [ Cle : LC;

1

=(ca +ep)cheh + 5 (1= na —ng) Z(ij|v|045> clel (7.62)

- = Z 17|V 18D a c c e Z ij|Vial), clcﬂ

ijl a5l

One sees in this equation that the two-particle creation operators are mixed with three-particle one-hole
excitations, that is with core excitation components. In the Random Phase Approximation (RPA) one
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neglects the core excitations, that is terms of the form (ns| : cl ¢; c‘;cl |0), because they are supposed to

generate states which lie high in the spectrum, thus having little influence over the low-lying two-particle
states. With this and noticing that,

Hing) = Eyn,|n2), HJ|0) = Ey|0) (7.63)
one gets,

(ol [H,el,cb] 10) =(Bn, = Bo)(nalchblo)

=(ea +28)nalch ehl0) + (1= 0 = 1) {071V faB)atnalefel0)

i<j

(7.64)

which is the RPA equation. The term 1 — n, — ng in the RPA equations shows that one can place two
particles above the Fermi level, in which case it is 1 —n, —ng = 1, or below it (1 —no —ng = -1). These
two forms of excitations are mixed to each other, given rise to the so-called RPA correlations. This also
implies that within the RPA one evaluates simultaneously the (A+2)- and (A-2)-systems and, therefore,
there is an influence of one system upon the other.

With w,, = E,, — Eo the RPA equation can be written in matrix form as

()= (e ) () 79
where X,,, (a8) = (na|c], cﬁ\O) with o and 8 particle states and Y, (af8) = (nﬂc&cE\O) but with a and
hole states. In the same fashion the indices of A are all particle states and the indices of D are all hole
states. Instead in the matrices B and C the indices are mixed. For instance C(afByd) = (yo|V|apB)a,
where o and [ are hole states while v and § are particle states. Notice that the minus sign in front of
the matrices C' and D comes from the factor 1 — n, —ng in Eq. (7.64). Due to this, the RPA matrix

(7.74) is not Hermitian and, therefore, the energies w,, can become complex quantities.
Eq. (7.74) can also be written as,

an _ A B Xng
Wy < Yo, ) - ( C D ) ( ~Y,, > (7.66)
and taking the adjoint of this equation one gets,
wn, (X0, Vo) = (X5, =Y, )< c D ) (7.67)

where the properties AT = A, D = D, CT = B (and, therefore, C = B') were used.

Multiplying Eq. (7.67) to the right by ( 3({,”2 ) and using Eq. 7.66 one gets,
ma

wr, —em) () () =0 (7.68)

If ny # mo this Equation implies that

(X3, Y2) ( e ) =0 (7.69)
ma2
and normalizing it to unity one gets,

S (1= 10 = 03 nalh |0 (malch b 10) = G, (7.70)

asp

which defines the RPA scalar product, or metric. In functional analysis it is also called indefinite inner
product.
The two-particle state can be written as,

|ng) = Z X(aﬁ7n2)chL|0> (7.71)

as<p
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and multiplying by (maz| one gets
Onams = Y X (0, m2)(malcl,ch0) (7.72)
asp
since the basis elements form an independent set one finds, comparing with Eq. (7.70),
X(aB,n2) = (1 - na —ng){nalch,chl0)” (7.73)

which is the RPA wave function amplitude.
As an example, we evaluate the energy of the a system with one particle orbital () and one hole
orbital (3). The RPA equation can be written in a 2 X 2 matrix form as

“(2)-(% 3)()

We have A = 2¢, + (aa|V]aa)’T where JT denote the spin and isospin of the two particle state.
D = =25 + (BBIVIBB)'T. B = C = (aa|V|B3B8)’T. In such a case we get two solutions for the

eigen values, wy,, = AgD + (A*TD)2 + AD — C? | corresponding to the particle-particle and hole-hole

excitations respectively. For a system with no particle-hole correlation, we get w,, = A for the two-
particle state and w,, = —D for the two-hole state.

7.7 Tamm-Dankoff Approximation (TDA)

We will concentrate in the shell model in this course, and here one has either two-particle or two-hole
excitations, and the (A+42) and (A-2) systems are independent of each other. The shell model cases are
actually particular cases of the RPA since one gets them by imposing the condition that only particles
can occupied particle states and only holes can occupied hole states. This is called Tamm-Dankoff
approximation (TDA).

This approximation implies that the matrices B and C vanish in Eq. (7.74). The particle- and
hole-states decoupled and the RPA equation transforms in two TDA equations, one for particle states, i.
e.

Wy Xy = AXp, (7.75)

and the other one for hole states,
*anynz = DYnz (776)

Since the matrices A and D are Hermitian the energies are real, as they should be.
We will study these two cases separately starting from Eq. (7.64). For the two-particle case the TDA
thus means n, = ng = 0. That is

(nal [H, cheb] 10) =(En, = Bo)(nalcichl0)

=(ea +ep)(n2lchch|0) + ) (ij[VIaB)a(nalc]cl|0)

i<j

(7.77)

which is the TDA equation. It is also the shell model equation, which we will apply in the next Chapter.
The equation for the two-hole states is better obtained starting from the transverse of the RPA

t
operator form, i. e. by performing the operation [H7 chH = (HCLC};)T — (chLH)T =cgcoH — Hcge,
= [H,cqcp] in Eq. (7.62). One thus obtains,
[H, cacs) = = (ca + p)cats — (1= na — 1) Y _(ij|V]aB)acic; (7.78)
i<j
where the contribution from three-particle one-hole operators have been neglected. Since the single-

particle levels are hole states, one has (1 — n, —ng) = -1 and the TDA equation for the states |n2) in
the (A-2) nucleus is

(na| [H, cacs] |0) =(En, — Eo)(n2lcacs|0)
= — (ca +ep){naleheh]0) + 3 (i[V]aB)a (naleic;0) (7.79)

i<j
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This TDA equation is also the shell model equation for two-hole states. It is usually written as,

w(ng)(nz|cqacs|0)

= (e +2p)(mzlelc}l0) — D~ (i|V]aB)a{naleic;|0) (7:80)
i<j
and the eigenvalues w(ny) = —(Fy,, — Ep) are minus the energies of the (A-2)-nucleus referred to the

ground state of the A-nucleus, i. e. to the core. Remember that for convention these energies are minus
the binding energies (with this convention the binding energies are all positive). The binding energy of a
nucleus increases with the nuclear number A. Therefore E,, — Ey > 0 and w(ng) < 0. The eigenvalues of
the TDA equation for the (A+2) nucleons, Eq. (7.77), are also negative, as it should be for bound states.
The difference between particles and holes is that for holes the interaction contributes with a minus sign,
as seen in Eq. (7.80).

The TDA wave function can be written in the two-particle basis {chg|O>}, where it should be oo < 8

because the states af and Sa are related by {chJLHO)} = —{c;cL|0>}. One thus gets,

n2) = > X(aB;na)clch|0) (7.81)
a<f

The TDA eigenvectors <n2\ch};|0> and the wave function amplitudes X are related by,

(ma|ng) = Omyn, = > X(aB;na)(malclch|0) (7.82)
a<f

since the basis states chL |0) form an independent set of unit vectors, it should be X (af;nq) = (n2|c‘;cg |0)*.

For a system with two particles in one orbital a, we simply have w,, = 2, + (aa|V|aa)’T where JT
denote the spin and isospin of the two particle state.
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7.8 Homework problems

Exercise 1:
a) Write the operator ¢} ¢, in normal form.

D
b) Write the operator c; ¢t ercs in normal form.

q

Exercise 2:

a) Write the Hamiltonian H = -, < a|T|8 > cfcs + i
form and extract the Hartree-Fock potential.

b) Evaluate < 0|H|0 >.

apys < aBV]y0 > cgcgc(;q in normal

Exercise 3:

Write the operator : ¢l clenc, :: ¢

+
» “q i

c;r : in normal form.

Exercise 4:

a) With the Hamiltonian H written in the Hartree-Fock representation, i. e. H = Y €4 : ¢lecq :
+(1/2) X055 < aBlVI]vé > c;tc;gc(;c7 : evaluate the commutator [H, c;tcg] in normal form and extract
the two-particle RPA equation.

b) Starting from the RPA metric deduce the metric of the TDA space.



Chapter 8

Shell model excitations

Two-particle energies and wave functions. Interaction matrixz elements. The separable matrix element.
Pairing force.

8.1 Two-particle energies and wave functions

We have seen that the second quantization formalism is very appropriate to treat a many-nucleon system
because it takes into account the Pauli principle in a straightforward fashion. Within this formalism
we have derived the two-particle shell model (TDA) equations, which we will apply in this Chapter.
As discussed in the previous Chapter, the first step in the solution of a many-body problem in nuclei
is to choose a representation. Within the shell model the vectors {|a)} in the representation are the
eigenvectors of the free shell model Hamiltonian Hy, i. e. Hygla) = €,]a). The core consists of a double
magic nucleus with A nucleons in its ground state with energy Ey(A). The single-particle energy e, is
the energy of the A + 1 nucleus referred to the core, i. e. €4, = Eo(A+ 1) — Eg(A). The energies of
the A + 2 nucleus are F,,,(A 4+ 2). All energies, i. e. Eyg(A), Eo(A+ 1) and E,,(A + 2) are minus the
binding energies of the nuclei in their respective states. Notice that if |n2) is an excited state of the
(A+2)-nucleus, then the binding energy is the binding energy of the ground state minus the energy of
the excited state |ng) (since the excited state is less bound than the ground state).

The TDA equation provides the energies of the A + 2 nucleus relative to the core in terms of the
interaction matrix elements as,

(Bny — Bo)(nalcheh|0) = (sa + ep) (n2lchebl0) + > (v8V|aB)a(nalclcfl0) (8.1)
y<d

The two-particle wave functions is

n2) = 3 X (78;n2)chcf[0) (8.2)

<8

where the indices are all particle states.
With w,, = E,, — Ey the shel model systems of equations becomes,

S [(~wns + 20+ 28)0ard55 + (101 ]aB)a] X (15:m2) = 0 (8.3)

y<d

where we have replaced X (vd;ng) = <n2|ciyc§|0>, and not its complex conjugate, because we will take the
interaction matrix elements as real.
The system of equations (8.3) has no trivial solution only if the determinant vanishes, i. e.

(60 + £6)8ar 355 + (v81V]aB)a|| = 0 (8.4)

If there are M elements in the representation, then one gets M energies wy,, from this condition, and one
of the equations in Eq. (8.3) becomes a linear combination of the others. One thus disregards one of the
equations and, instead, uses the normalization condition

> X*(r6iny) =1 (85)

y<é

We will apply the two-particle shell model equations in an illustrative example. For this purpose
we consider the case of two protons outside the core 58S750. The number Z = 38 can be considered a
semi-magic number, since for the low lying states the effects of the shells below Z = 38 are not important.
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The neutrons and protons fills different shells and the isospin formalism is not well suited in this case.
We will consider neutrons and protons as different particles. The neutrons, filling the shell N = 50,
are frozen and do not contribute to the two-proton spectrum. The single-particle states are then those
proton shells between Z = 38 and Z = 50, which are p,,, and gg,2. We will designate the corresponding
single-particle energies as 1 = ¢, ,, and €2 = g, ,.

The possible two-proton states are

(P1/2)2 — 0

(P1/290/2) — 47,57 (8.6)
(99/2)2 — O+72+a4+76+78+

Which shows that in this case there is only one basis state, except for 07 for which there are two. We
will start analyzing these 0T states.
With |a) = [(p1/2)?;07) and |8) = |(g9/2)% 0T) the shell model equations read,

(261 + (| V]a) — wn) X (a;n) + (a]V|B) X (B;n) =0

(BIV]a) X (e 1) + (223 + (BIV]8) — wa) X (8: ) = 0 57
which provides the determinant,
2+ (0Vlo)—wa  {alVIB) | _, .
(BIV]e) 2e2 + (BIVIB) —wn
from where the energies are obtained, i. e.
9 1/2
Wy, = €1 +52+Wi (51—52+W> +Vjﬁ (8.9)

where the notation V.5 = (y|V|6) was used.
With these values of the energies the two shell model Egs. (8.7) are linearly dependent upon each
other. One obtains the wave function amplitudes from one of them as,
2e1 + (a|V]a) — wp,
{alV]B)

and the other is the normalization condition which gives,

X(Bin) =

X(a;n) (8.10)

2e1 + {a|V]a) — wy,
(alVB)

which provides X (a;n) and from Eq. (8.10) one obtains X (8;n).

For the other states there is only one configuration which we will call |o). Therefore the wave function
amplitude is X (a;n) = 1 and the energy of the state is, w, = 2 + Vqu

In the next Section we will outline procedures to evaluate the interaction matrix elements.

X?(esn) + X*(B;n) = X?(a;n) (1 + ( ) =1 (8.11)

8.2 Interaction matrix elements

One important assumption of the shell model is that it exists a frozen core and that the nucleons moving
outside the core feels the interaction of the core as a mean field. This is the shell model potential that
we have described in Chapter 4. The dynamics of the nucleus is then determined by the particles moving
outside the core. These are called valence particles.

An accurate knowledge of the interaction among the valence particles is of a fundamental importance
for a proper description of the nuclear spectra. This is not an easy task since the interaction among
nucleons inside the nucleus is very different than the one corresponding to free nucleons. The core
induces the central field that generates the shell model representation. But the interaction among valence
particles is also affected by the core. Due to this one uses effective forces which somehow take into
account the influence of the nucleons in the core upon the valence particles. A sensible way to include
the influence of the core upon the interacting particles is to determine the interaction matrix elements
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from the experimental data of the two-nucleon system. That is, the two-nucleon shell model equations
(8.3) can be written as

Wiy — (20 + 26)]X (aBim2) = Y (46|V]aB)o X (v6; 1) (8.12)

v<8

and since ), [n2)(nz| = 1 one gets,
(v0|V]aB)a 2:§Y<w3rm[ww (20 + 5)] X (76; 13) (8.13)

where we have assumed that the matrix elements, and therefore the amplitudes X, are real numbers. This
expression shows that one can extract the interaction matrix elements from experiment if the amplitudes
as well as the single-particle and the two-particle energies are measured. This happens in some cases,
specially when the dimension of the shell model space is small. The ®8Sr example given above is one of
those cases. But in general what one does is to extract as many matrix elements from experiment as
possible and to determine the others by variations around reasonable values. One gets the final matrix
elements when the spectra of the nuclei under study are fairly reproduced. This is a procedure been
used at present. With the relatively few parameters that includes such fitting process (all corresponding
to the two-nucleon system) one can study the dynamics of a nucleus with many valence particles. The
dimensions of the corresponding shell model matrices can reach huge values, like 10'° and even more.

The "reasonable” values of the interaction matrix elements mentioned above are often taken to be
those provided by well probed two-nucleon potentials. Some of the simplest of those potentials, namely
the separable potential and the pairing potential, are described below.

The separable matrix element

One of the interaction matrix element which is often used in nuclear physics is taken to be separable.
This is defined, for states of spin J, as

(pq; J|V|rs; J) = =G f(pg; J) f(rs; J) (8.14)

where G is a constant called ”strength” and f(pgq;J) is a function of the states p and g. One uses
various expressions for this function, although an important criterion to judge its quality is how well it
fits experimental data.

With the separable matrix element the shell model equations become,

3 [(sp +Eq — wn)Opas — Gf (pa; J) f(rs; J)]X(rs;n) -0 (8.15)

r<s

which can be written as,

flpg; J
X(pg;n) =G——F"— rs; J)X(rs;n 8.16
(pg;n) PaSr—— ;@f ) (8.16)

multiplying this equation by Z f(pg; J) one gets
P<q

S F o0 DX ) = G LSS pg X (i) (5.17)

that is,

Z e )) 4 (8.18)

This equation is called ”Dispersion Relation”. To get the energies from the dispersion relation one has
first to determine the strength . This is extracted from the dispersion relation by using for w, the
experimental value of the energy of the lowest state with spin J (this is called ”yrast” state), which for
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the spin 0% is the ground state. The energies of the other states with spin J are those that satisfies the
dispersion relation.
The wave function amplitudes are, according to Eq. (8.16), given by

f(pg; J)

X(pg;n) = N, ——~—/
(pg;n) PT—.

(8.19)

where N,, is the normalization constant, i. e.

n _ Z f pqa }*1/2 (820)

Ept+Eq—w
rgEr T e —wn

Pairing force

In nuclear physics the pairing force is a particular case of the separable force. It is generally applied to
study the states 0F. It is assumed that the orbitals p and ¢ are time reversal states of each other. This
implies that in a coupled-scheme the two states are exactly the same. The corresponding value of the
function f is,

flop:07) = /2j, +1 (8.21)
To illustrate how the separable force in general, and the pairing force in particular, is applied we will
briefly present the states in °°Zr studied above. In this case the functions f acquire the values,

fa;07) = f(p%/2§ 0") = V2; f(B;07) = f(99/2»0+) V10 (822)
from where one evaluates the strength as,
2 10 o
G = + 8.23
(2&‘1 _EOT 262 _EOIr) ( )

and the wave function amplitudes are,

2 10
X(m) = NasY2— X(Bin) = N Z@Cu

8.24
261 — Wp ( )

The numerical values of the energies are obtained by solving Eq. (8.18). With these energies one evaluates
the wave function amplitudes with the normalization calculated as in Eq. (8.20).

8.3 Isospin symmetry in nuclei

As an illustrative example we will analyze the case of two nucleons outside the core 1§Og (Oxygen 16).
The total isospin of the two-nucleon systems can be T=0 or T=1. For the nuclei with T, = 41 it must
be T > 1. This is the case in 1§ Neg (Neon 18) and £Oy¢. In 8 Fy (Fluor 18) it is 7' > 0.

The single-particle states above the magic number 8 are 0ds /o, 151/2 and 0d3,3. However the lowest
two-nucleon states should be mostly due to the lowest shell, i. e. 0d5/,. Therefore the lowest two nucleons
states have to be 07, 27 and 4T if T =1 and 1%, 3" and 5% if T = 0.

As seen in Fig. 8.1 one indeed finds that the three lowest levels are 07, 2+ and 47 for the two-proton
18 Neg and the two-neutron '$0; nuclei, for which it has to be T'= 1. But even the T =1, T, = 0 state
07 is seen in '3 F, although here the corresponding 2+ and 47 states have not been detected yet. Instead
in this T' = 0 nucleus the odd states 1%, 3™ and 57 appear.

We notice that the relative energies of the T' = 1 states, i. e. the states in ®*Ne and 80, should not
be influenced by the Coulomb energy since this affects equally to all levels of a given nucleus, and the
energy difference cancels those effects. This explains why the excitation energy of the states 2+ are very
similar in both nuclei, although this is not the case for the state 4*. These differences between theory
and experiment in the isoscalar as well as in the isovector excitations are due to the shells 1s; /5 and 0d3 /2
which we neglected. Their influence is more important as the energy of the excited level increases.

A detailed calculation of these levels requires the inclusion of many shells as well as a proper knowledge
of the interaction matrix elements. We will do this within the shell model (TDA) formalism that we
developed in the previous Chapter.
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8.4 Nucleon-Nucleon Interaction and LS coupling

If one is interested in the low-energy region where the nucleons hardly get excited internally, we can treat
the nucleons as inert, structureless elementary particles, and we can understand many of the properties
of the multi-nucleon systems by the nucleon-nucleon interactions. If the nucleons are non-relativistic,
the interaction can be described by a potential. Since the fundamental theory governing the nucleon-
nucleon interactions is QCD, the interactions shall be calculable from the physics of quarks and gluons.
Nonetheless, the problem is quite complicated and only limited progress has been made from the first
principles so far. Therefore, the approach we are going take is a phenomenological one: One first tries
to extract the nucleon- nucleon interaction from the nucleon-nucleon scattering data or few nucleon
properties, and then one tries to use these interactions to make predictions for the nuclear many-body
system.

General Aspects of the Nucleon-Nucleon interaction

For the two-nucleon system, the experimental information consists of two particle scattering phase shifts
in various partial waves, and the bound state properties of the deuteron. From data, one learns that the
nuclear force has the following the main features:

Attractive: to form nuclear bound states

Short Range: of order 1 fm

Spin-Dependent

Noncentral: there is a tensor component

Isospin Symmetric

Hard Core: so that the nuclear matter does not collapse

Spin-Orbit Force

Parity Conservation
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In phenomenology, one tries to come up with the forms of the forces which will satisfy the above properties.
In particular, one parametrize the short distance potentials consistent with fundamental symmetries and
fit the parameters to experimental data.

If we consider the nucleons as elementary particles, their strong interactions are known have a short
range from « particle scattering experiments of Rutherford. In fact, the range of the interaction is roughly
the size of the atomic nuclei, namely on the order of a few fermis (fm) (1fm = 10~!%m). The first theory
of the nucleon force was put forward by H. Yukawa, who suggested that the interaction between two
nucleons is effected by the exchange of a particle, just like the interaction between the electric charges
by the exchange of a photon. However, because the nucleon interactions appear to be short-ranged, the
particle must have a finite mass. In fact, one can correlate the range and mass roughly by the quantum
uncertainty principle

r~1/m (8.25)

therefore, the mass of the quanta exchanged is about 1/fm which is about 200 MeV. The particle was
discovered almost 20 years later and was identified as m meson (140 MeV). The most significant aspect
of the Yukawa theory is generalizing the relation between particles and forces — the existence of strong
interactions implies the existence of a new particle! This was considered a novel and radical idea at that
time.

The modern theory of interactions through particle exchanges is made possible by the development
of quantum field theory. However, at low-energy, one can assume the interactions is instantaneous and
therefore the concept of interaction potential becomes useful.

Yukawa theory and One-Pion Exchange potential

To illustrate the derivation of a potential through particle exchange, consider the interaction of a scalar
particle with the nucleons. Introducing a quantum field ¢ to represent the particle, the Yukawa interaction
has the form,

g2 e—mr

V(r) = (8.26)

T r
which is an attractive interaction, independent of the spin of the nucleon. When m = 0, the interaction is
Coulomb-like and is long range. For a finite m, the interaction is negligible beyond the distance r ~ 1/m.

Pi-meson is the lightest meson because of the spontaneous chiral symmetry breaking. It is responsible
to the longest range nucleon-nucleon force. One of the important new features here is isospin symmetry.
Pi-meson has iso-spin 1, and can be represented by a vector w = (w1, T2, 73) in isospin space. Combi-
nations of 7 o generate positive and negative charged pions 7%, and 73 corresponds to a neutral pion
0.

Because the pion is a pseudo-scalar particle, parity conservation requires that it be emitted or absorbed
in the p-wave. Therefore there is a factor of p associated with the interaction vertex in the momentum
space. This factor is multiplied by the spin operator o forms a pseudo-scalar. Putting together all the
factors, one finds that the nucleon-nucleon potential from one pion exchange as,
g2 e~ Mx"

4M]2V(T1'T2)(0'1'V)(0'2'V) r

Vir)= (8.27)
where the isospin factor 7 - 7o depends on the isospin states of the two nucleons. This potential matches
the phenomenological forms extracted from experimental data at large N-N separations (~ 2 — 3 fm).
It is therefore advantageous to form states of good isospin to describe a system of 2 nucleons. Note the
combination 1 - Ty is given by

3 — T=

At smaller distance, there is also exchanges from scalar meson (isospin 0) of about 500 MeV. The
interaction is attractive as we seen above, corresponding to a medium range attraction. Finally there are
also exchanges from vector mesons, w (isospin-0) meson and p meson (spin-1). The interactions from the
p and w meson are short-range repulsive. One can build a phenomenological nucleon-nucleon interaction
based on the meson exchanges. The so-called Nijmegen potential and Bonn potential are generated
through this approach. The short range interactions are model dependent by nature, there is no unique
picture for them. This is so because only in the low-energy processes, potentials are useful concept,
however, the short range interactions are not so sensitive to the low-energy observables. Therefore, either
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one can adopt a more phenomenological approach or use the so-called effective field theory approach to
parameterize the unknowns systematically. During the 1990s several groups have constructed socalled
high-precision, charge-dependent NN potentials (CD-Bonn, AV18, etc).

A brief history of NN interactions

e 1935 Yukawa (meson theory or Meson Hypothesis)
e 1950s Full One-Pion-Exchange potential (OPEP): Hamada-Jonston

e 1960s non-relativistic One-Boson-Exchange potential (OBEP) (pions, Many pions, scalar mesons,
782(w), 770(p), 600(c; not observed yet))

1970s fully relativistic OBEPs
— 2-pion exchange
— Paris, Bonn potential

1990s High-precision Nijmegen, Argonne V18, Reid93, Bonn potentials

e 1990-2000s Chiral or Effective Field Theory potentials (2 and 3 body), Lattice QCD

Comonly used simple NN potentials

e Square well V = —1,(0) for r < R(r > R) where R ~ 2fm.

e Gaussian: V = —Voe_(”r)2 = —%e_(T/R)2 where R ~ 1.5fm.

e Exponential: V = —Vye " = —Vye /B where R ~ 0.75fm.

e Yukawa: V = —Voe #" /ur = —Voe "/ % /(r/R) where R ~ 2.5fm.

e One-boson-exchange potentials: V = —Vo(1+1/ur)e " /ur, V = =Vo(1+3/ur +3/(ur)?)e " [ ur

LS coupling

For the system of two nucleons, use » = r; — s to represent relative position and p = (p; —p2)/2 relative
momentum, s; and sy their respective spins. The relative orbital angular momentum is L = r X p and
the total spin is S = s; + s2. When the spins are coupled, the total spin can either be 0 or 1. For the
case of S = 0, we have a single spin state which is called singlet. For the case of S = 1, we have three spin
states which are called triplet. The total angular momentum is the sum of orbital angular momentum
and total spin: J = L+ S. In the singlet spin case, we have J = L because S = 0. For the triplet states,
J=L—-1,L,L+1ifL+#0, and J =0if L = 0. A state with (S, L, J) is usually labeled as >*1L
, where L = 0,1,2,3, are usually called S, P, D, F,G... states. We choose the basis states with good J,
[n(LS)JM) where,

In(LS)JM) = Z [Ym, )| (51, 82)Smg)(LmSmg|JM) (8.29)

mr

where (LmSmg|JM) is the Clebsch-Gordon coefficient. In the coordinate representation, we use Y%
to label the above total angular momentum eigenstates. Therefore, the eigenfunction can be written as

Unrsam = Ruspys(r)Viss (8.30)

where R, (gys(r) is the corresponding radial wave function.

For the two nucleon system, the spin S and isospin 7" can either be 1 or 0. Isospin symmetry requires
that the wave function reverse its-sign upon an odd permutation of all coordinates (i.e. space, spin and
isospin) of any two nucleons. Since the total wave function has to be antisymmetric, let us consider what
are the possible value of T', S, and L to make that happen. If we use +1 to represent symmetric wave
function and —1 to represent antisymmetric, then the spin wave function is (—1)°*! and the isospin wave
function has symmetry factor (—1)7+1. The orbital wave function is (—1)% (i.e., » — —7). The total
symmetry factor is (—1)2+5+T which has to be —1. Therefore L + S + T has to be odd. We have

(2lnrsimrt.)a = Bn(sp) (1) ((12[Yem, (r))(12(1/21/2)55.)(12[(1/21/2)71.))a (8.31)

and

(120¢nrssar)a = N1 = (=) ) Ry 1y (1) (12] Y, (1)) (12](1/21/2) 55, ) (12/(1/21/2)71.)  (8.32)
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Table 8.1: The four LST combinations that are compatible with the Pauli principle.
¢(L) x(5) ¢(T)

even+ singlet(S=0)— triplet(even, T=1)+
even+ triplet(S=1)+ singlet(odd,T=0)—
odd—  singlet(S=0)— singlet(odd,T=0)—
odd—  triplet(S=1)+ triplet(even,T=1)+

LS coupling in laboratory frame

One may also rewritten the wave functions of Egs. (6.6) & (6.7) in term of LS coupling. In the case of
two nucleon in [, we have

(12090, 1,y L500m)a =N (1 = (=1)F )Ry (r) Ry (r2)

(8.33)
x (12| (lplp) ar)(12](1/21/2)ss.)(12[(1/21/2)r1.).-

In general we have

(2, 1, Lsanr)a =N [Rp(r1) Rg(r2) (12 (Iply) ar) (12](1/21/2) 55.) (12](1/21/2)71.)
= (=)l ST R (1) Ry (72) (8.34)
X (12|(lglp) Lar) (12](1/21/2) 55.)(12|(1/21/2)71.)]

The parity of the system is determined by —1»tt. In the relative frame it is —1%.

Tensor force
I. Central force

What are the possible forms of the nuclear force? The simplest is a pure central force which just
dependent on the relative distance Ve (r). In this case, different L states have different energies. The
eigen-functions of the system can chosen to be |[nLmpSmg) ~ Rur (7)Y L, XSms-

There could be also a pure spin-dependence force. The most general form is Vg(r)oq - 02. In fact,
we can write

o1-0y=28%-3 (8.35)

Therefore the matrix element of the spin operator depends on the total spin of the two particles. In the
singlet state, we have o1 - 02 = —3, the potential is Vo — 3Vg; in the triplet state (S = 1), we have
o1 -0 = 1, and the potential is Vo + Vg. Now, the energy not only depends on the quantum number L
but also on S. However, the eigen-function of the system can still be chosen as |[nLmSmg); the radial
wave function depends on S, R,rs(r), because the potential does.

There can be also a pure iso-spin-dependence force. The most general form is V;(r)7 - 72; There can
be a spin-isospin dependent force. The most general form is Vs;(r)oy - o271 - To.

II. Spin-orbit force

The spin-orbit force can be written as Vpg(r)L - S = %VLs(T)L - (o1 + 02). We may also have a
spin-orbit-isospin dependent force Vigr(r)L - S = %VLSI(T)L (o1 4+ o2) (11 - T2).

The matrix element of the operator would be simple in the basis which is formed by the common
eigenstates of J2, J3, L?, 82 and T2. The potential used for solving the radial Schroedinger equation is

Vissr(r) =Vo(r) + [25(S + 1) = 3]Vs(r) + [2T(T + 1) — 3]V (r)
+[25(S +1) = 3][27(T + 1) — 3]V (r)

4 o[J(T 1) = L(L+1) — S(S + 1) Vis(r) (8.36)

+ Z[J(J+1) = L(L+1) = S(S+1D][2T(T + 1) — 3]Vrs(r)

N~ N~
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Another useful way is to write the potential in the singlet(S = 0)-triplet(S = 1)-odd(T = 0)-even(T =
1) representation. For the central force we have four components

VEO(r) =U0(r) 1 (1~ o1 - 02) {1 =71 - 72) = Vo lr) = 8Vs(r) = 3Vi(r) + Vs ()
VEP(r) =USP(r) (1 — 1 - 02) (3 + 71 - m2) = Voolr) — 8Vs(r) + Vi(r) — 8Vsr(1)
VEE(r) <UL (r) 13-+ 01 02) 3 (1= 71 - m2) = Volr) + Vi(r) — 8Vi(r) — 3Visr () -
VEO(r) =UEO(r) (3 + 01+ 02) 33+ 71 - 2) = Volr) + 8Vis(r) + Vi(r) + Var(r)

The spin-orbit force has two components for the isovector (even) and isoscalar (odd) channels

1 1
Vise(r) :ULSE(’I")iL (o1 + 0'2)1(1 —T1-T2)

1 1 (8.38)
Viso(r) :ULSO(r)iL (o1 + 0'2)1(3 + 71 T2)
They only work on the S =1 channel.
I1. Tensor force
Finally, there is an interaction of the type
Vi (r) {3@'172&'21“) — o 0-2] (8.39)

which is called the tensor interaction and the associated structure is often denoted as Si2. As before,
one may also have a tensor-isospin dependent force Vp;. Tn the singlet-triplet-odd-even representation,
the tensor force also has two components for the isovector (even) and isoscalar (odd) channels

1

W_al.az} J0=mm)

Vrne(r) =Urne(r) [3 ( 2

( ) ) 1 (8.40)
or-r)(oy-T
Vrno(r) =Urno(r) [31732 o 0’2] 1B +TT)
The following property of the Pauli matrics is useful
(0-A)(oc-B)=(A-B)+io-(Ax B), (8.41)
from which we have
(-7 =(r-r)+ioc-(rxr)=r> (8.42)
Thus one has
201 -1m)(o2 1) =(01-T+09-7) = (01 -7)% = (02-7)2
(o1-7)(o2- 1) =(01 2)2(21)(2) (8.43)
:(01'T+02'T) — 2r=.
Using the total spin operator, we can write
(o1-7)(o2-7)=2(S-7)? —r? (8.44)
Then the tensor structure becomes
S . r)?
SH2F(TJ)Sﬂ. (8.45)

It can be easily show that for Q = (ST—;”Q = % [1 + %} we have

Q> = Q. (8.46)
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The action of Q on the total angular momentum eigenstates are then

Qy.%J = 0
QVii, = Vi
27+ 1)QYV 1, = IV VI + D)V,
RI+D)QYIL, = VI + DY+ T+ DY (8.47)

In the presence of the tensor interaction, L? and S? no longer commute with the Hamiltonian. The
states with the same J but different L can mix under the interaction. The states can mix only when
their orbital angular momenta differ by 2 unit.

Going back to the one-pion exchange potential, it can be shown that

e Mn" 1

3 3 AT
:*mg‘. |:0'1-0'2+512 <1+ + >:| ¢ . (848)

3 Mar  m2r?

(01-V)(o2-V)
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8.5 Homework problems

Exercise 1:
Taking the nucleus *°Ca as a core,
a) Determine the energy of the neutron state 0f7/;
b) Determine the values of the matrix elements < f72/2; )\|V|f72/2; A >, with 0 < X < 6, that adjust the

experimental spectrum in “2Ca.
Hint: Assume that the last neutrons only occupy the neutron orbital 0f7/, for low-lying states in
42(Ca.

Exercise 2 (see Section 8.1):
a) Assume %3St as the core and the pairing interaction (j%; J = 0|V|j"%;J = 0) = —G+/(2j + 1)(2j/ + 1),
evaluate the strength G of the pairing force for the states 07 in the nucleus “°Zr.
b) Applying the pairing interaction with the strength thus evaluated calculate the energies and wave
functions of the states 0.
c) Extract from the experimental spectrum of ?°Zr the following interaction matrix elements:
< 1p1/20g9/2; 4~ |V [1p1/20g9/2; 4~ >,
< 1p1/2099/2; 57 |V [1p1/20g9/2; 5~ >,
< 093/2§2+|V|09§/2§2+ >,
< 0g35;47[V]0g5 5547 >,
< Ogg/Q;6+|V|Ogg/2;6+ > and
< 093 5;87(V]0g3 558" > .
Hint: Extract the single-particle energies in 7Y from experimental data
http://www.nndc.bnl.gov/nudat2/
You do not need to deduct the influence of the Coulomb field.

Exercise 3:

a) Show that the isospin of two-particle states in a single shell determines whether the space-spin part
of the wave function is symmetric or antisymmetric.

b) Derive Eq. (6.29): Write the state < 12|(nlj)%,,;(1/2 1/2)r7. >, in terms of the corresponding
non-antisymmetrized states. Transform the wave functions back to the neutron-proton scheme for 7, = 0.

Exercise 4:

a) Determine which states are isoscalar and which are isovector in nuclei with two nucleons outside
Z=N=20.

b) Try to find the isoscalar and isovector states in two-hole systems below the core 53 Nigg

¢) Is it possible to make such identification if the core is Z=20, N=287?

Exercise 5 (not mandatory):
Derive Eqs. (8.32) & (8.33).



Chapter 9

Nuclear pairing

The possibility of pairing in atomic nuclei was first studied by Bohr, Mottelson and Pines and by Belyaev
only one year after the publication of the theory of superconductivity by Bardeen, Cooper and Schrieer
(BCS) [3]. Meanwhile, Bogoliubov developed a microscopic theory of superfluidity and superconductivity
and explored its consequences for nuclear matter. In 1959, Migdal speculated that the interior of neutron
stars might be supefluid.

9.1 Pairing gaps: odd-even binding energy differences

The basic hallmarks of pair condensates are the odd-even staggering in binding energies, the gap in the
excitation spectrum of even systems, and the compressed quasiparticle spectrum in odd systems. To
examine odd-even staggering, it is convenient to define the even and odd neutron pairing gaps as

AP (N) = %(Eb(Z,N +1) = 2E,(Z,N) + Ey(Z,N — 1)), for N odd, (9.1)
ALY (N) = %(Eb(z, N +1) = 2Ey(Z,N) + Ey(Z,N — 1)), for N even. (9.2)

where N and Z are the neutron and proton numbers and FEj is the binding energy of the nucleus. The
proton pairing gaps are defined in a similar way. With the above definition, the gaps are positive for
normal pairing.

One can also see a systematic trend in the gap values as a function of N, namely the gaps get smaller
in heavier nuclei. I will also come back to this behaviour in the theory discussion. Another feature of the
odd-N gap systematics is the occurance of dips at particular values of N. In fact the dips occur adjacent
to the well-known magic numbers N = 28, 50, 82 and 126.

The systematics of the even-N gaps shown in the lower panel is similar with respect to the following:
average values, the fluctuations at each IV, and the smooth trend downward with increasing N. However,
the magic number anomolies are now very striking spikes that occur exactly at the magic numbers. Also,
the average values in lighter nuclei appear to be larger for the even-IN gaps than for the odd-N. I will
also come back to this feature in the theory section.

The corresponding systematics of proton gaps is shown in Fig. 2. The same qualitative features are
present here as well, but the magic number effects are less pronounced. I do not know of any explanation
of this difference between neutron and proton pairing.

The table below gives some fits to the pairing gap systematics. Shown are the fitted values of the
gap parameterizations and the rms errors of the fits, in units of MeV. The simplest model is a constant

AD (Mev)
AD (Mev)

20 40 60 80 100 120 140
Neutron number N Neutron number N

Figure 9.1: Upper panels: odd-N pairing gaps. Lower panels: even-N pairing gaps. Typically, the odd-IN
nuclei are less bound than the average of their even-IN neighbors by about 1 MeV. However, one sees
that there can be about a factor of two scatter around the average value at a given .
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Figure 9.2: Upper panels: odd-Z pairing gaps. Lower panels: even-Z pairing gaps.

gap, A®) = (C, shown on the line labeled C. One sees that a typical gap size is 1 MeV, and typical
fluctuations about that are smaller by a factor of 3. Beyond that, there are differences between protons
and neutrons and between the odd and the even gaps. The even gaps are somewhat larger and have
somewhat larger fluctuations, which is to be expected in view of the shell effects exhibited in Fig. 1.
The odd proton gap is smaller than the odd neutron gaps which might be expected from the repulsive
Coulomb contribution to the pairing interaction. There is also a mean-field contribution of the Coulomb
that has opposite signs for even and odd protons. Indeed the even proton gaps are actually larger than
their neutron counterparts.

For the next lines in the table, I come back to the broad trend in Fig. 1, a systematic decrease in
gaps with increasing mass number. It is conventional to describe this with a fractional power dependence,
AB) = /A2 This decreases the rms errors somewhat, but there is no theoretical basis for the fractional
power of A. In the last line I show the result of a two-parameter fit to the functional form A®) = ¢; JA+ca.
This functional form is more justified by theoretical considerations, as will be discussed in the theory
section below.

Basic spectral properties

The other strong signatures of pairing are in excitation spectra. In the simple BCS theory, the lowest
excited states in an even system requires breaking two pairs giving an excitation energy

Eem ~ 2ABCS~ (93)

On the other hand, in the odd particle number system, the quasiparticle level density diverges at the
Fermi energy. This contrasting behavior is very obvious in the nuclear spectrum. As an example, the
isotope chain at proton magic number Z = 50 (the element Sn) has been a favorite for exhibiting and
studying pairing effects. Figure 9.3 shows the low-lying spectra of odd-N members of the chain. One can
see that there are several levels within one MeV of the ground state. The spins and parities of the levels
(not shown) correspond very well with the single-particle orbitals near the neutron Fermi level. However,
the spectrum is very compressed with respect to orbital energies calculated with a shell model potential
well. In contrast, the even members of the chain have no excited states at all within the excitation energy
range displayed in the Figure.

Let us look now look at the global systematics for excitations in the even-even nuclei. The estimate
in Eq. (9.3) is too naive because there can be collective excitations within the gap, as is well-known
from early days of BCS theory [?]. For example, there are longitudinal sound modes in an uncharged
superfluid fermionic liquid. These have a phonon spectrum allowing frequencies within the quasiparticle
gap. One might expect that such modes would be absent in finite systems when the size of the system is
small compared to the coherence length of the pairing field. In fact the situation for nuclear excitations
is much more complicated. However, just for presenting the systematics, we use the right-hand side of
Eq. (9.3) to scale the excitation energies, taking the ratio Fy/2A, where F5 is the excitation energy and
A is the smaller of AS’Z) and Ag\),

The scaled excitation energies of the first excited states in even-even are shown in Fig. 9.4. With only
a few exceptions these states have angular momentum and parity quantum numbers J™ = 27 and can
be considered to be collective quadrupolar excitations of the ground state. All of the ratios are smaller
than one, with most in the range 0.1-0.5. The very small excitations in the mass ranges A = 160 — 180
and 220 — 250 correpond to nuclei with static quadrupole deformations.
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Figure 9.3: Energy levels of odd-N Sn isotopes
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Energy gap in the excitation spectrum of even-even nuclei, scaled to 2A(). See text for
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The physics underlying these excitations is the softness of a typical nucleus with respect to quadrupolar
deformations. On a qualitative level, the collectivity is similar to the phonon collectivity in the infinite
Fermi gas. A quantitative measure of the collectivity is the sum-rule fraction contained in the excitation,
using the energy-weighted sum rule for some density operator. For the phonon case, the sum rule
fraction approaches 100% when the frequency of the collective mode is small compared to the gap [?].
The collectivity in the nuclear quadrupole excitations is quite different. The sum rule fraction carried
by the lowest 2% excitation is more or less constant over the entire range of nuclear masses, but it only
about 10% of the total (for isoscalar quadrupole transitions.

Turning to odd-A spectrao, some systematics related to the level density are shown in Fig. ?7. The
average excitation energy of the first excited state is plotted for each odd mass number A, averaging over
even values of Z. For comparison, the solid line is the expected spacing in the Fermi gas formula for the

single-particle level density,

dng mkp A
aE =~ Vo ® g0 MeV (9-4)

The subscript s on Ny indicates that only one spin projection is counted, and kg is the Fermi momentum.
V' is the volume of the nucleus, which is (roughly) proportional to the number of nucleons A. One can see
from the Figure that a typical spacing is a factor of 10 smaller than that given by the Fermi gas formula.
Clearly interaction effects are at work to increase the level density near the ground state.

Mean-field theory has made enormous strides in nuclear physics; the self-consistent mean field theory
based on the Hartree-Fock-Bogoliubov approximation and using semi-phenomenological energy function-
als is now the tool of choice for the global description of nuclear structure. It is not my intention to
review this subject since it is well covered elsewhere in this volume.

Neverless, there are number of aspects of nuclear pairing that can be can rather easily understood
using only the more qualitative aspects of pairing theory. Besides the pairing gaps and the effect on level
densities, there are important consequences for two-nucleon transfer reactions and on dynamic properties
such as radioactive decay modes. This section presents an overview of some of these aspects.

Origin of the pairing interaction

It is no surprise that conditions for pairing are satisfied in nuclei. The nuclear interaction between
identical nucleons is strongly attractive in the spin-zero channel, almost to the degree to form a two-
neutron bound state. While this explains the origin at a qualitative level, the many-body aspects of the
nuclear interaction make it difficult to derive a quantitative theory starting from basic interactions. The
progress one has made so far is reviewed in other chapters of this book, so I won’t go into detail here.
But just for perspective, I mention some of the major issues.

I first recall problems with the mean-field interaction to use at the Hartree-Fock level. Most obviously,
the effective interaction between nucleons in the nuclear medium is strongly modified by the Pauli prin-
ciple. The Pauli principle suppresses correlations between nucleons and that in turn make the effective
interaction less attractive. Beyond that, it seems unavoidable to introduce three-body interactions in
a self-consistent mean-field theory. These interactions have two origins. The first is the three-nucleon
interaction arising from sub-nucleon degrees of freedom. It has been convincingly demonstrated that such
interactions are needed to reproduce binding energies of light nuclei and to calculated the bulk properties
of nuclear matter. Besides this more fundamental three-body interaction, there may an induced interac-
tion associated with the short-ranged correlations and their suppression in the many-body environment.
In the popular parameterization of the effective interaction for use in mean-field theory, the three-body
interaction energy has the same order of magitude as the two-body interaction energy. It would thus
seem to be a great oversimplication to ignore the three-body effects in the pairing interaction.

The last issue is the role of the induced interaction associated with low-frequency excitations. We have
seen that the nucleus is rather soft to surface deformations. the virtual excitation of these modes would
contribute to the pairing in exactly the same way that phonon provide an attractive pairing interaction for
the electrons in a superconductor. It may well have the same importance as the two-particle interaction.
Note that if low-frequency phonons were dominant, the energy scale in Eq. (5) would be greatly reduced.

The dynamic properties of an extended fermionic system depend crucially on the presence of a pairing
condensate, changing it from a highly viscous fluid to a superfluid. The effects in nuclei are not quite
as dramatic as in extended systems because the pairing coherence length in nuclei exceeds the size of
the nucleus. Nevertheless, the presence of a highly deformable surface in nuclei requires that pairing be
treated in a dynamical way.
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The most clearly documented dynamic influence of pairing is its effect on the moment of inertia of
deformed nuclei. Without pairing, the rotational spectrum of a deformed fermionic droplet is believed to

follow the spectrum of a rigid rotor,
h2
E — .
7= IJ (J+1). (9.5)

Here hJ is the angular momentum and the moment of inertia Z would be close to the rigid value

2
T~ - Am(r?) =~

2 .
3 Z A3y, (9.6)

5

If the pairing were strong enough to make the coherence length small compared to the size of the system,
the system would be a superfluid having irrotational flow and a corresponding inertial dynamics. What
is somewhat surprising is that the weak pairing that is characteristic of nuclei still has a strong effect on
the inertia.

9.2 The seniority model

For a system with n identical particles in a single j-shell, the binding energy can be solved analytically
in the seniority scheme. The Hamiltonian for such a model can be written as [?],

H=-G Y alal, a mamn =-GSS_ 9.7)

m,m’>0

where S represents the quasi-spin operator, and af, and a,, are creation and annihilation operators. G
is the strength of the pairing interaction. We have

S-‘r - Z S(m) Zam a_m (98)
= (ST = Z st = Z A G (9.9)

m 1
Z (m) — Z (af am +a' a_p, —1) = 5(n—9) (9.10)

Here, m (m > 0) represents each sub-state level, and af, and a,, are creation and annihilation operators.
Q is the maximal number of pairs in the single j-shell (Q = j + %) The eigenvalues S of total quasi-spin

are: S = %|N -, %Q -1, %Q, and the energy eigenvalues of H are given by:
1 5 1
E(S)=-G S~(S+1)71(N7§2) +§(N—Q) (9.11)

Or we can introduce seniority quantum number s given by s = 0 — 25, the energy of the state with
seniority v can be written as

n—v

E(w) = -G2=2(2j+3-n—v) (9.12)

n(n; I)G B v(v; I)G B %(n —0)(+1)G

If we assume v = 0 for the ground state of even-even system and v = 1 for that of the odd system. The
expression above can be simplified as,

-3

n(n —1)

B(v) =

} (J+1G, (9.13)

where [n/2] denotes the largest integer not exceeding n/2 and corresponds to the total number of v =0
pairs.
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9.3 Basics of pairing correlations

from arXiv:1206.2600

In quantum mechar}ics of finite many-fermion systems, pairing correlations are best described in terms
of number operators N, = a;’[au, where 1 represents any suitable set of single-particle (s.p.) quantum
numbers Thus we may have, e.g., u = ko for plane waves of spln-f particles (electrons); u = ror for

bpln—* and 1sosp1n—f nucleons localized in space at position r; and p = n, /¢, j, m for fermions moving
in a spherical potential well. Since N 3 = NM, the number operators are projective; hence, one can —
at least in principle — devise an experiment that would project any quantum many-fermion state |¥)
into its component with exactly one fermion occupying state p. As the rules of quantum mechanics
stipulate, any such individual measurement can only give 0 or 1 (these are the eigenvalues of J\Afu)7
whereas performing such measurements many times, one could experimentally determine the occupation
probabilities v}, = (U|N,,| D).

Along such lines, we can devise an experiment that would determine the simultaneous presence of
two fermions in different orthogonal s.p. states g and v. Since the corresponding number operators N, P
and N, commute one can legitimately ask quantum mechanical questions about one-particle occupation

probabilities vu and v2, as well as about the two particle occupation. The latter one reflects the simul-

taneous presence of two fermions in state |¥): v2, = (¥|N,N,|¥). In this way, one can experimentally
determine the pairing correlation between states u and v as the excess probability
P, = Uiy - vivz, (9.14)

of finding two fermions simultaneously over that of finding them in independent, or sequential, measure-
ments. Such a definition of pairing is independent of its coherence, collectivity, nature of quasiparticles,
symmetry breaking, thermodynamic limit, or many other notions that are often associated with the phe-
nomenon of pairing. In terms of occupations, pairing can be viewed as a measurable property of any
quantum many-fermion state.

Obviously, no pairing correlations are present in a quantum state that is an eigenstate of N# or Ny,
such as the Slater determinant. The beauty of the BCS ansatz is in providing us with a model N-fermion
state, in which pairing correlations are explicitly incorporated:

N/2
|Pn) =Ny <Z suzua}fa,f) |0), (9.15)

n>0

where the summation g > 0 runs over the representatives of pairs (fi, 1) of s.p. states (that is, any one
state of the pair is included in the sum, but not both), z; = z, are real positive numbers, s; = —s,, are
arbitrary complex phase factors, and Ay is the overall normalization factor.

It now becomes a matter of technical convenience to employ a particle-number mixed state,

[®N)
|®) =N Z = Nexp Z suzuay a); | [0), (9.16)

N=024,. NN(N/2) 1>0
in which the pairing correlations (9.14) are:

2
2 “u 2 1

= d . 9.17
o1+ zﬁ and. 1 + 22 ( )

_ 2. 25
P;w—%uu(suu for v

In terms of the s.p. occupations, the state |®) assumes the standard BCS form:

®) = TT (un + suvuaiar) 0) (9.18)

n>0

In this many-fermion state, the s.p. states i and p are paired, that is, |®) can be viewed as a pair-
condensate. For z,=1, the pairing correlation Py, (9.14) equals 1/4; in fact, in this state, it is twice more
likely to find a pair of fermions (v3,=1/2) than to find these two fermions independently (viv:=1/4).
For particle-number conserving states (9.15), the occupation numbers can be calculated numerically;
qualitatively the results are fairly similar, especially for large numbers of particles.
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At this point, we note that the most general pair-condensate state (9.16) has the form of the Thouless
state,

|®) = N exp (%ZZ;Ha;“a:> |0), (9.19)
v

in which pairs (f, 1) do not appear explicitly. However, there always exists a unitary transformation
Up of the antisymmetric matrix Z that brings it to the canonical form (Uy"Z*Ug)u, = 82,05 (the
Bloch-Messiah-Zumino theorem|?, ?]). Therefore, pairs are present in any arbitrary Thouless state (the
so-called canonical pairs), and they can be made explicitly visible by a simple basis transformation.
The canonical pairs exist independently of any symmetry of the Thouless state. In the particular case
of a time-reversal-symmetric state, T\<I>> = |®), they can be associated with the time-reversed s.p. states,
it = fi. The ground-states of even-even nuclei can be described in this manner. However, the appearance
of pairing phase does not hinge on this particular symmetry — states in rotating nuclei (in which time-
reversal symmetry is manifestly broken) can also be paired. In this latter case the canonical states are
less useful, because they cannot be directly associated with the eigenstates of the HFB Hamiltonian.

Hartree-Fock-Bogoliubov theory

The simplest route to the HFB theory is to employ the variational principle to a two-body Hamiltonian
using Thouless states (9.19) as trial wave functions. The variation of the average energy with respect
to the antisymmetric matrix Z results in the HFB equation in the matrix representation, HU = UE, or

explicitly,
T+7T A v vy (U V~ E 0 (9.20)
—A* =TT v ur ) \v U* 0o —-E )’ '

where T),,, is the matrix of the one-body kinetic energy, I';,, = ZH,V, Vi por and Ay, = % Yo Vs Ko
are the so-called particle-hole and particle-particle mean fields, respectively, obtained by averaging two-

body matrix elements V,,,/,,,» with respect to the density matrix p,/,, = <<I>|a:, a,|®) and pairing tensor

Kyy = (®lay, a,|P), and E is the diagonal matrix of quasiparticle energies|?].

The matrices ‘H and U are referred to as the HFB Hamiltonian and Bogoliubov transformation,
respectively, and columns of U (eigenstates of H) are vectors of quasiparticle states. The HFB equation
(9.20) possesses the quasiparticle-quasihole symmetry. Namely, for each quasiparticle state x, (the a-th
column of /) and energy E,, there exists a quasihole state ¢, of opposite energy —F,,,

Uy > < v, )
o — 3 a — * . 9.21
X < Vua (,ZS Uua ( )

That is, the spectrum of H is composed of pairs of states with opposite energies. In most cases, the lowest
total energy is obtained by using the eigenstates with E, > 0 as quasiparticles x, and those with F, < 0
as quasiholes ¢, that is, by occupying the negative-energy eigenstates. States y, and ¢, can usually be
related through a self-consistent discrete symmetry, such as time reversal, signature, or simplex.[?, ?, ?].

The HFB equation (9.20) is also valid in a more general case, when the total energy is not equal to
the average of any many-body Hamiltonian. Within the DFT, it stems from the minimization of the
binding energy given by an EDF &(p, k, k™), subject to the condition of the generalized density matrix
being projective, that is, R? = R for

K vvt vyt % v uyrT
R = < 7'7{* lfp* ) = ( U*vT U*UT ) = ( U* ) ( ) :Z(bad);t' (922)

In this case, the mean fields are obtained as functional derivatives of EDF: T, = 06/0p,,, and A, =
9 /0k},,,. As is the case in DFT, densities (here the density matrix and pairing tensor) become the
fundamental degrees of freedom, whereas the state |®) acquires the meaning of an auxiliary entity (the
Kohn-Sham state[?]). Indeed, for any arbitrary generalized density matrix R (9.22), one can always
find the corresponding state |®). For that, one determines the Bogoliubov transformation U as the
8 (1) ; the Thouless state |®) (9.19) corresponds to Z = VU 1.
Consequently, the paired state |®) of DFT is not interpreted as a wave function of the system — it only
serves as a model for determining one-body densities. Nonetheless, these densities are interpreted as
those associated with the (unknown) exact eigenstate of the system.

matrix of its eigenvectors, RU = U
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Unrestricted variations of the EDF are not meaningful. Indeed, since Thouless states (9.16) are
mixtures of components with different particle numbers, absolute minima will usually correspond to
average particle numbers that are unrelated to those one would like to describe. In particular, for self-
bound systems governed by attractive two-body forces (nuclei), by adding more and more particles one
could infinitely decrease the total energy of the system. Therefore, only constrained variations make sense,
that is, one has to minimize not the total energy &(p, %, x*), but the so-called Routhian, &' (p, k, k*) =
E(p,k,k*) + C(p), where C is a suitably chosen penalty functional, ensuring that the minimum appears
at prescribed average values of one-body operators. In particular, the average total number of particles
can be constrained by C(p) = —M\®|N|®) = —\Tr(p) (linear constraint) or C(p) = Cn[Tr(p) — No?
(quadratic constraint),[?, ?] where A becomes the Fermi energy corresponding to Ny fermions.

For different systems and for different applications, various constraints C(p) can be implemented; for
example, in nuclei one can simultaneously constrain numbers of protons and neutrons, as well as multipole
moments of matter or charge distributions. When the total energy is a concave function of relevant one-
body average values, quadratic constraints are mandatory[?, ?]. The minimization of £ (p, x, k*) requires
solving the HFB equation for the quasiparticle Routhian ', which, for the simplest case of the constraint

on the total particle number, reads H' = H — A < (1) _01 )

9.4 Exact solutions for pairing interactions

Taken from arXiv:1204.2950

The first breakthrough towards a microscopic description of the superconducting phenomenon was
due to Cooper[l], who in 1956 showed that a single pair of electrons on top of an inert Fermi sea could be
bound by an infinitesimal attractive interaction. The search for a many-body wave function describing a
fraction of correlated and overlapping pairs mixed with a Fermi sea was a key goal for the rest of that year.
Schrieffer came up with a solution at the beginning of 1957 and the BCS team (Bardeen, Cooper and
Schrieffer) started an intensive and fruitful collaboration to explain quantitatively many superconducting
properties from the associated BCS wave function. This led to the famous BCS paper [2] which provided
a complete microscopic explanation of superconductivity.

The success of the BCS theory quickly spread to other quantum many-body systems, including the
atomic nucleus. In the summer of 1957, David Pines visited the Niels Bohr Institute and gave a series of
seminars about the yet unpublished BCS theory. Soon thereafter Bohr, Mottelson and Pines published
a paper [3] suggesting that the gaps observed in even-even nuclei could be due to superconducting
correlations. They noted, however, that these effects should be strongly influenced by the finite size of
the nucleus. Since then, and up to the present, number projection and in general symmetry restoration in
the BCS and Hartree-Fock-Bogoliubov approximations have been important issues in nuclear structure.

At the beginning of the sixties, while several groups were developing numerical techniques for number-
projected BCS calculations [4, 5], Richardson provided an exact solution for the reduced BCS Hamiltonian
[6, 7]. In spite of the importance of his exact solution, this work did not have much impact in nuclear
physics with just a few exceptions. Later on, his exact solution was rediscovered in the framework
of ultrasmall superconducting grains [8] where BCS and number-projected BCS were unable to describe
appropriately the crossover from superconductivity to a normal metal as a function of the grain size. Since
then, there has been a flurry of work extending the Richardson exact solution to families of exactly-solvable
models, now called the Richardson-Gaudin (RG) models [9], and applying these models to different areas
of quantum many-body physics including mesoscopic systems, condensed matter, quantum optics, cold
atomic gases, quantum dots and nuclear structure [10]. In this paper, we review Richardson’s solution, its
generalization to the exactly-solvable RG models and discuss the applications of these models in nuclear
physics.

The Richardson solution of the reduced BCS hamiltonian

We will focus on a pairing Hamiltonian with constant strength G acting in a space of doubly-degenerate
time-reversed states (k, k),

Hp = Z ekczck — GZ czc%cg/ck/ , (9.23)
k kK

where ¢, are the single-particle energies for the doubly-degenerate orbits k, k.
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Cooper considered the addition of a pair of fermions with an attractive pairing interaction on top of
an inert Fermi sea (FS) under the influence of this Hamiltonian. He showed that the pair eigenstate is

1
|\IIC'00per> = Z P CL(’% |FS> y (924)

where E is the energy eigenvalue. Cooper found that for any attractive value of G, the Fermi sea is
unstable against the formation of such bound pairs. Therefore, an approach that takes into account a
fraction of these correlated pairs mixed with a Fermi sea should be able to describe the superconducting
phenomenon.

The BCS approach followed a somewhat different path to the one suggested by Cooper, defining
instead a variational wave function as a coherent state of pairs that are averaged over the whole system,

[Upes) =€ [0) (9.25)

where I'f =Y & zkchLf is the coherent pair. Though errors due to the non-conservation of particle number
in (9.25) are negligible when the number of pairs is sufficiently large, they can be important in such finite
systems as atomic nuclei [3]. To accommodate these effects, number-projected BCS (PBCS) [4] considers

a condensate of pairs of the form

Wppes) = (1) o), (9.26)

where M is the number of pairs and I'f has the same form as in BCS.

Richardson [6] proposed an ansatz for the exact solution of the pairing Hamiltonian (9.23) that followed
closely Cooper’s original idea. For a system with 2M + v particles, with v of these particles unpaired,
his ansatz involves a state of the form

W) = B{B--- B}, Iv) (9.27)

where the collective pair operators Bl have the form found by Cooper for the one-pair problem,

L
1
T— R N |
Bl =) e (9.28)
k=1
Here L is the number of single-particle levels and
V) = 1,00+ L) (9.29)

is a state of v unpaired fermions (v = ), vy, with v, = 1 or 0) defined by cic;; |[v) = 0, and ny, |[v) = vy V).

In the one-pair problem, the quantities F, that enter (9.28) are the eigenvalues of the pairing Hamil-
tonian, i.e., the pair energies. Richardson proposed to use the M pair energies E, in the many-body
wave function of Egs. (9.27, 9.28) as parameters which are chosen to fulfill the eigenvalue equation
Hp |¥) = E|V). He showed that this is the case if the pair energies satisfy a set of M non-linear coupled
equations

I . M 1
1-GY " —2G Y —— =0, (9.30)
i 26k — Ea B(#a)=1 B = Ea
which are now called the Richardson equations. The second term represents the interaction between
particles in a given pair and the third term represents the interaction between pairs. The associated

eigenvalues of H are given by
L M
£ = Z5kl/k + Z E, , (9.31)
k=1 a=1

namely as a sum of the pair energies.

Each independent solution of the set of Richardson equations defines a set of M pair energies that
completely characterizes a particular eigenstate (9.27, 9.28). The complete set of eigenstates of the pairing
Hamiltonian can be obtained in this way. The ground state solution is the energetically lowest solution in
the v = 0 or v = 1 sector, depending on whether the system has an even or an odd number of particles,
respectively.
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There are a couple of points that should be noted here. First, in contrast to the BCS solution, each
Cooper pair B}, is distinct. Second, if one of the pair energies E,, is complex, then its complex-conjugate
E% is also a solution. From this latter point we see that |¥) preserves time-reversal invariance.

On inspection of the Richardson pair (9.28), we see that a pair energy that is close to a particular 2e,
i.e. close to the energy of an unperturbed pair, is dominated by this particular configuration and thus
defines an uncorrelated pair. In contrast, a pair energy that lies sufficiently far away in the complex plane
produces a correlated Cooper pair. This is to be contrasted with the single BCS coherent pair, which has
amplitude zp = vi/ug and which mixes correlated and uncorrelated pairs over the whole system.

Generalization to the Richardson-Gaudin class of integrable models

In this section, we discuss how to generalize the standard pairing model, which as we have seen is exactly
solvable, to a wider variety of exactly-solvable models, the so-called Richardson-Gaudin models[11], all
of which are based on the SU(2) algebra. We first introduce the generators of SU(2), using a basis more
familiar to nuclear structure,

1 _
Ky =3 (Z @jmym = ”j) CKf =Y a b K= (KD (9:32)
T

Here aj,, creates a fermion in single-particle state jm, jm denotes the time reverse of jm, and Q; =
j+ % is the pair degeneracy of orbit j. These operators fulfill the SU(2) algebra [K;‘,KJ_,] = 25jj/KjQ,
KV, K] = £6;;/ K5 .

We now consider a general set of L Hermitian and number-conserving operators that can be built up
from the generators of SU(2) with linear and quadratic terms,

X,
= K9 U(KY KT - Kt 0 0
Ri=K)+29 ) [2 (K K; + K; K) + Y, K'K?| (9.33)
3(#1)
Following Gaudin[12], we then look for the conditions that the matrices X and Y must satisfy in order

that the R operators commute with one another. It turns out that there are essentially two families of
solutions, referred to as the rational and hyperbolic families, respectively.

i. The rational family

1
X.. =Y = 9.34
0 =Yg = o (9.34)
#5. The hyberbolic family
Xij =2 LA Y, =22 ARl (9.35)
N —1j N —Nj

Here the set of L parameters 7; are free real numbers.

The traditional pairing model is an example of the rational family. It can be obtained as a linear
combination of the integrals of motion, Hp =}, €;R;(;), with n; = ¢;.

The complete set of eigenstates of the rational integrals of motion is given by the Richardson ansatz
(9.27, 9.28). This fact led Gaudin [12] to try to relate his integrable models to the BCS Hamiltonian
without success. The proof of integrability of the BCS Hamiltonian was found later in ref. [13]. We will
not present the general solution of the two integrable families here, referring the reader to refs. [11, 9, 10].

The key point is that any Hamiltonian that can be expressed as a linear combination of the R operators
can be treated exactly using this method. In the following sections, we discuss nuclear applications of
the standard pairing model and of a new model based on the hyberbolic family.

Applications of the Richardson solution to pairing in nuclear physics

Richardson himself started to explore analytically the exact solution in nuclear structure for few pairs
outside a doubly-magic core[14, 15]. He also proposed a numerical method to solve the equations for
systems with equidistant levels[16], a model that was subsequently used as a benchmark to test many-
body approximations [17]. However, the first application of the Richardson solution to a real nuclear
system was reported by Andersson and Krumlinde [18] in 1977. They studied the properties of high-
spin states in 2Dy using an oblate deformed oscillator potential and including the effects of pairing
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at several different levels of approximation. They compared the results when pairing was treated with
the traditional BCS approximation, when it was treated in PBCS approximation (using the saddle point
approximation) and when it was treated exactly using the Richardson method.

Following that early work, there were sporadic references to the Richardson method but no realistic
studies of atomic nuclei until just a few years ago. In 2007, Dussel et al. [19] reported a systematic study
of pairing correlations in the even Sm isotopes, from '44Sm through '°2Sm, using the self-consistent
deformed Hartree Fock+BCS method. The calculations made use of the density-dependent Skyrme
force, SLy4, and treated pairing correlations using a pairing force with constant strength G assuming
axial symmetry and taking into account 11 major shells.

Using the results at self-consistency to define the HF mean field, pairing effects within that mean field
were then considered using the alternative number-conserving PBCS approach and the exact Richardson
approach. In this way it was possible to directly compare the three approaches to pairing with the
same pairing Hamiltonian, a primary focus of the study. It should be noted here that the Hilbert space
dimensions associated with the residual neutron pairing Hamiltonian is of the order of 3.9 x 10% for
154G m, whereas the exact Richardson approach requires the solution of a coupled set of 46 non-linear
equations.

In the one semi-magic nucleus '*4Sm that was studied, the principal correlation effects arise when
projection is included, taking the system from one that is normal at the level of BCS to one with
substantial pairing correlations. Treating pairing exactly provides a further modest increase in pairing
correlations of about 0.3 MeV. In non-semi-magic nuclei, the effect on the pairing correlation energy
of the exact solution is significantly more pronounced. While there too number projection provides a
substantial lowering of the energy, it now misses about 1 MeV of the exact correlation energy that derives
from the Richardson solution.

The exact Richardson solution was also used to study the gradual emergence of superconductivity
in the Sn isotopes [22]. By making use of an exact mapping between the Richardson equations and
a classical electrostatic problem in two dimensions, it was possible to get a physical picture of how
superconductivity develops as a function of the pairing strength. In particular, as the pairing strength is
increased the pair energies gradually merge into larger structures in the complex plane as pair correlations
gradually overcome single-particle effects.

More recently, the Richardson solution has been applied to the treatment of pair correlations involving
the continuum. The first work by Hasegawa and Kaneko [23] considered only the effect of resonances
in the continuum and as a result obtained complex energies even for the bound states of the system.
Subsequent work by Id Betan [24, 25] included the effects of the true continuum. The most recent paper
[25] treated nuclear chains that include both bound and unbound systems, e.g. the even-A Carbon
isotopes up to 22C. When the system is bound, the pair energies that contribute to the ground state
occur in complex conjugate pairs, thus preserving the real nature of the ground state energy. Once the
system becomes unbound this ceases to be the case. Now the pair energies that contribute to the ground
state do not occur in complex conjugate pairs, explaining how a width arises in the energy of an unbound
system within the Richardson approach.

The hyperbolic model

The hyperbolic family of models did not find a physical realization until very recently when it was shown
that they could model a p-wave pairing Hamiltonian in a 2-dimensional lattice [26], such that it was
possible to study with the exact solution an exotic phase diagram having a non-trivial topological phase
and a third-order quantum phase transition [27]. Immediately thereafter, it was shown that the hyperbolic
family gives rise to a separable pairing Hamiltonian with 2 free parameters that can be adjusted to
reproduce the properties of heavy nuclei as described by a Gogny HFB treatment [28]. Both applications
are based on a simple linear combination of hyperbolic integrals which give rise to the separable pairing

Hamiltonian
H=> nK)-G> JnmiK'K;. (9.36)
[ 1,1’

If we interpret the parameters 7; as single-particle energies corresponding to a nuclear mean-field
potential, the pairing interaction has the unphysical behavior of increasing in strength with energy. In
order to reverse this unwanted effect, we define 7; = 2(g; — «), where the free parameter « plays the role
of an energy cutoff and ¢; is the single-particle energy of the mean-field level ¢. Making use of the pair
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representation of SU(2), the exactly-solvable pairing Hamiltonian (9.36) takes the form

H = Zsl (c cﬁ—ar&)—QGZ\/a—az (a—«sz)cT&chc“ (9.37)

[

with eigenvalues E = 2aM + >, e;v; + Zﬁ Ej3. The pair energies E correspond to a solution of the set
of non-linear Richardson equations

*Z Z Fopc gﬂ, (9.38)

B'(#B)

where @ = 5= — £ + M — 1. Each particular solution of Eq. (9.38) defines a unique eigenstate.
Due to the separable character of the hyperbolic Hamiltonian, in BCS approximation the gaps A; =

. — . . . e — . 1171 . . A o EL
2G/a — ¢ Zi/ Va—epuyvy = Ay/a —g; and the pairing tensor u;v; = e V2+(a = have a very

restricted form. In order to test the validity of the exactly solvable Hamiltonian (9.37) we take the single-
particle energies ¢; from the HF energies of a Gogny HFB calculation and we fit the parameters o and
G to the gaps and pairing tensor in the HF basis. Figure ?? shows the comparison for protons in 238U
between the Gogny HFB results in the HF basis and the BCS approximation of the hyperbolic model.
From these results we extracted the values o = 25.25 MeV and G = 2 x 1073MeV. The valence space
determined by the cutoff a corresponds to 148 levels with 46 proton pairs. The size of the Hamiltonian
in this space is 4.83 x 1038, well beyond the limits of exact diagonalization. However, the integrability
of the hyperbolic model provides an exact solution by solving a set of 46 non-linear coupled equations.
Moreover, the exact solution shows a gain in correlation of more than 2 MeV suggesting the importance
of taking into account correlations beyond mean-field.

Up to now, we have restricted our discussion to RG models that are based on the compact rank-1
SU(2) pair algebra. The method of constructing RG models can be extended to the non-compact rank-1
SU(1,1) algebra as well, whereby pairing in bosonic systems[29] is described in complete analogy with
the SU(2) case. An early application to the SO(6) to U(5) line of integrability of the Interacting Boson
Model (IBM) was reported in ref. [30], with the exact solution being obtained there directly using an
infinite dimensional algebraic technique. Further work on the IBM using the integrable SU(1,1) RG
model[31] including high-spin bosons (d, g, ---) revealed a particular feature of the repulsive boson
pairing interaction that seems to provide a new mechanism for the enhancement of s — d dominance,
giving further support for the validity of the s — d Interacting Boson Model.

The RG models are not constrained to rank-1 algebras. They can be extended to any semi-simple Lie
algebra [32]. Richardson himself studied some restricted solutions of the T=1 pairing model [33] and the
T=0,1 pairing model [34]. As a general statement, the reduced pairing Hamiltonian is exactly solvable
for any multi-component system. The first step in finding an exact solution is to identify the Lie algebra
of the commuting pair operators and then to specialize the general solution given in [32]. One has to
keep in mind that while the SU(2) RG model has a single set of unknown parameters, the pair energies,
larger rank algebras have as many sets of unknown parameters as the rank of the algebra. Therefore, the
higher the rank of the algebra, the greater is the complexity of the solution. Several pairing Hamiltonians
with relevance to nuclear physics have been studied in the last few years.

i. The rank-2 SO(5) RG model[35] describes T=1 proton-neutron pairing with non-degenerate single
particle levels. The exact solution has two sets of spectral parameters, the pair energies and a second
set associated with the SU(2) isospin subalgebra. In spite of the greater complexity, it was possible to
solve exactly a T=1 pairing Hamiltonian for the nucleus %*Ge using a *°Ca core, with a Hilbert space
dimension well beyond the limits of exact diagonalization.

it. The rank-3 SO(6) RG model [36] describes color pairing, i. e. pairing between three-component
fermions. The exact Richardson equations have three sets of spectral parameters, of which one correspond
the the pair energies and the other two are responsible for the different couplings within the SU(3) color
subalgebra. The model has been used to study the phase diagram of polarized three-component fermion
atomic gases. However, it could in principle be exploited to describe non-relativistic quark systems.

iti. With increasing complexity, the rank-4 SO(8) RG model [37] describes either T=0,1 proton-
neutron pairing or four-component fermion gases. It contains four sets of spectral parameters. The
model has been used to study alpha-like structures represented by clusters in the parameter space, and
how these clusters dissolve into like-particle pairs with increasing isospin.

iv. The rank-2 non-compact SO(3,2) algebra generalizes the bosonic RG models to systems of inter-
acting proton and neutron bosons[38]. The model describes the IBM2 in the line of integrability between
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vibrational and ~y-soft nuclei. The exact solution has been employed to study the influence of high-spin
f and g bosons in the low-energy spectrum

A key feature of the Richardson-Gaudin integrable models, is that they transform the diagonalization
of the hamiltonian matrix, whose dimension grows exponentially with the size of the system, to the
solution of a set of M coupled non-linear equations where M is the number of pairs. This makes it
possible to treat problems that could otherwise not be treated and in doing so to obtain information that
is otherwise inaccessible. For example, we reported an application of the rational RG pairing model to the
even-mass Sm isotopes, where the size of the Hilbert space would exceed 103 states, and an application
of the hyperbolic RG pairing model to U?38, where the size of the Hilbert space would exceed 103 states.
In both cases, substantial gains in correlation energy were found when the problem was treated exactly.

The exactly solvable RG Hamiltonians also provide excellent benchmarks for testing approximations
beyond HFB in realistic situations both for even-even and odd-mass nuclei. Moreover, a self-consistent
HF plus exact pairing approach could in principle be implemented to describe large regions of the table of
nuclides. It might be possible to extend such a self-consistent approach to the O(5) RG model, providing
in this way a better description of those nuclei with N ~ Z in which T=1 proton-neutron pairing
correlations are expected to play a significant role. Unfortunately, the SO(8) T=0,1 RG model cannot
accommodate the spin-orbit splitting in the single-particle energies. Nevertheless, this model could play
an important role in helping to understand quartet clusterization and quartet condensation in nuclear
and cold atom systems. Finally, extension of the RG models to include the effects of the continuum seems
to be an especially promising avenue to explore the physics of weakly-bound nuclei.

9.5 Homework problems

Exercise 1: Evaluate the experimental pairing gaps in Ca isotopes based on Eq. (9.1) and compare
them with the predictions of the seniority model, Eq. (9.13).
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Chapter 10

Electromagnetic Transitions

Electric and magnetic multipoles. Transition probability and selection rules. Weisskopf units. Applica-
tions to nuclear spectra. The spin of the photon. 0T — 0T transitions. Internal and pair conversion.

In this Chapter we will study nuclear spectroscopic properties that can be extracted from experiments
using electromagnetic probes. We will assume that the nucleus is already excited in some initial state
and that it decays to a final state in the same nucleus through electromagnetic radiation by emitting a
photon. In nuclear electromagnetic decays the radiation, and the photon itself, is called ”gamma”. Our
aim is to analyze the characteristics of that photon. We will present the most important features of the
radiation field which are of interest for us without going into the details that can be found in standard
books on electromagnetism.

We thus starts by assuming that the electric field E and the magnetic field M in free space obey the
Maxwell equations, i. e.

10A
gL 10.1
c Ot (10.1)
M=V x A (10.2)

where the vector field A is required to satisfy,

0? 02 02 1 02

(@‘F@'F@—?@)A:O (10.3)

with the gauge condition
V-A=0 (10.4)

which shows that the electromagnetic fields are perpendicular to the direction of propagation. In quantum
mechanics this can be readily seen by noticing that Eq. (10.4) is the same as p- A = 0.
A solution of Eq. (10.3) is,
fi(r) = gre ™t Ay (r) (10.5)

where ¢ is a constant, k = w/c and,
VXV xAp—k*Ap=0 (10.6)

with the condition V - A, = 0.
We use j(r,t) and p(r,t) to denote the current and charge densities (operators) of the nucleus,

V(e 6) = 2 plr ) = — L [Hp(e, ). (10.7)

One may assume

A
p(r) = Z eid(r — ;). (10.8)

10.1 The spin of the photon

We have seen in Chapter 1 that in a system with spherical symmetry the angular momentum is a
conserved quantity. We proved this by showing that the rotated wave function, which is a solution of the
Hamiltonian due to the spherical symmetry, is generated by applying the angular momentum operator
to the original wave function. From here we deduced that the angular momentum commutes with the
Hamiltonian. In the case of electromagnetism the field A which, as we showed above, determines the
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y' A

Figure 10.1: Relation between the systems of coordinates related by a rotation 6 along the axis z = 2’.

physical quantities, is a vector and, therefore, its rotation is a bit more complicated than in the scalar
case of the wave function.

We will rotate an angle 6 along the z-axis. In the original system the coordinates of a point P are
P = (x,y,z) while in the rotated system we will use the notation P = (2',y,2’). As can be seen from
Fig. 10.1, the relation between the two coordinates is,

2 = cosfx + sinfy
y = —sinfx + cosby (10.9)
Z = =z

In the same fashion the components of the vector A transform as

Al (2, 2) cos B A, (cos Oz + sin Oy, — sin Ox + cos By, z)
sin @A, (cos Oz + sin Oy, — sin Oz + cos Oy, z)
—sin 0 A, (cos Ox + sin Oy, — sin Oz + cos 0y, z) (10.10)
cos A, (cos Oz + sin Oy, — sin Ox + cos Oy, z)

A, (cos bz + sin Oy, — sin Oz + cos Oy, z)

Ay (2 y, )

=41+ 1

AL (2, y',2")
performing an infinitesimal rotation it is cosd ~ 1, sinf ~ 6 and one gets,
Ay (cosOx + sin Oy, —sin Oz + cos 0y, z) = A, (x,y,z) —i0L, A, (10.11)
)

where the definition of the angular momentum operator, i. e. L, = i(ya% — xa—y) was used. Therefore
up to order @ it is

Al ('Y, 7)) = Ap(z,y,2) —i0(L. Ay + Ay(z,y, 2)) (10.12)
repeating the same for the components Aj and A’, one gets, that
A=A —if(L.+S.)A (10.13)
where
A, —iAy
S.| 4, | = i4, (10.14)
A, 0

It is left as an exercise to show that the eigenvalues of S, are —1,0 and +1. In the same fashion one can
define S, and S, by rotating along the axis x and y, respectively.

We thus see that the generator of rotations for a vector field is J = L + S, where S is the intrinsic
spin of the vector field with eigenvector S = 1. This implies that the photon carries a spin S = 1.
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10.2 Electric and magnetic multipoles

The functions (10.5) form a complete set of vectors. Any electromagnetic field can be expressed as a
series within this representation. Each one of the components (10.5) corresponds to a quantized photon
with energy E = hiw. They are determined by Eq. (10.6), which has two independent solutions. One of
them is given by

Af,(kr) = %v x (r x V)(jx(kr) Yy, (09)) (10.15)

where jy(kr) is a Bessel function and Y),(6¢) is the spherical harmonics eigenfunctions of the angular
momentum operator. This solution is called ”electric” component of the electromagnetic field. The other

solution is,
ALY (kr) = (v x V) (jr(kr)Yau(09)) (10.16)

which is called the "magnetic” component. In both cases the photon carries angular momentum A with
z-projection u. Therefore they are multipole components, with multipolarity A, of the electromagnetic
field. However, for the case A = 0 there is no angular dependence (Yo (8¢) = 1/v/47) and since for any
angle independent function ¢(r) it is Vo(r) o r, the electromagnetic field vanishes (r x r=0). In other
words, there is no monopole photon in the electromagnetic field.

We have 5
VX (rxV)==-Vor+ rVv2, (10.17)
and
VirxV)==-V-(Vxr)=—(VxV)-r=0. (10.18)
For the parity we have 7o = (—1)* for Y*, 7o = —1 for the vectors r, V and p, and 7o = +1 for
pseudo vectors I = r x p and o. We have
#La~ ' = 7r x (—ikV)7 ! = L, (10.19)
AVATl = -V, (10.20)
and 1
AV x a7l = fr,th* Vil = —Vx, (10.21)
i

where S is the spin operator mentioned above. The presence of the V operator introduce an minus sign
under the pairty transformation. Thus the parity of the electromagnetic field is

—(=1)  for electric multipole

\ (10.22)
+(-1) for magnetic multipole
The two multipoles can be distinguished by the parity and are related to each other. We have
1
Af, (kr) = 7V x AL (kr). (10.23)
Integrating over the current density one obtains the electric component as,
—i2x+ 1 )
and the magnetic component becomes,
—2x+DN 1, .
O(MMu) = TOTD) Jnm(r) - (x x V) (ja(kr)Yau(69))dr, (10.25)
where the double factorial is defined as
A+ =2 +1D)2A+1-2)(2A+1-3)...3- 1. (10.26)
The electric and magnetic current densities are defined as
1 i i
jp(r) = 5> eild(r - ri)]pM n pﬂé(r — i), (10.27)

i
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and
ja(r) = ch. > iV x oif5(r — 1), (10.28)

In nuclear electromagnetic processes it is convenient to take into account the range of the quantities
involved. Thus nuclear photo transitions occur at large wavelengths of the photons as compared to the
nuclear radius R = 1.24'/3 fm. Therefore kR is small (remember that the photon energy is £ = hv =
he/X\ = khe and in nuclear transitions it is E =~ 1MeV'). One can expand the Bessel function as,

(kr)* (kr)®

ga(kr) = (2)\—1-1)!!( ©2(20+3)

+..). (10.29)

We can take the first order of this expansion only in the long wave approximation. The electric multipole
can be rewritten as
E
A/\;L(kr) =

9 U ()Y (66)) = V(5 ()3, (09)|

T .

(10.30)

.

-1 [vgrwm)m(%» n er(Mkr)m(eqs))] .

The later term can be neglected in the long wave approximation. The multipole components of the field
acquire the simple forms,

O(END) = [ o H. po)li s (60 dr

(10.31)
= [ oV, 00

and

O(MMp) = c()\i—il) / Jm(r) - (r x V)r*Yy,(04)dr. (10.32)
Selection rules are the results of conservation laws. They express certain symmetry conditions that
hold for the system under consideration. For instance, the invariance of a nuclear system as a whole
under spatial rotations leads to the conservation of the total angular momentum. When a nucleus
emits (absorbs) a photon, the initial (final) total nuclear angular momentum should be equal to the
sum of the final (initial) total nuclear angular momentum and the angular momentum carried by the
radiation. The selection rules are given by the triangle condition for the angular momenta A(J;, J¢, A).
The electromagnetic interaction conserves parity which depends on the spatial inversion properites of
the current densities. The operators for EA and M A can be classified according to their transformation

under parity change:
POP™! =710 (10.33)

For a given matrix element we have:
(V7 |O[0;) = (¥ |[PT POPTIPW;) = mimsmo (W |O|¥)) (10.34)

The matrix element will vanish unless m;mymo = +1. Thus the transitions are divided into two classes,
the ones which do not change parity change m;7¢ = +1 which go by the operators with 7o = +1:

mmp = +1 for M1, E2, M3, E4... (10.35)
and the ones which do change parity change m;7; = —1 which go by the operators with mp = —1:
mre = —1 for E1, M2, E3, M4... (10.36)

The lowest allowed multipolarity in the decay rate dominates over the next higher one (when more
than one is allowed) by several orders of magnitude. The most common types of transitions are electric
dipole (E1), magnetic dipole (M1), and electric quadrupole (E2).
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Figure 10.2: The first four levels in the nucleus °Er with the measured gamma ray transitions. The
task is to determine the spins and parities of the levels a, b and c.

10.3 Applications to nuclear spectra

The property that the electromagnetic transitions are strongly dependent upon the angular momentum
A carried by the emitted photon is used to determine the angular momenta of the states involved in the
decaying process. From an experimental point of view the first thing that has to be done is to assess
the value of A\. This is done by measuring the angular distribution of the emitted radiation, which is
determined by the harmonic function Y}, (6¢). One measures also the polarization of the radiation and
thus whether the transition is of electric or magnetic character. The energy of the photon, that is of the
transition that emits the photon, is just hc/A. The transition rate per second is obtained by measuring
the time that elapses between successive emitted photons, and from this one evaluates the corresponding
B-value and the half life, which is 7,/ =In2 /T'(o, A).

Once the multipolarities and energies of the possible transitions are known one assigns the angular
momenta of the states associated with those transitions following the probabilities given in Eq. (10.41).
This procedure can best be clarified by means of an example. We thus show in Fig. (10.2) the first four
states of the nucleus *Er (Z=68) with the corresponding gamma transitions. The ground state is 07,
as it should be for an even-even nucleus. Since the state labeled a decays to the ground state emitting an
E2 photon, the spin J, and parity 7, of this state should be J7T« = 2. The state a is connected to the
state b by an E1 transition, which implies that the parity of this state is minus. The angular momentum
should be 1 < J, < 3. But it cannot be J, = 1~ because then it would decay to the ground state, and
not to the state a, by an E1 transition (since the large energy of E,=1.786 MeV contributes with Eg’
to the transition rate. see Eq. (10.41)). Therefore the state b could be 2~ or 3. But in the B-factor,
Eq. (10.40) the matrix element is larger for states with aligned angular momenta, which implies that the
most likely assignment is J;* = 37. For the same reason it is J* = 5.

In gamma transitions the emission of a A=0 photon does not exist, as shown above by analyzing the
expression of the monopole component of the electromagnetic field. That was a mathematical proof. But
there is also a physical reason why such a photon does not exist, and that is that the intrinsic spin of the
photon is one.
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10.4 Operators and transition rates

The interaction of the electromagnetic field with the nucleons can be expressed in terms of a sum of
electric and magnetic multipole operators with tensor rank A

0 =) [O(EN), +O(M)),] (10.37)
Ap

The transition rate (transition probability) for a specific set of states and a given operator is given by:

B(i — f) (10.38)

8t(A+1) \ k21
Tifx= 5
Al(2A + D! h

where k is the wave-number for the electromagnetic transition of energy £, given by:

E, E,
= — — 1 .
hc  197.33MeV fm (10-39)
The last factor in Eq. (25.2) is referred to as a “reduced transition probability” B defined by:
2
Jr[|ON)]|]J;
Bi 1) = Y 10 = OO (10.10)

ATy 2J; +1

This, which is also called ” B(cA) value”, is a very important quantity because it contains all the nuclear
structure information. In particular, only are allowed transitions which satisfy the conservation laws
implicit in the matrix element (JyM¢|O(cAp)|J;M;). Thus, the B(o)) value vanishes (and the corre-
sponding electromagnetic transition is forbidden) unless the parity condition mmp = +(—1)* is fulfilled,
where m; (7y) is the parity of the initial (final) state and the plus (minus) sign corresponds to electric
(magnetic) transitions. It should also fulfilled the angular momentum conservation law which, as usual,
is expressed by the triangular relation |J; — J¢| < A < J; + Jy.

The B(c\)-value also provides information on the structure of the initial and final states of the
decaying nucleus. Thus if, for instance, B(E1) is very large, as it is for transitions to the ground state
from what are called ”dipolar giant resonances”, then it indicates that the initial state of the nucleus is
built upon some uncommon mechanism induced by the nuclear dynamics.

It should be noticed that the unit of B(EX) is [B(EX)] = €2 fm?* while it is [B(M\)]= (u/c)? fm? 2,
where = eh/2m,, is the nuclear magneton, and m,, is the proton mass. Using these units the transition
rate per second becomes, for the most common values of the transfer angular momentum A,

T(E1) = 1.59x 10" E*B(E1)
T(E2) = 1.22x10°E°B(E2) (10.41)
T(E3) = 5.67x10°E"B(E3)
T(F4) = 1.69x 107*E°B(E4)

T(M1) = 1.76 x 10"*E3B(M1)

T(M2) = 1.35x 10"E°B(M2) (10.42)
T(M3) = 6.28 x 10°E"B(M3)

T(M4) 1.87 x 107 °E°B(M4)

where the energies are in units of MeV.
The lifetime of the transition is given as 1/T; ; » and the partial half-life is defined as

; In2

if

t e = —. 10.4

V2T g (10.43)

The total half-life of a given (initial) state is given as

1 1
— = (10.44)
t1/2 Y
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With our definition of the reduced matrix element,
2 2
(IO = [TIOMIIIf)] (10.45)

B depends upon the direction of the transition by the factor of (2J; +1). For electromagnetic transitions
J; is that for the higher-energy initial state. But in Coulomb excitation the initial usually taken as the
ground state, and one can use the notation B(?) for this situation.

Electric transition operators

The electric transition operators are given by:
O(EX) =Y} (e e (10.46)

were Yl;\are the spherical harmonics. The e;, are the electric charges for the proton and neutron in
units of e. For the free-nucleon charge we would take e, = 1 and e, = 0, for the proton and neutron,
respectively. Although the bare operator acts upon the protons, we will keep the general expression in
terms of e, in order to incorporate the “effective charges” for the proton and neutron, which represent the
center-of-mass corrections and the average effects of the renormalization from wave function admixtures
outside the model space.

The most probable types of transitions are E1 and E2 (and M1 below). The E1 transition operator
is given with A =1 as

. 3
O(El) = rYlfl)(r)etze = \/Eretze (10.47)
The E2 transition operator is given with A = 2:

O(E2) = r°Y,P) (F)ey e (10.48)

Magnetic transition operators

The magnetic transition operators are given by:

294 ] A
o) = [l 2 s st | [P0
l (10.49)
_ A 29 _ PR _
A2A+1) | [Y? 1®l]ﬂ)\;21 + [¥* 1®s]ugtz ™.

The M1 transition operator is given as

/3
OM1) =/~ (Lo, + 595, ] un (10.50)

One-body transition operator in the coupled form
As mentioned before, a one-body operator can be written as
A A
O, = (a|0}|B)alas, (10.51)
af

where the Greek letters denote the single-particle states [nijm). We use j to denote the state |nlj). One
has,

Op=>"> (alO)B)alas

Jajs Mamg

Jn—ma joz A jﬁ T
= GallOMds) DY (=1) ( Cme p mg )%aﬁ (10.52)

]ajﬁ Mmamg

[ ® apl)
_ N 0/\
g:ﬁj 1O 5 m
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where @;j,, = (—1)77™a; _,,,. For the one-body transition density we have
; T 1M 50 — (_1)Ji—m ; iy
m
(drmgllad, ® aglyljimi) = 0ardpi(—1) < Jpmydi — milAu > (10.53)
The reduced single-particle matrix element for E'X operator is given by:
, , , L4 (=1)lat2 e [(25, + 1) (20 + 1) (24, + 1
GallOEN i) =172 E Y Gt VAT DR+
S . (10.54)
Ja Jb C N
X ( 1/2 0 71/2 ) <.7a|T ‘]b>etze
The reduced single-particle matrix element for the spin part of the magnetic operator is:
. . . _ Ao s
(GallOMN, 8)[[d5) =V AR+ 1) (Gal[YA 7 @ 8] |[0) (al ™ o) g5 pon
la 1/2  ja
=/ A2A + 1)/ (250 + 1)(2]a + D)(2A + 1) I 1/2 jy (10.55)
A—-1 1 A
X (LY A1) (slIslls) (Gl o) g pen
where
(s]|s]ls) = v/3/2 (10.56)
The reduced single-particle matrix element for the orbital part of the magnetic operator is:
‘ . ARX+1) _ Ao AL
(Jal[O(MA, D)]]jb) :)\74_1@1” (YA @ 1) |5) (alr™ ) gt v
A(2A+1 .
VAL (yenrzens /7, T 1)@+ D) (10.57)
R B A ey A R T
Jo Ja 1/2 *
where
| YA @ ) =(—=1) et /X + Dl + 1)(20 + 1)
A=1 1 A A1 (10.58)
AU L b
with
A-1 vt QLD+ D)RA=T) (e A=1
<lCLHY ||lb> - ( 1) \/ Ar 0 0 0 (1059)
For the M1 operator the radial matrix element is:
<ja‘7ﬂ0‘jb> = 5na,nb (1060)
and the reduced single-particle matrix element simplify to:
. ) 3 . . s
{JallOMY, $)[l70) =1/ 7 (Jall8]l76)0na i 97 v
=\ (1) T D)@ ) (10.61)
™
1/2 1/2 1 ,
X . . J, 6n n H
{122 L sl bt
and
. : 3 . . !
{allOML,Dlgo) =7/ 5~ (allUljb) 0 o 9. 1in
[ (D ) @+ ) (10.62
7r

la lb 1 l
ey bl i
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where

(Lol Uty = b1, 0, v/ 1a(la + 1)(2lq + 1) (10.63)

Thus the M1 operator can connect only a very limited set of orbits, namely those which have the same
n and [ values.
We also have

(Galldllds) = Sa.p\/ GalGa + 1) (20 + 1), (10.64)

and
(s]|s]ls) = Vs(s+1)(2s +1). (10.65)

Moments in terms of electromagnetic operators

There are two type of electromagnetic moments: the electric moments associated with the static distribu-
tion of charge and the magnetic moments associated with the magnetic currents. The parity conservation
requires A=even for the static moments and A=odd for the magnetic moments. The electromagnetic
moment for A=0 simply counts the number of particles with charge ey.

A compilation of experimental magnetic and quadrupole moments

http://www.nndc.bnl.gov/publications/preprints /nuclear-moments.pdf

The operator for electromagnetic moment can be expressed in terms of the electromagnetic transition
operators. By the parity selection rule, the moments are nonzero only for M1, E2, M3., E4,.... The most

common are:
,/ T (0, M = JJO(M1)|J, M = J)

(10.66)
47
5 (2 o 7)) wiomi
and
167
Q =\ (/. M = JIO(E)|J, M = J)
= L (10.67)
Y5
(28 7)o
10.5 Nuclear matrix elements
The matrix element of a one-body operator can be written as
(Je M| O JiMi) = (ol OAw)|B)(Jf Mylcles] i M;) (10.68)

af

Electromagnetic transitions and moments (and beta decays) depend upon the reduced nuclear matrix
elements (f||O(A)|]7). These can be expressed as a sum over reduced one-body transition densities times
single-particle matrix elements:

(FNOMIID) = T (GadsX) GallON1ds) (10.69)
Jads
where the reduced one-body transition density is given by
1A
{fll[af, ® ;] 1)
V2A+1

The labels ¢ and f are a short-hand notation for the initial and final state quantum numbers. Thus
the problem is divided into two parts, one involving the nuclear structure dependent reduced one-body
transition density, and the other involving the reduced single-particle matrix elements.

T (JajsA) = (10.70)
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For a closed shell plus one particle the only term contributing to the sum comes from the transition
between two specific particle states as

) 1A
Grlllad, ® ag,] " M15i) = Gaydpiv/2X+ 1, (10.71)
and
(Jr = 3tllONITi = ji) = (GrlION)]]5i)- (10.72)

The reduced transition probability for this cases is:

B0\ = W (10.73)

Single-j configurations

For a closed shell plus n particles in an orbital j the matrix elements reduce to:

(" ap, O™ ciy Ji) = T (GA) GIHON) (10.74)

T(GA) :n\/(QJf +1)(2]; +1) Y (~1) AT
“ (10.75)

Ji T A e . . i
{0 Vi enisiras i eninit e,

where the square brackets denote the one-particle coecients of fractional parentage (cfp’s).
For n = 2, the cfp’s are unity and the sum only contains J = j in which case we have

T(j)\):(—1)Jf+’\+1n\/(2Jf+1)(2Ji+1){ j ‘;.f ?} (10.76)

The reduced transition rate becomes:

a2 Y o)

i s A}ﬂmowmf
J 3 J 27 +1 '

B(\) =n?(2J; +1) {
(10.77)
=n?(2J; +1)(25 + 1) {

0T — 0T transitions. Internal and pair conversion

The physical reason why there is no electromagnetic decay with the photon carrying angular momentum
A = 0 is that the spin of the photon is unity. In general this implies that the decay proceeds through
other angular momenta. For instance if both the initial and final states have angular momenta J, then
it should be, since A = 0 is not allowed, 1 < A < 2J. However, if J = 0 then the electromagnetic decay
is not possible. In this case there are two different mechanism which can induce the decay.

Assuming that the decay proceeds from an excited state 03 to a lower state 0, one of the mechanisms
of decay is called ”internal conversion”. In this the nucleus transfers energy from the state 03 and decays
to the state 01”. This energy is absorbed by the electrons that surrounds the nucleus. The most affected
of those electrons are the ones which are closer to the nucleus, that is the ones that move in [ = 0 orbits,
and of these the closest to the nucleus are the ones with lowest energy, i. e. the ones called "K electrons”.
The internal electron thus affected converts the energy transferred from the nucleus (therefore the name
”internal conversion”) into kinetic energy and escapes the atom as a free electron. The nucleus performs
the transition 0 — 07

The second mechanism by which the nucleus performs that transition requires that the energy between
the states 07 and 07 is larger than twice the electron mass m. = 0.511 MeV, i. e. larger than 1.022 MeV.
If this happens then there is enough energy to create an electron-positron pair. Any energy in excess of
2m, is transformed in kinetic energy which is shared by the electron-positron pair. Therefore this form
of decay is called ”pair conversion”.
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10.6 Weisskopf units

One sees that the decay rates (10.41) are very much dependent upon the multipolarity of the emitted
photon, decreasing as A increases. This property is only determined by the electromagnetic field since
the nuclear dynamics is contained in the B-values. As mentioned above, this quantity depends upon the
structure of the nucleus. A rough estimation for the most simple case, that is the one corresponding to
the decay from a single-particle state j; to a final one jy, is obtained by using Eqs. (10.31) and (10.32).
For this one assumes first that the radial wave functions are constant inside the nuclear radius and vanish
outside it. Second the angular part of the matrix element is evaluated assuming that the transition occurs
from the state J; = A+ 1/2 to the state j; = 1/2. And third in the magnetic case (10.32) appears the
quantity F' = A?(gs — 2(A + 1)71g;)?, where g; and g, are the g-factors of Chapter 2. This quantity is
assumed to have the value F=10. With these approximations the B-values become,

1.2 3

Bw (E\) = —T)2ARBE2 2 10.78
W(EX) = = ()P AP e (10.78)
and 10 3 h
B (M) — ——1 922—2 2 4(22-2)/3 e 222 10.
WD) = 21227 () S fm (10.79)
For instance we have L
e
By (M1) =1.790 . 10.80
w(M1) S (10.80)

These values allow one to estimate whether the transition probabilities are strongly dependent upon A
even when the influence of the nuclear structure contained in the B-values are taken into account. For
this we evaluate the ratio R = By (0, \)/Bw (0, A + 1), which turns out to be independent of o, i. e. it
is the same for electric or magnetic components.

R— Bw(O', /\) . 1 <>\+4)2
- Bw(o,A+1)  1.44A2/3'\+3

(10.81)

which for a light nucleus with A = 20 is R ~ 0.1((A + 3)/(A + 4))? while for A = 200 R ~ 0.02((\ +
3)/(A + 4))%. These numbers do not affect the conclusion that the transition probabilities (10.41) are
strongly dependent upon A. Therefore a nucleus in an initial state with a given angular momentum J;
will decay most probably by emitting a photon carrying the minimum angular momentum A allowed by
the selection rules.

The importance of the Weisskopf units, Eqs. (10.78) and (10.79), is that they allow one to estimate
the strength of the B-values. In a transition where only one state takes part, then the B-value should be
~ 1 Weisskopf unit. This will be the case of a particle moving outside a double magic core. But, as we
saw in the last Chapter, a nuclear excited state can consist of many configurations, and therefore many
single-particle states can contribute to the B-value. If these contributions occur all with the same phase
then the B-value will become very large in Weisskopf units. Since in this case the single-particle states
add collectively to the B-value and, therefore, to the transition probability, the decaying state is called
”collective state”. A typical collective state is the giant dipole resonance mentioned above, for which the
B(E1)-value for the decay to the ground state can be greater than 100 Weisskopf units.

In some cases the reduced transition probability B(E)) is expressed in the unit of e*barn*. We have
1barn=100fm? and e*barn*=10**e*fm?*. For instance we have

By (E1) = 6.446 % 107*A%/3¢ « barn = 6.446 « 10724%/3¢ « fm, (10.82)

and
By (E2) = 5.940 % 1076 A*3¢2barn? = 5.940 + 1072 A4%/3e2 fm?. (10.83)

10.7 Deuteron Structure

The deuteron is the only bound state of 2 nucleons, with isospin 7' = 0, spin-parity J™ = 1%, and binding
energy Fp = 2.225MeV. For two spin 1/2 nucleons, only total spins S = 0,1 are allowed. Then the
orbital angular momentum is restricted to J —1 <l < J+ 1, i.e., I = 0,1 or 2. Since the parity is
7= (=) =+, only I =0 and [ = 2 are allowed; this also implies that we have S = 1.
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Figure 10.3: Radial wave functions Ry(r) and Ry(r) calculated from realistic NN interactions.

If the Hamiltonian is
SRy

H= “urg Tzt Vo (r) + Vr(r)Siz (10.84)
using the following relation,

S1Yi0 = V8V SVl = VYN, — 22y LAV =0, L2V =6)) (10.85)
we find the radial equations

h? d2
s + B = V)| s = VBV ()
n? [ d? 6 N
U\ gz 2 ) TE+2Vr(r) = Velr) | up = V8Vr(rjus (10.86)

These equations can be solved numerically.
Other important information on the structure of the deuteron comes from the values of the magnetic
moment y and quadrupole moment Q:

1= 0.8574uy;  Q = 0.2857¢ fm? (10.87)

Since @ # 0, the deuteron cannot be pure [ = 0. But generally [ = 0 is energetically favored for a central
potential. Therefore, we write the deuteron wave function as a linear combination of S- and D- waves

b(r) = aiss, (1) +bisp, (r)

= aRo(r)Vg11 + bRa(7) Va1, (10.88)
where a and b are constants with va? + b2 = 1. Ry and Ry are the radial wave functions.
Youu = Yooxoo (10.89)
Vo = Z(l(l — M)2M11)Yonmx1,1-m
M
= \/iY \IEY +\/§Y (10.90)
= 10 20X1,1 10 21X1,0 5 22X1,—1 .
Magnetic Moment
As mentioned before, the free-nucleon values for the g-factors are gé =14, =0, g, = 5.586 and
g, = —3.826. The magnetic moment operator can be rewritten as

= pn Y (9582 + gilzi) (10.91)

K2
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where g5 = 4.7067;+0.88, where the first term is isovector, and the second term is isoscalar. ¢g; = (7;+1)/2.
Since the deuteron is an isoscalar particle with T" = 0, only the isoscalar magnetic moment operator
contributes to p. Then, the above equation becomes,

1
L= pN Z(o.ssszﬁizm-)

%

MNZ[OSS e+ 3 (1) ae= 1]

1
= un {O.88<SZ> + 2<Lz>}
The matrix element of S, is calculated to be

<y(%11|sz|y(}11> = 1
(V21115:1V011)
(V31115921 V311)

Z] (1— Mg)1Ms[11)|* = —1/2 (10.92)

Thus, for pure [ = 0 or [ = 2 states we would have the values u = 0.88uy, 0.31ux. More generally we
obtain the relation
1= [a*(0.88) + b%(0.31)] o = (0.88 — 0.57b) o (10.93)

Therefore, the experimental value pp = 0.857uy implies that b = 0.04. However, in more sophisticated
treatments one finds that it is quantitatively important to explicitly include the effects of meson exchanges
on the magnetic moment. For example, the virtual photon can couple to the pion in flight between the
nucleons and convert it to a p meson. (These effects are clearly observed in elastic electron deuteron
scattering at higher momentum transfers, as discussed below.) Including the effects of these "meson-
exchange” currents on the deuteron’s magnetic moment yields values of b = 0.05 ~ 0.07.

Quadrupole Moment

The quadrupole moment of the deuteron is calculated to be

Q /167T/wJ M 1 lZet Yzo 7"1
=eq/ 167T/¢J m=1( Yzo( VW y—pr=1(r)d®r,

where we have used the fact that for each nucleon the distance from the center of mass is only half the
distance between them, r; = /2. Inserting the wave function introduced above, we get

Q :6\/§{|a2/T'QRO(T)QdT/}/OT))/QOYOOdQ+2Re(ab*)/r2Ro(T)R2(r)dT

x Y (1(1— M)2M|11) /YO*OYQOYQMdQ (10.95)
M

) Yomp=i (r)d®r

(10.94)

+ |b|2/r2R§(r)dr X Z [(1(1 - M)2M|11>|2/Y2*MY20Y2MdQ}.
M

After evaluating the angular integrals and putting in the CG coefficients, one finds

2
Q —e{fRe(ab*)/derRo(r)RQ(r) |2‘0 /dTT2R2( )2 } (10.96)

For our purposes, we will use our knowledge that b = 0.2 < 1 from the magnetic moment analysis
and keep only the first term. This will give us an approximate expression that we can set equal to the
experimental value Q¢yp = 0.286e fm? to obtain the result

0.2v/2
Q~ 617(\)[ Ry Rydr = 0.286¢ fm? (10.97)
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Solving for the unknown radial integral yields
/ 4Ry Rydr ~ 10.1fm” (10.98)

for the radial integral. This value seems quite reasonable given that the mean squared charge radius of
the deuteron is 4.0 fm*. [Note: (r?, = 1 [ RZridr)]

The dominant S-D interference term in the quadrupole moment has Mg = 1. So the spins of both
the two nucleons are predominantly aligned parallel to Z. Let’s simply take oy = o2 = 42, and then
o1 - 03 = +1. Then we need to consider the relative orientation of 7, and we will focus (see Fig. 10.7.2
on two extreme cases: (a)7||2 and (b)7LZ2.

Attractive ~ Repulsive

Tensor force

Figure 10.4: Schematic picture of the relative orientation of 2 and 7.

In case (a)oy -7 = oo -7 = 1, so we have S15 = +2 for this geometrical arrangement. This is a prolate
configuration so we expect ¢ > 0 for case (a). In case (b) we have o1 -7 = o5 -7 =0 so S13 = —1 and
the oblate shape relative to the Z axis would imply @ < 0.

Since experimentally @ > 0, case (a) must be energetically favored which corresponds to Vip(r) < 0.
This then gives an attractive force when the configuration is such that Si2 > 0 (case (a)) and a repulsive
force when S5 < 0(case (b)).

One may also read

http://www.nature.com/nature/journal/v144,/n3645/abs/144476a0.html
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10.8 Homework problems

Exercise 1:

a) Show that the electric component Afu(r) of the electromagnetic field carries parity (—1)*! and

that for the magnetic component A%(r) the parity is (—1)*.

b) Which are the parity and triangular conditions that the B(o\)-value should fulfilled?

Exercise 2:

The first excited state of the nucleus 16Snsq lies at 1.294 MeV and decays to the ground state by
emitting an E2 photon with a half life 7, 5 = 0.374 ps (1 ps =10712 sec).

a) Determines the corresponding B(E2)-value in units of €2 fm?.

b) As a) but in Weisskopf units.

Exercise 3:

a) As Exercise 2 but for the level 210Phgy(27) lying at 800 keV. It decays by an E2 transition to the
ground state with a half live of 17 ps.

b) What conclusion you draw from the differences of the B(E2) values in Weisskopf units for the states
1680 (27) and 210Ph(2]) ?

Exercise 4:

The spectrum of ?°Zryq consists of the 01 ground state and the excited states 0; (at 1.761 MeV), 2f
(2.186 MeV), 57 (2.319 MeV), 47 (2.739 MeV), 4 (3.077 MeV), 6] (3.448 MeV) and 8] (3.589 MeV).

Determine the most likely decay pattern of the excited states.

Exercise 5:
Show that the photon has intrinsic spin S=17
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Chapter 11

Beta and alpha readioactive decays

Beta decay. Q-values in 87, BT and electron capture decays. Theory of beta decay. Fermi and Gamow-
Teller operators. The logaritm of ft. Alpha decay. Thomas expression for the width.

We have seen in the previous Chapter that a nucleus in an excited state can decay to a lower lying state
in the same nucleus by emitting a gamma ray. There are other paths which the nucleons in an unstable
nucleus can take to eventually reach a more stable configuration. These paths are called ”channels”.
Some of these channels may require that particles other than photons are emitted. In this Chapter we
will first study channels in which electrons are emitted. These are called beta decay channels. In the
second part we will study channels where alpha particles, i. e. “Hey nuclei, are emitted. These are called
alpha decay channels.

The names of these three forms of radiation, i. e. "alpha”, "beta” and ”gamma’, have an historical
origin. The alpha and beta modes of radioactive decay were the first to be discovered. Already in 1896
Becquerel found that charged particles were emitted by uranium, and soon afterwards Marie and Pierre
Curie confirmed these observations. In 1899 Rutherford discovered that the radiation could be divided in
two separated strings according to the penetration power they had. He called this two forms of radiation
”alpha” and ”"beta”. Alpha radiation could penetrate only thin foils of aluminium while beta rays could
go through many millimeters of the same material. Only in 1900 the third form of radiation was found,
which had even more penetration power than beta rays, and these were called "gamma” rays. It was
soon found that the alpha ray was actually an alpha particle, that the beta ray was an e~ electron and
that the gamma ray was a photon.

In all these decays the outgoing particle should travel with a kinetic energy which is just the diference
between the energies of the initial and final states. However, in 1911 Lise Meitner and Otto Hahn found
that the electron emitted in beta decay had a continuum spectrum, thus seemingly violating the energy
conservation law. It took a long time before the explanation of this phenomenom was found. It was Pauli
who in 1930 proposed that a particle that interacts very weakly with matter (and therefore undetected up
to that time) was also emitted together with the electron. This hypothetical particle was called neutrino.
The total energy in the beta decay process was thus shared between the electron and the neutrino. Since
then the neutrino was measured experimentally and was found to play a crucial role in many branches
of physics, particularly in beta decay processes. These are the processes which we will now analyze.

11.1 Introduction to beta decay

The lighest nucleus that decays by beta emission is the free neutron, which undergoes the spontaneous
process
n—pte +v (11.1)

with a half life of about 10.3 minutes. In this equation n (p) is a neutron (proton), e~ is an electron
and 7 is an antineutrino. Antiparticles have the same mass and spin as the corresponding particles, but
opposite charge and spin projection. Thus the antiparticle of the electron (¢™) is the positron (e*). The
neutron is heavier than the proton, which explains why it is unstable.

The neutrino v is a chargeless particle which interacts very weakly with other particles. Therefore
the interaction responsible for beta decay is called ”weak interaction”. One can assess its intensity by
comparing the dimensionless strengths of the forces known in Nature. Thus, for the nuclear interaction
this strength is approximately 10, for the electromagnetic field it is 1/137, for the weak interaction 10723
and for the gravitational field 10745,

There are experimental evidences showing that the neutrino has a very small mass, probably less than
1 eV. However, for the purpose of this Course we will assume that the neutrino is massles and, therefore,
that it moves at the speed of light at a certain frequency v and energy hv.
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In all decay processes the total charge is conserved. Therefore the decay of the neutron to a proton
requires that an electron e™ is also emitted. This is why the name 8~ is used for this decay.

The electron e~ and the antineutrino 7 which are emitted are called ”leptons”. Even the number of
leptons is conserved in all decay processes. The application of this law requires that one has to give a
value to the lepton number. For convention the electron and the neutrino have lepton number 1, while
the positron e™ and the antineutrino 7 have lepton number -1. With this convention in the decay (11.1)
the lepton number is zero before as well as after the decay.

The electron and the antineutrino appear always together in beta decay. This pair of leptons form
what is called the electronic leptons or the first ”lepton generation”. There are three lepton generations.
Besides the electron and its neutrino, also called electron neutrino and denoted by v,, there is the muonic
leptons, comprising a particle called muon (p) and its muon neutrino (v,) and the tauonic leptons,
comprising a particle called tau (7) and the corresponding tau neutrino (v, ). However, we will only deal
with the first lepton generation. That is our leptons will only be the electron, the electron neutrino and
their antiparticles.

Q-values in 87, 81 and electron capture decays

The decay energy associated to the process (11.1), which is called ”the Q-value”, is given by
Qp- = muc® — mpc® — mec? (11.2)

Since m,,c2=939.566 MeV, m,c?*=938.272 MeV and m.c*=0.511 MeV, the Q-value is Qp-=0.783 MeV.
This is the kinetic energy shared by the three particles in the exit channel of Eq. (11.1).
For the 8T decay, i. e.
p—on+tet +uv (11.3)

it is a positron and a neutrino that are emitted. Since the masses of the antiparticles are the same as the
ones of the corresponding particles one has, Qg+ = mpc2 — My c? —mec?=-1.805 MeV, which implies that
this decay, with negative kinetic energies for the outgoing particles, is forbidden. Or, in other words, for
the process (11.3) to take place it is necessary that energy is provided from the outside.

Another form of decay is electron capture (EC) by a proton in the process,

p+e —n+v (11.4)

for which the Q-value is Qgc = mp62 +mec® —mypc?—=-0.783 MeV, which is also a forbidden transition.

All these transitions can also occur within the nucleus, where the Q-value of the decay from a particular
nucleon is modified by the energies provided by the other nucleons. Thus, if the decay occurs from a
nucleus (Z,N), where the nucleon number is A=N+Z, the nuclear beta minus decay becomes

(Z,N) > (Z+1,N—1)+e +i (11.5)

with the Q-value given by Q- = M(Z,N) — M(Z 4+ 1,N — 1) — m.c?, where M is the atomic mass
(in units of energy) given by the sum of the masses of the neutrons, protons and electrons, minus the
corresponding binding energies, i. e.

M(Z,N) = Nm,c* + Zmyc* + Zm.c® — Boy(Z,N) — B(Z,N) (11.6)

where B.)(Z, N) is the binding enery of the electrons in the atom and B(Z, N) is the nuclear binding
energy. We have assumed that the atom is not ionized and therefore the number of electrons is the same
as the number Z of protons.

The value of ()~ can now be positive or negative, depending upon the structure of the nuclei involved
in the decay.

For the nuclear 81 decay it is,

(Z,N) = (Z—-1,N+1)+et +v (11.7)

and Qg+ = M(Z,N) - M(Z—-1,N+1) — mec?, which can also be positive or negative according to the
structure of the nuclei.

Finally, the nuclear electron capture occurs when one of the electrons orbiting around the nucleus
is absorved by a proton in the nucleus. The proton is transformed into a neutron and an electrino is
emitted following the process (11.4), i. e.

(Z,N)+e = (Z-1,N+1)+v (11.8)
with Qpe = M(Z,N) +mec® — M(Z —1,N + 1)
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Beta decay rates and the ft value

A formalism was developed during the 1960’s and early 1970’s, called electroweak theory, which describes
in an unified fashion the electromagnetic and the weak interactions. The description of decay processes
within this formalism requires a knowledge of field theory which is outside the scope of this Course.
However, at the energies that we will be concerned a simpler form of a field theory can explain well the
properties which are relevant for our purpose. This is actually the first field theory ever applied outside
electromagnetism. It was performed by Fermi, as we show below.

The creation of the neutrino in beta decay implies that the force that induces the transition from
the initial to the final state is weak since, as mentioned above, the neutrino interacts very weakly with
matter.

Neither the electron nor the neutrino exist in the nucleus, therefore they must be formed at the
moment of their emission, just as a photon is created at the moment of its emission in electromagnetic
decay. From this simple argument Fermi developed a theory of beta decay by following the same steps as
in electromagnetic decay. We will follow Fermi’s argument, which is very simple and forms the ground
on which all field theories are based.

We will assume, for simplicity, that the Coulomb force does not affect the escaping electron, which
would be true only is the electron energy is large. This approximation will be lifted later. With this
assumption the lepton-lepton and lepton-nucleon interaction is weak and therefore one can consider
that the leptons move freely inside the nucleus. One can thus consider that the lepton wave functions
inside the nucleus are plane waves of the form W,(r) = N.e¥e™ for the electron and for the neutrino
W, (r) = N, T where k is the wave number, k = 27/, and N is a normalization constant.

The emission probability will depend upon the expectation value for the leptons to be inside the
nucleus. With r within the nucleus this expectation value is |¥.(r)|?| ¥, (r)|>= | N.|?| N, |?. This describes
the lepton sector of the decay. For the nucleon sector, Fermi compared with electromagnetic transitions
and concluded that another factor that has to appear in the beta emission probability is the matrix
element of some operator between the initial and final nuclear states, in the same fashion as the matrix
element of the multipole operator M determines the transition probability per second, called T in Eq.
(10) of the previous Chapter. We will assume that it is a neutron that decays and that this neutron
belongs to a nucleus in a state |a(N)), as the nucleus called (Z, N) in Eq. (11.5). The nucleus in the
final state, that is (Z +1, N — 1), will be assumed to be in the state |3(P)). The nuclear matrix element
should thus have the form

M= / U ) (1) O o vy (T)dr (11.9)

where O is some operator that one has to introduce to explain the experimental data.
The transition probability per unit of time is given by the ”golden rule” of quantum mechnics, i. e.
it is the square of the transition matrix element times the density of states, which in our case is,

dN

2w
T =>"-|N,N,M|*——
h' M| dE

(11.10)
We will assume that the system is contained in a box of volume V and, therefore, N, = N, = 1/\/Y7
dN /dE is the density of final states. A change in F implies a change in the energy of the electron, which
determines any change in the energy of the neutrino. This is because the transition energy F; = F. + E,
is a constant, i. e. dE; = 0, and one has dF = dE, = —dFE,. One can then write the density of states as
dN /dE = dN /dE,.

To calculate dN'/dE, we start by evaluating the number of states with momenta between p and p+dp.
One of the Exercises corresponding to this Chapter is to evaluate that number for the plane wave confined
within the box and for the particle 7 (i is electron or neutrino). It is

2
D dp;V
dN; = 9213 (11.11)
and the total number of states is
2d 2d
N = NN, = PedbeV pudp V. (11.12)

2m2h3  2m2h3

For the neutrino (massless) one has dF, = cdp,. The transition probability has to be a positive number,
therefore we replace dFE, = |dE,| = cdp,. The maximum value of the electron energy FE. corresponds



11 Beta and alpha readioactive decays 126

to B, = 0. Therefore the transition energy is E; = EI*** and E, = cp, = E"*® — E.. The neutrino
is a relativistic particle and even the electron is emitted at high speed. Therefore one has to use the
relativistic expression for the energy E, which for a particle with mass m carrying a linear momentum p
is B2 = m2c* + ¢2p?. Therefore it is p?p? = (E?/c2 — mcc?)(E™* — E,.)?/c* and

e
NV
dE.dp.  4m*hS¢3
which gives an excellent representation of the shape of the beta decay spectrum that Fermi wanted to

explain, supporting his theory as well as the neutrino assumption.
The transition probability (11.10) for the electron in a range of momentum dp, becomes,

(M[?
2m3h7 3
notice that the volumen V' has been cancelled out in this expression, which implies that its exact value

is irrelevant, as it should be. Calling P, = p”*** one has E%* = /m2c* + ¢? P2. Replacing this in Eq.
(11.14) one obtains,

(E?/c* —mec®) (B — E,)? (11.13)

Tdp. = (E* — E.)*pZdp. (11.14)

_MmP
T 23R 3

The total transition probability T}, per unit time is obtained by integrating this equation over the
linear momentum p.. The mean life 7 = 1/T}yt4; is obtained from,

1 MP

Tdp. (\/m§c4 + P2 — \/m2c* + 2p? )2pgclpe (11.15)

Pe
= 5 /0 (Vm2c* + c2P2 — \/m2c* + c2p? )szdpe (11.16)
To obtain this equation we assumed that the electron was not affected by the Coulomb interaction and
also that the decaying neutron existed in the nucleus as a free particle. None of these two assumptions
is valid in general. The inclusion of the Coulomb interaction is a relatively easy task, but to assess the
extend to which the nucleon is free can be a rather challenging task. The outcome of this calculation is
that in Eq. (11.16) a Fermi factor F'(Zy,p.) has to be added. The half life 7y = In2 7 thus becomes,

IM|? Fe 2 -1
T2 = {m ; F(Zg,pe)(V/m2ct + P2 — \/m2ct + 2p2 ) "pldp. } (11.17)

One sees that the transition energy E; = E***, or its corresponding momentum F,. appears only in the
factor

Pe
f(Pe)m‘ZC7 = / F(Zf,pe)(\/mgc4 + 2P2 — \/m§c4 + 2p? )2p(2,ldpe (11.18)
0

and the quantity
21n 273K

[T = MPmict (11.19)

is a constant independent of the energy. This is called ft factor. One determines experimentally this
quantity by evaluating the function f(P,) numerically and using the experimental half life. We will see
below that the ft factor provides a fair measure of the beta decay transition probability.

We have -

% = 1.8844 x 10~ *ergZem®s. (11.20)
m3c

We have analyzed 8~ decay only, but the formalism is the same for 3% decay. In the case of electron
capture the nucleus traps an electron of the atomic electronic cloud. For this to happen there should be
a large overlap between the electron and the nuclear wave functions. The most internal electronic orbit
corresponds to K-electrons, i. e. electrons moving in the lowest atomic orbit. The electron thus absorved
undergoes the beta-like decay process shown in Eq. (11.4). However there is an important difference since
the K-electron is absorved at the energy of the K-shell. Instead, as we have seen above, in beta decay
the electron is emitted into the continuum with any energy, and the corresponding transition probability
has to take into account the density of continuum states. Therefore, in electron capture the statistical
factor (11.18), which is an outcome of the density of states, does not appear.

Another difference between electron capture and beta decay is that in electron capture the K-electron
moves in a [ = 0 state, and cannot be considered a plane wave. It is not difficult to include the proper
electron wave function in the transition matrix element, but we will not go into more details of this
process since conceptually it is similar to beta decay.
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11.2 Fermi Theory of allowed beta decays

One has still to evaluate the matrix element M, and to do that one has first to choose the operator
O in Eq. (11.9). This is a crucial point for the Fermi theory as well as for all field theories developed
afterwards. There are some restrictions which confine the choice one can make of @. The most important
of these restrictions is that the system is relativistic and, therefore, the physics should be the same for
observes moving at different (but constant) relative speeds while keeping the light velocity ¢ constant.
Or, more precisely, the system should be invariant under Lorentz transformations. The types of beta
decay can be classified by the angular momenta carried away by the electron and neutrino. The most
important are those for Al = 0 which are referred to as “allowed” beta decay. There are two type of
allowed beta decay — Fermi (F) and Gamow- Teller (GT).

Fermi took first the simplest form, which is just O = 1, resulting in what is known as the Fermi
matrix element, i. e.

Mp =(|0]) = gv/%(p)(r)\lfa(m(r)dr (11.21)

where gy is the strength of the coupling that gives rise to the emission, as the fine structure constant
a = e%/(hc) ~ 1/137 is the strength of the electromagnetic interaction.

For the second form Fermi made an analogy with electromagnetism, where the simplest multipole
operator M(EAu) corresponds to A = 1 (remember that a A = 0 photon does not exist). In this
dipolar case one finds that the matrix element is < I'm/|Y(Elp)[lm >x< U'm/|p|llm >, where p =
(x —iy, 2z, 2+ Zy)/ﬂ, i. e. it acquires a vector form. In beta decay the equivalent operator should be,
according to Fermi, the spin operator o. This is related to the relativistic character of beta decay because
o is an operator that appears naturally when writing the relativistic invariant version of the Schrodinger
equation (the Dirac equation). This second form, which is called Gamow-Teller, becomes,

where g4 is the strength of the Gamow-Teller interaction.

The Pauli matrices 0 = (0,,0y,0.) only affect the spin degrees of freedom. Therefore o does not
change the parity of the states involved in the transition. It does not change the orbital angular momentum
either, and [, = l3. But the vector o carries one unit of angular momentum. This implies that 07 — 0T
transitions are forbidden and that the total final spin jg is constraint by the triangular relation |j, — 1| <

The radial functions are also very similar to each other in this case, since they only differ by the spin
coupling (assuming n,=ng). Yet the matrix element (11.22) is smaller than the corresponding Fermi
matrix element because the recoupling of angular momenta induce a factor which is less than unity.

Comparisson with experiment has provided for the coupling constants the values gy ~ 1.36 X
1073eh? /(m2c?), where m,, is the proton mass, and ga/gv = —1.275. We have (to be checked)

gv = (1.41271 4 0.00032) - 10" *erg - cm?, (11.23)

and
ga = (1.78140.011) - 10~ *erg - cm?. (11.24)

At the quark level it is gy = —ga4.

logaritm of ft

One sees from Eq. (11.19) that the bigger the matrix element M the smaller is the ft-value. That
implies that small values of ft corresponds to faster transition rates and shorter half lives. In the two
cases analyzed here, the Fermi transition is more likely than the Gamow-Teller one. Other choices of
the operator O may change parity and involve large differences in the transfer angular momenta. This
induces large differences between the corresponding radial functions and, as a result, the ft values can
change by many orders of magnitude. Due to this one defines the logaritm of ft. As seen in Table 11.1
the logft indeed varies very much for various transitions. Besides the Fermi and Gamow-Teller, there
are other transitions with names which were introduced as more complex transitions were found.

This vast variations in the log ft values makes beta decay a powerful tool to determine the spin and
parities of nuclear states, as seen in the Exercises.
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Table 11.1: Values of logigft and the corresponding restrictions upon the angular momentum transfer
AJ and parity change Arr.

logio ft AJ lg Ar Decay type
2.9-3.7 0 0 no Supperallowed (Fermi)
3.8-6 0,1 0 no Allowed Gamow-Teller & Fermi
6-10 0,1,2 0,1 yes First forbidden
10 - 13 1,2,3 1,2 no Second forbidden
17-19 2,34 2,3 yes Third forbidden

Fermi decay

As we have seen before, the single-particle wave function contains a radial part and a spin-orbit part. The
radial part is determined by the principal quantum number n, the orbital angular momentum [/ and the
total spin j. The parity of the state is (—1)". In our case it is Wu(n)(r) = Rnoi.j. () [Yia (f)xl/g]jama
and the same for W P)(r). Integrating over the angles the matrix element becomes

M = gvélal/ﬁjam / :L[glﬁj[j(P) (T)Rnal(qu(N) (7“)7‘2dT (11.25)

which shows that in the Fermi transition there is no change of parity or angular momentum. The residual
nucleus has the same spin and parity as the decaying nucleus.

The integral in Eq. (11.25) is very close to unity if n,=ng since, except the Coulomb interaction, the
proton and neutron feel the same correlations. If isospin is conserved, and neglecting the influence of the
Coulomb field upon R,, 1, ;,(p) (r), the neutron and proton radial wave functions are the same and

M = gvon,ns0ia150505 (11.26)

In this case the initial and final nuclear states are isobaric analogous, that is they differ only by their
isospin projections.

The operator associated with Fermi decay is proportional to the isospin raising and lowering operator.
As such it can only connect isobaric analogue states and it provides an exacting test of isospin conservation
in the nucleus. The operator for Fermi beta decay in terms of sums over the nucleons is

O(Fs) =Y tre (11.27)
k
The matrix element is )
B(F) = |(f|Tx3)] (11.28)
where
Te=> ti (11.29)
k

is the total isospin raising and lowering operator for total isospin constructed out of the basic nucleon
isospin raising and lowering operators

t_n) =|p), t-Ip)=0 (11.30)

and
telp) =In), tyln) =0 (11.31)

The matrix elements obey the triangle conditions J; = J;(AJ = 0). The Fermi operator has 7o = +1,
and thus the initial and final nuclear states must have m;m; = +1 for the matrix element to be nonzero
under the parity transform.

When isospin is conserved the Fermi matrix element must obey the isospin triangle condition Ty —
T;(AT = 0), and the Fermi operator can only connect isobaric analogue states. For _ decay

T |wi, Ji, My, Ty, Toi) = /Ti(Ti + 1) — Tog(Tos — 1)|wi, Jyy My, Ty, Toy — 1) (11.32)
and
B(F_) =|[{wy, J 5, My, Tf, Tos = 1T~ |w;, Ji, My, Ty, Toi) |

(11.33)
=[T{(T; + 1) = Toi(Tei = 1)) 0w, ;65,0 00t 01, 01, 17
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For 31 we have

B(F+) :|<wfv vaMfanaTzi + 1|T+|wia JiaMivTiaTzi”Q

(11.34)
- [117,(1-‘1 + 1) - TZZ(TZZ + 1)] 5wi,wf5.]7;.,Jf(sMi,Mf5Ti,Tf
For neutron-rich nuclei (V; > Z;) we have T; = T,; and thus
B(,F,)(]VZ > Zz) = 2Tzi = (Nz — Zi)éwi’wf5Ji,‘]f5Mi,Mf6Ti,Tf (1135)
and
B(F})(Ni > Z:) =0 (11.36)
For proton-rich nuclei (Z; > N;) we have T; = —T; and thus
B(F+)(ZZ > Nz) = _2Tzi = (Zz — Ni)éwi}wf(SJi,Jf(SMi,MféTi’Tf (1137)
and
B(F_)(Z > N;) =0 (11.38)

Gamow-Teller decay

The operator associated with Gamow-Teller decay also contains the nucleon spin operator. Since the
total spin S is not a good quantum number, Gamow-Teller beta decay goes in general to many final
states and provides a sensitive test of shell-model configuration mixing in the nucleus. The operator for
Gamow-Teller beta decay in terms of sums over the nucleons is

O(GTx) =Y oxtrs (11.39)
k

The reduced matrix elements is

o\ |2 2
(fllO@GTY[li)|” M7 (GT%)
B; f(GTs) = | T " 2§‘+1 (11.40)

The matrix elements are reduced in orbital space and the 2Ji 4+ 1 factor comes from the average over
initial M; states. The magnitude of reduced matrix element M (GT') does not depend on the direction of
the transition, i.e.,

M, ;(GTx) = (FlO(GTL)]i) (11.41)

The matrix elements obey the triangle A(J;, j;, AJ = 1). The Gamow-Teller operator has 7o = +1 , and
thus the initial and final nuclear states must have m;7; = +1 for the matrix element to be nonzero under
the parity transform. When isospin is conserved the Gamow-Teller matrix elements obey the isospin
triangle condition A(Ty,T;, AT = 1).

In second-quantized form the GT_ operator has the form

O(GT-) = Z<a|at,|5>a;pa5)n (11.42)
ap

where ag , destroys a neutron in state 8 and ag’p creates a proton in state a. The J-coupled form is

[0l ® ds.0]”

V2A+1

where A = 1 for the GT operator. The reduced transition probability for the transition from an initial
state ¢ to a final state f is given by

O(GT_) = > (ja, pllot_ljb, n) (11.43)

Ja:Jb

(ll[ah ® @] 1)
V2A+1

B(GT-) =Y {jaspllot-]|jo,n)

ja ;jb

(11.44)

The analogous equations for GT are

O(GTy) =Y (aloty|B)al, ,as, (11.45)
af
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Table 11.2: Gamow-Teller reduced single-particle matrix elements %

a/b si2 D32 D1/2 ds/2 d3 /2 f7)2 f5/2
S1/2 V2

P32 2v5/3  -4/3

P12 4/3 *\@/3

ds /2 14/5 —4//5

ds /2 4/vV56  —2//5

fi 20 /6/T —4\/2]7
Foro 127 —J/10/7

where ag , destroys a proton in state § and a’;,n creates a neutron in state . The J-coupled form is

[a:rx,n ® &ﬁ,p} g

O(GTy) = jas )| 0t+||J0, 11.46
(6T) = 32 Gonllote lin ) 2552 (11.46)
and the reduced transition probability is
A
(fll[al,n ® app) "lld)
B(GTy) = ja, | |ats||7b, = : . 11.47
(GTY) ];,Oa llot+ b, P) 1 ( )
The reduced single-particle matrix elements are given by
(Jaspllot—[ljo, n) = (o, nllots e, p) = 2{jallsljb) (11.48)
where the matrix elements of s are given by
. . ; . - 1/2 1/2 1
Glll) =052 O 3 DA 2 2l (149
with
(s||s]|s) = /3/2. (11.50)

The orbits which are connect by the GT operator are very selective since the matrix elements of s has
the selection rules 6, ;, and 6y, n, -
We have

(allsllgs) = (=171 Gy llsla) = (=1)° (G |s]1ja)- (11.51)

In practice, we have (j|s||jp) > 0 and (j<|[s||js) < O where js () =14 1/2(|l —1/2|). This is because
the 65 symbols in above equation take positive values for j, = j, and negative values for j, # jp.

Effective operators for the Gamow-Teller decay

There are several reasons why the “free-nucleon” calculations may differ from experiment. In reality
the nuclear wave functions are more complicated than the theoretical model we use in that they may
incorporate nucleon degrees of freedom beyond the shell space. In addition, non-nucleonic degrees of
freedom involving the delta isobars and mesons in the nucleus may also be important. The calculation of
the corrections corresponding to these processes have been the subject of many theoretical investigations.

Since the factor g% appears in front of B(GT) one might parameterize the effective matrix in terms
of an effective g4 value, as we are doing in electromagnetic transition studies. In nuclei we have g4 ~ 1.

11.3 Sum rules

Sum rules for Fermi and Gamow-Teller matrix elements can be obtained. The sum rule for Fermi is
obtained from the sum

> [Bis(F) = Big(F)] = S [[IT-1i)|[* = [(f1T3 1) (11.52)

! f
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The final states f in the 7_ matrix element go with the Z; = Z; 4+ 1 nucleus and those in the T matrix
element to with the Z¢ = Z; — 1 nucleus. One can explicitly sum over the final states to obtain

zf: [GIT I FUFITLi) = GIT-[ AT D] = GITL T = T-Tyli) = (f2T)i) = Ni — Z; (11.53)

The sum rule for Gamow-Teller is obtained as follows.

Z 1% Zak,utk_w - Z (/] Zak,ﬂtk+|z'>|2
*Z \Zakufk+|f f|20k’ Trr— ‘*Z |ngptk |f) f|20k' ot |7)

:Z l<z‘ (Zak,ﬂm) (Zak/ b ) (ng ﬂtk_> (;thk,+> |Z.>] (11.54)

= Z Zok pltirtie— — ti—try]|d tk+tk7 — th—tig]]7)
ST T — Ty ) = 362 = 5N - 2)

We have used the fact that 02 = 07 = 02 =1 When k # k' the operators commute and cancel. These

sum rules hold for each M; value and thus also hold for B(F) and B(GT) when we take an average over
the M, values. Thus

> [Big(Fo) = Bis(Fy)] = N — 2 (11.55)
f
and
> [Bif(GT-) = Bi y(GT)] = 3(N; — Z;) (11.56)
!

The sum-rule for the Fermi matrix elements applies even when isospin is not conserved. For and N > Z
we usually have T; = T,; which means that B(F}) = 0 and we can obtain B(F_) = Ni — Zi for the
transition to the isobaric analogue state. For N = Z(T,; = 0) and T; = 0 we have B(Fy) = B(F_) =0,
and for T; = 1 we have B(Fy) = B(F_) = 2. Fermi transitions which would be zero if isospin is conserved
are called isospin-forbidden Fermi transitions.

When N > Z there are some situations where one has B(GTY})

= 0 and we have B(GT_) =
3(Ni — Zi). In particular for the S_ decay of the neutron we have B(F_) =

and B(GT_) =

11.4 '“C-dating beta decay

The radioisotope #C is the basis for radiocarbon dating in which it is assumed that living organisms have
a 1*C/'2C ratio which is the same as that in the atmosphere and that this atmospheric ratio has been
constant in the past. The interaction between the organism and the atmosphere stops at death, and the
14 that remains in the organism decays. By measuring the 14C/!2C ratio directly (using Accelerator
Mass Spectrometry) or the rate of decay of 14C (using radiometric methods), the time since death can be
estimated. Clearly there is another assumption underlying this process, namely that the decay of *C is
exactly exponential for all time. The half-life for *C was initially found to be 5,568 & 30 yr (the Libby
half-life) but was later changed to 5,730 + 40 yr (the Cambridge half life).

The anomalously long 3 decay half-life of 14C has been of continuous theoretical interest since the
appearance of the nuclear shell model [3, 4, 5, 6]. The decay involves the J™ = 0% ground state of *C
and the J™ = 17 ground state of 1N and satisfies the selection rule for typical allowed Gamow-Teller
(GT) transitions. However, the extracted transition amplitude from experimental half-life is thousands
of times smaller than that of allowed transitions. The inhibition should be attributed to the accidental
cancellation of certain components of the wave functions of the involved states that contribute to the
transition. It was recognized long ago that the tensor part of the nuclear force play an essential role in
inducing the cancellation [7, 8.

In the original paper of Jancovici and Talmi’s [7], an unreasonably large tensor force was introduced
to induce the cancellation. Later studies show that this problem can be rectified by redefining the
radial dependence of the tensor component (for reviews, see Ref. [4]). One may expect that the shape
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and strength of the tensor force were confined in realistic nucleon-nucleon (NN) potentials which are
determined by fitting NN scattering observables. However, the studies of Zamick and collaborators [5, 9,
10] showed that the cancellation cannot be reproduced by calculations with realistic Hamiltonians [11]
derived from microscopic NN potentials like the Hamada-Johnston potential or the Bonn potential. This
failure was also seen in very recent calculations of Refs. [6, 12, 13, 14] with modern one-boson-exchange
and chiral potentials. It was suggested that the problem may indicate that the tensor component of
the in-medium NN interaction is much weaker than that of the bare potential [5, 9, 10]. Holt et al.
claimed that the problem of realistic calculations in reproducing the long 3 decay half-life of the 14C
can be solved by taking into account the Brown-Rho scaling in-medium modification [6] or three-nucleon
corrections [12] of the NN interaction. No-core shell model calculations by Maris et al. [14] also show
that the cancellation can be reproduced by introducing a three-nucleon force of chiral perturbation theory.

The wave functions of the *C (J™ = 0%, T = 1) and “N (J™ = 1+, T = 0) ground states, denoted
by [¢;) and [¢f), respectively, can be well described as two holes occupying the Op; /o and Ops/, single-
particle orbits by assuming '°O as the inert core [7, 8]. (Recent large space calculations of Ref. [14]
also suggested that the cancellation mostly occurs in the p shell.) In the jj coupling scheme, the wave
functions can be written as [9]

i) = w|0py ) +nl0ps ),
W) = alOpy ) +bl0pg 50y ) + cl0p3 ), (11.57)

where the x and 1 and «a, b and ¢ denote the corresponding wave function amplitudes. The GT transition
matrix element is determined by

M(GT) = (¢||o7||thi) = \/g [Ii(a +2b) + n(V2b — \/5c)] . (11.58)

In many cases the wave functions of 1*C and N were calculated in the LS coupling scheme [7]. The
transformation between wave functions in LS and jj coupling schemes is known in analytic forms in
terms of 65 and 95 symbols. To facilitate the comparison between wave functions in different coupling
schemes available on the market, the explicit expressions for the transformation are listed below as

"So) Y_ L (1 V2 0Py /2)

and .,
>S1) 1 -1 -4 V10 |011’1/2> .
Py | = 7 V6 V6 V15 0p350175) | - (11.60)

D) ) 3\ Va0 —vE —v2 0p32)

In evaluating above wave function amplitudes and the transition amplitude M(GT), one may start
from empirical as well as realistic shell-model interactions. It has been established that realistic inter-
actions derived from bare NN potentials are in general close to empirical ones which are obtained by
fitting experimental data [15, 16, 17, 18]. This can also be seen from Table 11.3 where the diagonal ma-
trix elements of some well-defined empirical p-shell interactions [19, 20, 21, 22] and those of the realistic
interactions are listed for comparison.

The realistic interactions in Table 11.3 are derived from the underlying NN potentials for which we
take the state-of-the-art Bonn potential (CD-Bonn) of Ref. [23] and the chiral potential (N3*LO) of Ref.
[24]. The have to be renormalized to include contributions from excluded configurations and to avoid the
hard core of the bare NN potential. In this work the short-range repulsion is taken into account with the
momentum-space renormalization group decimation method (Viy,—r) [25] and the G-matrix approach
[15]. In the Vjgu—x method, high momentum contributions are integrated out with the introduction
of a cutoff in momentum space for which we take A = 2 fm~!. The G-matrix is calculated by using
the double-partitioned approach with the standard starting energies of w = —5, -20, -50, -90 and -140
MeV [15] and the HO parameter of fuwy = 45A71/3 — 25A472/3 ~ 14.37 MeV. The detailed description
of the renormalized G-matrix calculation can be found in Ref. [15] with a public code available. Core
polarization effects upto the second order in perturbation theory are taken into account through the
folded-diagram method. The projection operator appearing in the calculation is defined with the HO
orbital boundaries (see Fig. 31 of Ref. [15] as an illustration) of ny=1, ny=3 and n3=36. It means we
take “He as the closed core, Ops s2 and Op, /2 as the valence single-particle orbits and we take into account
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Table 11.3: Comparison between diagonal matrix elements (ij|V|ij)’T (in MeV) of empirical and realistic
interactions. The realistic interactions are calculated from the CD-Bonn and N3LO potentials with the
G-matrix (G) and Vigy—r (K) renormalization approaches. Only the few terms that related to the
description of the dating 8 decay are listed for simplicity.

J=0T=1 J=1,T=0
Interaction — 0p3,, 0pf,, 0p3,5 Ops/20p12  Opi,
Empirical
CK[19  -319 -026  -358 622  -4.15
VWG [20] -3.68 -0.15 -2.62 -6.55 -3.95
WBT [21} -3.85  -1.22 -4.16 -6.86 -3.45
WBP [21]  -3.91 -1.15  -3.86  -6.94  -3.45
Realistic
CD-Bonn(K) -426 -0.77  -330 826  -3.56
N?’LO(K) -4.06 -0.66 -3.23 -8.18 -3.65
CD—Bonn(G) -4.09 -0.74 -3.24 -8.20 -3.69
NPLO(G)  -3.86 -0.60  -3.86  -8.10  -3.74

the influence from higher-lying HO orbitals with quantum number N = 2n 4+ [ < 7. The calculation is
done in the isospin space. The charge independence breaking effect of the NN potential is neglected for
simplicity.

The empirical interactions of Refs. [19, 20, 21] are constructed in the particle-particle channel by
assuming “He as the inert core and the single-particle energies as free parameters. In above cases it was
assumed that the interactions are are same in the hole-hole channel. The energy splitting between Opl_/l2
and Op;/l2 orbits in 15C and '°N is calculated to be & = 5(Op3_/12) — s(()pl_/g) = 6.3 MeV [19], 7.3 MeV [20]
and 6.5 MeV [21]. The calculations are very close to the experimental result, i.e, ¢ = 6.3 MeV.

The ground state of '#C is dominated by the configuration of |0p;/22> due to the large spin-orbit
splitting between orbits Opf/l2 and Opy /12. This is supported by calculations with both empirical and
realistic interactions, as seen from Table 11.4. As a result, the coefficient x of Eq. (1) is significantly larger
than 7 (k and 7 have the same sign and k = 1 and = 0 in the single-particle limit). The mixing of the two
corresponding configurations is induced by the non-diagonal matrix element <Op§ /2|V|Op% /2>J =0T=1 for
which realistic and empirical interactions give a similar strength. Comparison between the non-diagonal
matrix elements is done in Table 11.5.
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Table 11.4: Comparison between different wave functions calculated with empirical and realistic interac-
tions. All calculations are done with the code [26] except those of Jancovici and Talmi’s and of the chiral

potential which are taken from Ref. [7] and Ref. [13], respectively.

Interaction n K c b a
Empirical
CK [19] 0.38 0.92 -0.027 -0.31 0.95
VWG [20] 0.36 0.93 -0.063 -0.27 0.96
WBT [21] 0.31 0.95 0.033 -0.43 0.90
WBP [21] 0.30 0.95 0.014 -0.41 0.91
JT [7] 0.09 0.99 0.20 -0.41 0.89
Zamick [9] 0.22 0.98 0.014 -0.40 0.92
VF [27] 0.25 0.97 0.12 -0.36 0.97
Realistic
CD-Bonn(K) 0.40 0.92 0.20 -0.77 0.61
N3LO(K) 0.39 0.92 0.15 -0.71 0.69
CD-Bonn(G) 0.39 0.92 0.14 -0.70 0.70
N3LO(G) 0.38 0.93 0.11  -0.65 0.75
Chiral [13] 0.40 0.92 0.14 -0.68 0.72
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Similarly, one may safely expect that |0p;/22> should be the dominated configuration in the ground

state wave function of 4N since the other two configurations lie at much higher energies. This expectation
is supported by all calculations with empirical interactions listed in Table 11.4. Since the amplitude « is
much larger than 7, the suppression of the Gamow-Teller transition strength [Eq. (2)] should be largely
due to the cancellation between a and 2b (a and b have different signs). That is, the term |Opy /120p1_/12>

should most likely be the second largest component in the ground state wave function of **N. Most of our
calculations with different interactions predict small values for the absolute value of the wave function
amplitude of configuration |Op5 /22> In this case we should have a ~ —(2x + v/21)b in reproducing the
cancellation.

It can be seen from Table 11.4 that the problem of the realistic calculation in reproducing the can-
cellation is related to the fact that the predicted amplitude a (b) is significantly smaller (larger) than
expected. The ratio between the amplitudes a and b are sensitive to the strengths of diagonal matrix
elements <Opf/2\V\Opf/2>J:1’T:O and <0p3/20p1/2|V|0p3/20p1/2>J:1’T:O and the non-diagonal matrix ele-
ment (0ps/2 Opy1/2 |V Op%ﬂ) J=LT=0_1f we neglect the contribution from the configuration \Op§/2> and
restrict the calculation to dimension two, the mixing between above two components would be solely
dominated by the perturbation term

(0p3/20p1 2|V |0p3 /)
€ + (0p3/20p1/2|V [0p3/20p1 /2) — (0P )|V [0pT 5)

(11.61)

By comparing the interaction matrix elements listed in Tables 11.3 & 11.5, it can be seen that the problem
of realistic interaction is that the strength for diagonal matrix element (Ops3,20p; /2 |V|Op3/20p1/2>J:1’T:0
it predicted is much larger than empirical ones.

It may still be of interest to figure out the way how the tensor force induces the cancellation in the
jj coupling scheme (The impossibility of inducing cancellation with effective interactions without tensor
force was first shown by Inglis [3]). Although the different components are mixed in usual construction
of empirical interactions, it is possible to separate the central, spin-orbit (vector) and tensor force com-
ponents of the effective interaction through the spin-tensor decomposition procedure [28]. As examples
in Table 11.6 is listed the different components of realistic interactions and the empirical interactions of
Refs. [20, 21]. The decompositions of various Cohen-Kurath interactions can be found in Ref. [29] and will
not be presented here for simplicity. It can be seen from the figure that for the diagonal matrix element of
concern, (Ops/20p1 /2 \V\Op3/20p1/2>‘]:1’T:0, empirical and realistic interactions predict similar strength
for the spin-orbit and tensor component. Large difference is only seen in the central channel. But as
pointed out in Ref. [28], there is no trivial relation between the spin-tensor decomposition of the effective
interaction and different components of the underlying NIV potential. Especially, the tensor force of the
NN potential may contribute significantly to the overall effective interaction when renormalization and
core-polarization effects are taken into account [11].

In Table 11.7 is listed the wave functions calculated with the tensor force component removed from
the effective interactions. In this case it is seen that the ground state wave function of N is over-
whelmingly dominated by the configuration of |Op1_/22>. This is because the non-diagonal matrix element
(0p3/20p1/2|V\0pf/2>J:1’T:O, which is crucial in inducing the configuration mixing, contain important
contribution from the tensor force.

11.5 Alpha decay

In this form of decay the nucleus emits a *He, nucleus, i. e. an alpha particle. This is a traditional
decay process which, as already mentioned above, was discovered even before beta and gamma decay.
The physical mechanism which induces this form of decay has been found to be also responsible for other
similar processes, like cluster and proton decay. We will study all these processes together, since formally
there is no diference among them. However, we will concentrate in the alpha particle first because that
was the historical sequence.

Alpha decay is the emission of an alpha particle from an unstable state in the decaying nucleus, i. e.

A—- B+« (11.62)

where A is called "mother mucleus”, B ”daughter mucleus” and « is the outgoing alpha particle.
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Table 11.7: Wave functions of 14C and N calculated with the central force and central and spin-orbit
force components of empirical and realistic effective interactions.

Interaction n K c b a

Central force only
CK [19] 0.33 0.94 -0.15  -0.085 0.99

VWG [20] 029 0.96  -0.14 -0.086 0.99
WBT [21] 030 095  -0.11 -0.033 0.9
CD-Bonn(K) 0.33 094  -030 0.4  0.94
NSLO(K) 032 095  -020 -0.017 0.98
CD-Bonn(G) 032 095  -0.27 0.0080 0.96
NSLO(G) 030 095  -0.25 0.037 0.97

Central plus spin-orbit

CK [19] 0.34 094 -0.15  -0.085 0.99
VWG [20] 0.32 0.95 -0.15  -0.053  0.99
WBT [21] 0.33 0.94 -0.12  -0.030 0.99
CD-Boun(K) 0.35 0.94 -0.27  0.04 0.96
N3LO(K) 0.34 094 -0.18  -0.11  0.98
CD-Bonn(G) 0.34 0.94 -0.25 -0.0071 0.97
N3LO(G) 0.32 0.95 -0.23  -0.054 0.97

The theoretical study of this process was performed by Gamow in 1928, that is at the beginning of
quantum mechanics. Gamow’s explanation of the decay was the first application of the probabilistic
interpretation of quantum mechanics.

Gamow assumed that the alpha particle exists on the surface of the mother nucleus at an excitation
energy which is above the continuum threshold. From here it escapes the nucleus with a kinetic energy
which, at large distances, takes the value E. This cannot happen in classical mechanics, since at that
energy the kinetic energy of the particle would be imaginary while penetrating the barrier, that is the
region denoted by a dashed line in Fig. (11.1). But Gamow realized that in quantum mechanics the
centrifugal and Coulob barriers would trap the alpha particle inside the nucleus during a time before
decaying. He evaluated the probability of the particle penetrating the barrier seen in Fig. 11.1 and
could thus explain the relation between the decay half life and the kinetic energy of the escaping alpha
particle. This was a tremendous success not only for Gamow himself but also, and specially, for quantum
mechanics as a subject, since due to its apparent contradictions quantum mechanics was questioned by
outstanding physicists at that time.

To evaluate the alpha decay half life we will consider the motion of the outgoing alpha particle. Inside
the nucleus the two neutrons and two protons which eventually will form the alpha particle move under
the influence of the interactions of the other nucleons. A proper microscopic calculation should be able
to describe this motion and also the mechanism that clusters those neutrons and protons in the nuclear
surface to become the alpha particle. We will not go into that mechanism, but rather assume that the
alpha particle is already formed just inside the nuclear surface. The *Hes nucleus thus formed will be
considered a spinless point particle located at a distance r from the center of the mother nucleus. We
will denote the corresponding wave function by \I/l(::t) (r), where [ is the alpha particle orbital angular
momentum and m its z-projection. The label ”(int)” indicates that this is the solution of the Schrédinger
equation inside the nucleus. Since the intrinsic spin of the alpha particle is zero [ is also the total angular
momentum. When the alpha particle leaves the nucleus the only interaction it feels is the Coulomb force
from the daugther nucleus. The solution of the corresponding Schrodinger equation, which also includes
the centrifugal term, is known analytically. It has the form

Gi(r) + iFy(r)

o (r) = N, .

Yion(7) (11.63)
Where F} (G)) is a real function called the "regular” (”irregular”) Coulomb function and Y}, (#) is the
spherical harmonics. Since we assume spherical symmetry the angular momentum projection m does
not influence the physics of the problem. We include it in the wave functions, e. g. in Eq. (11.63), for
mathematical completeness.
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V()

Figure 11.1: Unstable state at energy E from where the alpha particle is emitted. The penetrability is
determined by the width of the barrier at the energy of the state, indicated by a dashed line.

At very large distances, where the Coulomb and centrifugal forces vanish, it is

Gi(r) +iFy(r) — e (11.64)

T—00
where k is the wave number related to the kinetic energy E of the alpha particle by

21.2
g 1%k
2p

(11.65)

w is the alpha particle reduced mass. We can now evaluate the alpha decay rate, that is the probability rate
per second that the alpha particle is emitted. For this we first notice that the measurement of the decaying
alpha particle is performed at very large distance in comparisson to the nuclear size, since the nuclear size
is of the order of 107! cm while the distance where the detector of the alpha particle is located is of the
order of 10? cm. At that distance the alpha particle moves following a radial trajectory, i. e. its velocity
is v = vr/r, where v = hik/u. The number of alpha particles going through a volume dV = dSdr, where

dS is a surface perpendicular to v, is, at large distance, dN; = |\Ill(7°:t) (r)|2dV = |N;e* Yy, (7)]2dV /2.
In spherical coordinates it is dS = r2sinfldfd$. Therefore the number of particles per unit time going
through the surface dS is
dN; 5 5 . dr
— = |Ni|*|Yi:n (09)|” sinfd0dd— (11.66)
dt dt
Integrating over the angles one gets [ |Y;,|?(8¢)sinfdfd¢=1 and since dr/dt = v the mean life 7, which

is defined by 1/7 = dN;/dt, is
1
- = |N?v (11.67)
-

The width I'; of the resonance is related to the mean life by the energy-time relation I'j7 = h.

The constant N; is obtained by matching the internal and external wave functions just outside at the
surface of the nucleus, where the nuclear interaction is negligible and only the Coulomb and centrifugal
forces are active. Calling that radius R one gets,

_ RUV(R)
N, = Ei{(i%ffl‘iiifiij (11.68)
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Thomas expression for the width

Collecting all factors together we finally get for the width the expression,

w2k R?|0{"(R)|?
r=" oL 2L

11.69
U Fl2 + G12 ( )
The penetrability through the Coulomb and centrifugal barriers is
kR
P(R) = ——— 11.70
In terms of the penetrability the width acquires the form,
R2ER|U™ (R)[2
I = 7 (Bl Pi(R) (11.71)

1

The penetrability is an exponential function of the energy and is the determinant factor in the value of
the width. If the energy increases, then the penetrability also increases, as can be seen in Fig. (11.1).
Therefore the probability that the particle is emitted increases strongly with increasing energy. That is,
the half life decreases and the width increases.

The centrifugal barrier increases with the angular momentum. This implies that an alpha unstable
nucleus will decay to a state that corresponds to the largest transition energy and the minimun angular
momentum transfer.

The Gamow expression for the width contains the penetrability P, but for the other factors in Eq.
(11.71) he used a phenomenological form and instead of those factors he included a free parameter,
which could be interpreted as a hitting frequency of the alpha particle on the walls of the nucleus. The
expression (11.71) was obtained much later.

In principle one can evaluate the alpha decay width microscopically by using the shell model. One
thus determines the probability that the alpha particle is formed on the nuclear surface and also whether
the four nucleons that constitute the alpha particle are indeed clustered in a point. One then matches
this function with the external function (11.63), as we did above. The width should not depend upon
the matching point R. This is an important point, since if I';(R) depends on R then that is a sign that
the calculation is defective.

In the late 1970’s and early 1980’s other radioactive decays were discovered, where instead of alpha
particles heavier nuclei were emitted. These processes are called ”cluster decay”. Also proton decay was
discovered, in which the emitted particle is a proton. All these cases can be evaluated in the same fashion
as we did above. The only difference is that the internal wave function \I/l(::t) (r) should correspond to
the case under study. This is rather straightforward to do for the proton case, but for heavy clusters it
is a formidable task which was barely attempted so far.
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11.6 Homework problems

Exercise 1:

a) Read the literature and describe briefly the reason why the neutrino was introduced as an elemen-
tary particle and which law requires that in the neutron beta decay an antineutrino is emitted?

c¢) Explain why the beta decay p — n + e* + v and the electron capture p + ¢~ — n + i are not
possible.

d) Why the beta decay 145 Er — e~ + v +14¢ T'm is possible but 14{ Er — e~ + v +147 Eu is not?.

Exercise 2:

a) Determine in the decay scheme shown in Fig. 11.2 whether it is 7 or 8~ the decay from the state
3T and from the state 37.

b) Determine the most likely spins and parities of the states in the nucleus (N — 1,7 + 1) and the
electromagnetic transitions among the levels in that Figure.

(N-2,2+2)

(N-1,Z+1)
Figure 11.2: Beta decays of the odd-odd nuclei (N, Z) and (N — 2,7 + 2).

c) Assign the most likely spins and parities, and the corresponding electromagnetic transition in the
nucleus (N — 1,7 + 1) of Fig. 11.3

logft=20

logft=19

(N-1,Z+1)
Figure 11.3: Beta decay of the odd-odd nucleus (N, Z).

Exercise 3:
Determine the order of importance regarding the transition probabilities among the alpha decay
transitions shown in Fig. 11.4.

(N.2)
Figure 11.4: Alpha decay scheme of the even-even nucleus (N + 2, Z + 2).
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Exercise 4:

a)Give the coupling constants of beta decay (Gy and G4) and compare them with those of EM,
Strong interaction and gravitation. Is the weak interaction weaker than gravitation?

b) How does an experimental nuclear physicist proceed to determine the log ft value in a beta decay

transition?

Exercise 5:
Calculate the Fermi and Gamow-Teller partial decay half-lives of the neutron. How long is the total

half-life?
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Chapter 12

Nuclear energy and Nucleosynthesis

Fission. Energy production. Chain reactions. Fusion. Nucleosynthesis in stars. Hydrogen burning: the
pp chain and CNO cycle. Helium burning. The burning of heavy elements. The end of the star.

The subject of this Chapter is vast and it is beyond the scope of this course to go into details of the
calculations that will be presented here. Our aim is to give the main concepts leading to the explanation
of the dynamic fission and fusion processes and the appearence of the observed matter in the Universe.

12.1 Fission

We have seen at the end of last Chapter that one of the channels taken by unstable nuclei in their way to
stable configurations is alpha decay. In this case, as well as in all radioactive cluster decays, the nucleons
that eventually constitute the emitted particle get clustered before emission. The formation of the cluster
and its penetration through the Coulomb and centrifugal barriers takes a certain time which in average
is the decay half life. The emitted particle escapes the daughter nucleus with an energy which is the
Q-value of the process. It corresponds to the relative kinetic energy between the daughter nucleus and
the particle. Since we will use this concept extensively in this Chapter, it is worthwhile to describe it
shortly once again.

In the radioactive decay process
M—D+C (12.1)

where M is the mother nucleus, D the daughter and C' the emitted cluster, energy conservation implies
that the Q-value is
Q =B(D)+ B(C) — B(M) (12.2)

If the Q-value is positive then the decay occurs spontaneously. But there is another very similar process
in which the mother nucleus breaks up spontaneously into two or more pieces, each piece consisting of a
lighter nucleus. This is called fission.

Fission occurs spontaneously only in heavy nuclei. This is because the binding energy per nucleon
increases up to the isotope Fe (Z=26) and for heavier isotopes it decreases steadily. Therefore light
isotopes cannot fission, since the smaller binding energies of the outgoing particles with respect to the
mother binding energy makes that the Q-value becomes negative.

Heavy isotopes usually decay by emitting alpha particles. This is because the binding energy of
the alpha particle is large, and the nucleus decay by alpha emission before the fission process starts.
Therefore it is not spontaneous fission which makes this process so important in nuclear physics. Rather
it is induced fission which has become a very important tool in nuclear physics research and applications.
The most common and useful induced fission is by bombarding a heavy isotope with neutrons at very
small energy (that is moving slowly). In this condition the neutron will be absorbed by the target and
the mother nucleus thus formed becomes unstable triggering the fission process described above. The
neutron should carry an energy of about 0.025 eV only. These low energy neutrons are called ”thermal
neutrons”.

This process is used in experimental nuclear physics to reach isotopes which are otherwise very difficult
to detect. An example is the measurement of the spectrum of “!Ba (Barium 141). This nucleus is
produced in the reaction

B 4n 20U — MBa42 Kr+3n (12.3)
fission
in which also are produced Krypton 92 and three neutrons, with the release of huge amounts of energy.
With the help of magnetic fields the nucleus **! Ba is directed to the measurement chamber.
The energy released in this reaction is used in energy production applications, as we will see below.
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Energy production

The big fragments that result of the partition of the nucleus are isotopes with a definite proton value Z.
But the number N of neutrons may differ by a few units. Therefore in the fission of a nucleus there is
not an exact number of neutrons which are emitted, In particular the neutrons emitted in the reaction
(12.3) are three in average. The energies of these neutrons are of the order of 1 MeV and, therefore, are
many orders of magnitude larger than what is needed for any of them to start a new fission reaction.
This is what happened in the first attempt, in the 1930’s, to extract energy from the fission process. It
was Fermi who realized that if one mixes the fissioning nuclei with a material that scatters the neutrons
absorbing their energy, then one may get thermal neutrons which would start the fissioning process again.
This material is called "moderator”.

As it is shown in the Exercises, the energy output of the fission reaction is huge, of about 200 MeV.
This energy is released as kinetic energy of the outgoing particles. The machines that transform this
energy to forms which are of practical use (i. e. to thermal or electrical energy) are called "nuclear
reactors”. In thermal power plants it is the fuel that provides heat. In the same fashion, in nuclear
reactors the fuel is the fissioning material. The nuclear fuel is usually contained in rods (”fuel rods”)
which are immersed in watter pools. The particles that are emitted in the fissioning process are absorbed
by the water, thus transforming the kinetic energy into thermal energy. At the same time, this water acts
also as moderator for the neutrons, contributing to the number of thermal neutrons that induce fission.

Chain reactions

The most common uranium isotope found in nature is 23*U and, therefore, one has to purify this isotope to
get the quantity of 23°U needed to start the fissioning reaction (12.3). This is called uranium enrichmente.
Only about 3 % of 235U is contained in the fuel rods.

The process of fissioning through a thermal neutron hitting a fissionable material, thus generating
new thermal neutrons which start the reaction again is called ”chain reaction”. The number of neutrons
available in the chain reaction is a result of the equilibrium between the production of neutrons in the
fission process and the losses due to absorption by other materials in the fuel rods or neutrons which
leave the reactor without been scattered. When the number of neutrons which are available at the start
of the reaction is the same from one generation to the next the chain reaction is self sustained and the
reactor working condition is called ”critical”. If the production of neutrons increases from one fission
event to the next, i. e. as the reaction chain proceeds, the power level also increases, and the reactor is
said to be in a ”"supercritical” condition. Finally if the production of neutrons is low, and decreases from
one generation to the next, the reactor is in a ”subcritical” condition. To get a reactor to be critical,
as all energy production reactors are, one has to use proper moderators, although also the amount of
fissionable material and the configuration of the reactor is important.

Finally, and unfortunately, supercritical devices constitute the basis of nuclear weapon production.

Besides 235U, two other fissionable heavy nuclei used in nuclear reactors are ?*°Pu and 233U. The
process followed by these isotopes in the fission chain is the same as described above.

Theory of nuclear fission

Nuclear matter is incompressible and therefore models to explain fission treats nuclei as continuous
fluids. The most successful is the liquid drop model, in which the nucleus is represented as a fluid drop,
for instance a drop of water. According to this model the nucleus in an unstable state vibrates and
changes form from spherical to a peanut-like, or like a number 8, shape. The Coulomb repulsion between
the two lobes in the 8-shape separates them, arriving to two well differentiated spheres which finally
depart from each other, thus fissioning the mother nucleus. Usually this process occurs so fast that it
is not possible to measure any half-life. But in some cases the tunneling processes required to go from
the spherical to the fissioning shape may take a long time. Therefore fission and decay can be viewed as
similar mechanisms of decay. In fact the discovery of cluster decay mentioned at the end of last chapter,
was predicted by analyzing the decay process within a fission theory.
http://www.nature.com/nature/journal /v409,/n6822/pdf/409785a0.pdf

BARRIER code: Calculation of fission barriers
http://www.sciencedirect.com/science/article/pii/S001046559900199X
http://cpc.cs.qub.ac.uk/
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12.2 Stability of superheavy elements

It has long been a fundamental question as to what are the maximum charge and mass that a nucleus may
attain. According to classical physics, elements with Z > 104 should not exist due to the large Coulomb
repulsive force. In the region of transuranium elements, the nuclei soon become unstable with increasing
atomic number. They decay very fast through « emissions and spontaneous fissions. The occurrence of
superheavy elements with Z > 104 is entirely due to quantal shell effects. Theoretically, predictions have
been made that there should be an island of stability of superheavy nuclei around N = 162 or 184 and
Z =108, 114, 120, or 126.

Recently, signicant progress has been made experimentally in the synthesis of the heaviest elements.
http://physics.aps.org/articles/v3/31

12.3 Fusion

Another form of nuclear energy is provided by fusion processes which are just the opposite to fission
reactions. In fusion two light nuclei fuse together to form a heavier nucleus, releasing also huge amount
of energy. From the energy production point of view the most promising fusion reaction is

SH4+2H —* He4n (12.4)

where tritium and deuteron, two isotopes of Hydrogen, fuse to form *He. These isotopes are found
abundantly in Nature, since water (H20) consists mostly of Hydrogen and Helium is a noble gas which
do not produce any contamination. Therefore if the fusion reaction would be technologically feasible, one
part of the energy problem that affects society would disappear. although the large number of neutrons
emitted in fusion reactions may still give rise to undesirable effects. But such a technology has not been
developed yet, although huge and expensive efforts are been pursued in various places around the World
(http://www.iter.org/).

Since the nuclear force is strongly attractive one may think that it should be relatively easy to fuse
two nuclei. However, to achieve fusion one has to penetrate the Coulomb barrier induced by the protons
in the nuclei, which requires very large energies and very high temperatures. This is the main difficult in
the developing of fusion reactors.

Yet, fusion reactions are very common, since it is through these reactions that stars are powered and
the elements that exist in Nature are created, as we will now study.

Heavy-ion fusion

When the incident energy is not so large and the system is not so light, the reaction process is pre-
dominantly governed by quantum tunneling over the Coulomb barrier created by the strong cancellation
between the repulsive Coulomb force and the attractive nuclear interaction. Extensive experimental as
well as theoretical studies have revealed that fusion reactions at energies near and below the Coulomb
barrier are strongly influenced by couplings of the relative motion of the colliding nuclei to several nuclear
intrinsic motions. Heavy-ion sub-barrier fusion reactions thus provide a good opportunity to address the
general problem on quantum tunneling in the presence of couplings, which has been a popular subject in
the past decade in many branches of physics and chemistry.

Theoretically the standard way to address the effects of the coupling between the relative motion and
the intrinsic degrees of freedom on fusion is to numerically solve the coupled-channel equations, including
all the relevant channels.

http://omnis.if .ufrj.br/ carlos/artigos/liqdropl.pdf
http://iopscience.iop.org/0029-5515/47/8/001/pdf/0029-5515_47_8_001.pdf
Nucl. Fusion 47 (2007) 721727

A program for coupled-channel calculations with all order couplings
for heavy-ion fusion reactions
http://www.sciencedirect.com/science/article/pii/S001046559900243X
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12.4 Nucleosynthesis in stars

Stars are formed through the presence of free protons in space which clump together under the influence
of the gravitational field. Free neutrons do not exist in space since, as we discussed in the previous
Chapter, they decay into protons.

In the center of the stars thus formed the protons are concentrated in a high temperature and high
density environment. In this environment the protons interact with each other to produce heavier isotopes
in a process that goes on until the protons are depleted.

The reactions that induce the creation of isotopes heavier than protons follow a rather complicated
pattern. First occurs a series of proton-proton reactions (called the pp chain), and then protons collide
with the heavier particles that are created through the pp chain, particularly Carbon, Nitrogen and
Oxygen (called the CNO cycle).

Hydrogen burning: the pp chain and CNO cycle

Our Sun belongs to the category of stars where the pp reaction chain takes place. The energy released
in these reactions is the solar energy which in our planet is responsible for everything which is alive.

As we have already mentioned, there are no free neutrons available after the formation of stars. The
question is then how the pp reactions could produce heavier elements without neutrons available to yield
deuterons. It was Bethe who realized in 1938 that nucleosynthesis in stars begins with the beta-decay
reaction

ptp—d+e +v (12.5)

The energy released in this reaction is Q=1.44 MeV. To obtain this energy one can not use Eq. (12.2),
since now the number of neutrons and protons in the entrance channel (two protons and no neutrons)
is not the same as in the exit channel (deuteron, i. e. one neutron and one proton). One has to use
the atomic binding energies instead of the nuclear ones. As function of the mass excess the Q-value
corresponding to the reaction

a+A—b+B (12.6)

acquires the form.

Q= (AM, +AMs — AM, — AMp)c? (12.7)

The mass excesses and other related quantities are tabulated in a number of papers. In Internet these
values can be found in the same site as the nuclear binding energies.

The 1.44 MeV released by each pair of protons in the process (12.5) induces in the center of the star
huge temperatures. If one considers the star as an energy emitting black body, which is a quiet reasonable
approximation, then one would expect the energy and temperature to be related by E = kT, where
k =8.62 x 10"'1MeV/T is the Boltzmann constant and T is degree-Kelvin. Therefore the temperature
would be T' = 1.7x 10 K. But one has also to consider the reaction probability in the stellar environment
and the corresponding thermal distribution. This calculation is beyond the scope of the present course.
We will only give the final result which corresponds to the state of equilibrium at the center of the star.
This occurs at a temperature of about 7' = 1.6 x 107 K.

To estimate the production of deuterons in the process (12.5) one has to evaluate the corresponding
cross section, which turns out to be very small because it is determined by the weak forces in that process.
One can say that it is because the weak interaction determines the first step of the stellar nucleosynthesis
that the sun is still shining today. If instead of the weak force it was the strong force that started the
solar nucleosynthesis, the corresponding cross section would be many orders of magnitude larger and the
burning of protons would occur very fast. As a result the Sun would have died just in the beginning of
the Earth creation. On the contrary, at the present rate of hydrogen consumption, the sun will leave
about 5 billion years more, when it will become a red giant. We will come back to this subject.

Another reaction that could produce a deuteron, instead of (12.5), is

p+e +p—d+u. (12.8)

It was found that the cross section corresponding to this reaction, which is called PEP, is even smaller
than the reaction (12.5) by 4 orders of magnitude and, therefore, does not play a significant role in the
production of deuterons.
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Deuterons in stars are then produced through the reaction (12.5). With deuterons thus formed the
next question is how these deuterons react with other particles to continue the burning process leading
to heavier elements. Of all the possible reactions having the deuteron as a target the most likely to occur
is d(p,v)>He. This is because in the environment of the star at this stage of nucleosynthesis the number
of protons is overwhelmingly larger than the number of any other particle. This reaction has the lowest
Coulomb barrier of all fusion reactions in the pp chain (except the weak p + p — d)

Rather involved calculations showed that the burning of 3He is done through a chain of reactions as
follows,

e Chain I (86% of the burning)

p(p,etv)d — d(p,v)*He —> He(*He,2p)*He

e Chain II (14% of the burning)

p(p,etv)d — d(p,v)>He —> He(a,v)"Be =7 Be(e™,v)"Li =7 Li(p,a)*He

e Chain III (0.02% of the burning)

p(p,etv)d — d(p,v)>He =2 He(a,v)"Be =7 Be(p,7)8B —8 B(e*, )% Be*

—8 Be*(a)a

One sees that at the end of these reactions only alpha particles, i. e. Helium, is left.

CNO cycle

Besides the pp chain there is another path through which Hydrogen is burned. One of the most abundant
of the heavy elements present in the star is 12C. Protons react with '2C inducing a cycle as follows
120(]9, 7)13N 13 N(e+, V)13C 13 C(p, 7)14N 14 N(p, 7)150 15 O(€+, V)15N 15 ]\/'(p7 a)12C

The net result of this cycle, called the CN cycle, is that four protons are converted into Helium
(Q=26.73 MeV). These four protons, which are consumed at the end of the cycle, are the ones involved
in the reactions 2C(p,y)'3N, 13C(p,v)'*N, *N(p,7)*°0 and > N(p,a)*2C. The Helium (« particle) is
created at the end of the cycle. Besides there are two positrons and two neutrinos created in this cycle.

The extraordinary feature of the CN cycle is that 2C' is only used as a catalyst. That is, it is not
consumed at all, it starts the cycle and at the end it appears again to start a new cycle. Therefore,
although its abundance is very small (about 3 x 107%) it contributes significantly to the production of
alpha particles and also to the burning of protons.

Attach to the CN cycle appears another one starting in '°O as follows,

160(297 7)17F 17 F(eﬂ V)”O 17 O(p, a)l4N 14 ]\[(p7 7)150 15 O(e*,v)wN 15 N(p,’y)lGO

Once again the cycle is completed without any consumption of 10, which is restored at the end of
the cycle at it happened above with '2C. As in that case, four protons are burned to produce an alpha
particle, two neutrinos and two positrons. Noticed that 'O is produced through '°N, which was created
in the CN cycle. But since no element is burned here the two cycles go in parallel without interruption.
The combination of these two cycles is called the CNO cycle.

The hydrogen burning of the pp chain and the CNO cycle continues until the hydrogen fuel is nearly
consumed. As a result the outgoing pressure of the radiation diminishes and the ashes, i. e. helium, are
pressed towards the center of the star. The remaining hydrogen, being much lighter than helium, forms
a layer above the helium ground. Under the gravitational force, the helium core contracts itself and,
at the same time, becomes hotter. This induces an increasing rate of pp reactions in the outer layer of
hydrogen (instead of in the center of the star, as have happened so far) which vastly raises the luminosity
of the star by a factor of 1,000 to 10,000 times. The very hot hydrogen gas on the surface of the star
expands also by very large factors and, at the same time, the outer regions of the layer becomes cooler.
This causes the spectrum of the light emitted from the star to shift towards the red, thus given rise to
the stars called red giants.

The first step after the burning of hydrogen is the burning of helium. This we will study in the next
Section.

Helium burning

When a star reaches the stage of a red giant its core consists mainly of helium. But it is very difficult to
proceed farther from helium in the path of heavier isotopes because the N=5 nuclei are not stable. The
most likely channel is

a+a— SBe. (12.9)

The ground state of ®Be is unbound with respect to a decay with a Q, value of 91.84keV and a decay
width of 5.57eV. But from here no reasonable reaction was found to proceed forward. Yet, after helium
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it is oxygen, carbon and nitrogen the most abundant elements in the Universe. The only way out of
this difficult was to assume that there was a resonance at about 7.7 MeV in '2C such that the reaction
proceeds through the resonance by means of the reaction

a+ ®Be— '2C* (12.10)

where 12C* is the resonant state. This process is referred to as triple-a reaction. This mechanism was
proposed by Hoyle in 1953. Hoyle used the fact that 2C' is abundant in the universe as evidence for
the existence of the 2C resonance. Since no experimental evidence of such resonance existed, Hoyle’s
idea induced some experimental efforts in that direction. One of the greatest success of nucleosynthesis
occurred in 1957 when it was experimentally found that a resonance with the exact properties needed
for the production of carbon indeed existed. The existence of such resonant states, greatly increases the
nuclear reaction rate.

Helium burning continues via the 12C(a, )0 reaction. There is no resonance near or above the
a-particle threshold in 'O and thus this process must proceed via broadresonance tails and direct
mechanisms.

Summarizing what we have described so far, i. e. the creation of isotopes up to oxygen, we have
started with the burning of protons in the production of helium through the pp chain. This process went
on until hydrogen was near exhaustion and the pp chain was terminated. Due to its higher weight, the
helium left as ashes built a core upon which rested a layer of hydrogen. The helium core then contracted
under the influence of gravitation and high temperatures were reached. This ignited the hydrogen in the
layer, which expanded forming an enormous halo of a warm gas that irradiated light in the red region of
the spectrum. A red giant star was thus formed. The core of a red giant star consists of helium, which
under additional gravitational contraction reacts to form ®Be and through it '2C. The path leading to
this nucleus is very involved. It was predicted before it was corroborated experimentally in one of the
most resonant success of rather simple nuclear physics arguments. The carbon thus created, still immerse
in a see of alpha particles, reacts to create oxygen and small quantities of other nearby isotopes. This
process of helium burning proceeds up to the point when helium itself is not enough to induce additional
reactions and the helium burning process is terminated. The core consists now mainly of carbon and
oxygen. Above this heavy core there are two layers, the lowest consists of helium and the upper one,
forming the surface of the star, is hydrogen. As in previous stages of nucleosynthesis, gravitation contracts
the core farther and carbon, oxygen and, in successive steps, heavier elements start to react. This we will
analyze below.

The burning of heavy elements

The burning of heavy elements depends strongly upon the capacity of the gravitational force. If the star
is massive enough the core will contract and the temperature and density will increase until the residues
of the helium burning, i. e. carbon and oxygen ashes, starts to ignite. Since the Coulomb barrier is lower
for carbon, this will be the first to react, resulting in the formation of neon, sodium and magnesium. The
corresponding carbon burning reactions are

%206 + %206 — §§N(310 + Z%H@2

6.C6+6 Co = 11Nayp +1H,

6°Cs+§°Ce = 13Mgy, +n

The path followed by this carbon burning process depends upon the mass of the star. We will come
back to this point. In what follows we will assume that the mass is high enough for nucleosynthesis to
proceed farther. This continues in the same fashion as before. Thus, the production of the heavy elements
neon, sodium and magnesium in the reactions above is terminated when the fuel, i. e. carbon, is nearly
consumed, The heavy nuclei become now the core of the star. Carbon floats above this core forming the
deepest layer in the surface of the star. Gravitation induces the core to contract until a temperature
and density is reached such that high energy photons are produced. These photons interact with neon
inducing the reactions

§§N€10 +v— ;rff()s +

10Ney +a = 15Mgys +7

After neon is consumed the core consists of magnesium and oxygen. Again this core contracts and
the oxygen burning process starts. A series of reactions takes place the result of which is that silicon
is produced. Even more complex is the mechanism induced by silicon burning. Hundreds of reactions
take place and high energy neutrinos are abundantly produced. Since these neutrinos escape the star
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carrying with them an appreciable amount of energy, the energy output of silicon burning is not very
large. Instead, the energy produced in the burning process is spent in producing a very rapid conversion
of the core to iron and nickel. These are the most tightly bound nuclei that exist in Nature and, as a
result, they cannot participate in any reaction leading to even tighter elements, thereby releasing energy,
as it happened so far. Without this outflow of radiation to stabilize the inner pressure of gravitation, the
core collapses. In its way to its end the star undergoes a rapid succession of reactions in what is called
the ”r-process”.

The end of the star

The evolution of the star depends upon its capacity to burn different isotopes in its interior. The energy
that induces this burning is provided by the gravitational force, which compress the star and heats its
core. Since the gravitational force is determined by the mass of the star, it is this quantity that governs
the evolution of the star. Thus, a star with a mass of less than about 0.5 Mg, where Mg, is the solar
mass, will be able to burn protons, but the fuel will not be enough to start the burning of helium. Due
to the low gravitation a layer of hydrogen floats on the surface of the star, where it becomes cooler and
its emitted light turns to the red part of the spectrum. These stars are called red dwarfs. They can live
very long time, since the burning of hydrogen proceeds very slowly. But eventually the hydrogen fuel
will be consumed and the star will contract under the effect of gravitation to become an small and very
compact object. The big pressure inside this stage of the star makes that the electrons present in the star
are packed together up to the limit of what the Pauli principle allows. Farther pressure will be resisted
and the collapse of the star will be prevented. This process is called ”electron degeneracy pressure”.

After shrinking to the limit allowed by electron degeneracy the outer hydrogen layer in the red dwarf
disappears and the light emitted by the small and compact object which is left turns to white. The star
becomes a white dwarf. The white dwarf will also live a very long time, emitting the thermal radiation
left after hydrogen burning. When this source of energy is also depleted, the star will become a black
dwarf. However, this process will take much more time than the age of the Universe, and therefore no
black dwarfs, or effects induced by their presence, have been observed so far.

But the white dwarf may finish in a much more dramatic fashion if another star lying nearby provides
mass. Usually this companion star is surrounded by a disk of gaseous matter which is absorbed by the
white dwarf. When the mass of the white dwarf reaches the value of 1.4 Mg (this is called the Chan-
drasekhar limit) the electron degeneracy pressure is overcome and the star collapses under gravitation.
An enormous explosion occurs and the mass of the star is irradiated. The radiation energy thus emitted
may be at least as high as the radiation emitted by the whole galaxy where the star belongs (depending
on the size of the galaxy). This brilliant object is called supernova. Actually, and as we will see below,
there other ways of producing supernovas. The one induced by white dwarfs by accretion of matter from
a companion star is called supernova Ia. These supernovas are excellent candles in astronomy since one
knows exactly the energy emitted by the supernova and, equally important, the spectrum of the light
emitted has a very characteristic shape and composition which makes it possible to recognize it.

Stars with masses in the range (0.5-6) Mg become red giants following the process that we have
described above. Given the mass of our Sun, it will finish as a red giant.

Stars with masses in the range 6 to 20 Mg follow the same pattern of evolution as red giants but to
a larger extend and, therefore, they become red supergiants. The interplay among all the quantities that
influence the evolution of these stars is very complicated and it may take different paths towards the end.
They may evolve as red giants do, finishing as white dwarfs. But they may also keep a heavy core that
induces a gravitational force large enough to overcome the electron degeneracy pressure. Without this
pressure the star contracts without opposition and eventually, in a period that last about one day only
(in this period occurs the r-process!) finishes as a supernova called type II.

Stars with masses up to 120M, generates so much heat in their interior that the resulting radiation
pressure may blow up the whole stellar envelope. After this the star evolves into a red supergiant and
finally either a supernova or even a black hole. A black hole is an object from where, due to gravitation,
light cannot escape. It does not need to be an extremely dense object, as can be seen by calculating
its density (General Relativity and Classical Mechanics provide the same result for this number and,
therefore, its calculation is left as an Exercise). It is very difficult to predict which star would finish as a
black hole, since the mechanism of supernova collapse itself is not well understood.

Stars cannot be more massive than 120Mg because this is the limit where the external pressure of the
radiation equilibrates the internal pressure of gravity (this is called "Eddington limit”). Over this limit
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the heat generated in the center of the star produces an external pressure which overruns gravitation.
The star thus disappears before even it is formed.

When stars collapse a process of electron capture may take place. These electrons convert the protons
into neutrons, thus forming a neutral object. The Coulomb forces that keeps nucleons apart disappears
and the star becomes a very small and dense neutral object called neutron star. The neutron stars do
not collapse to become black holes because the neutrons feel the Pauli effect in a similar way as electrons
do in the electron degeneracy pressure. But they become extremely dense and small objects, with radii
of a few kilometers. As they shrink, these objects rotates more and more rapidly due to conservation of
angular momentum, reaching an angular velocity of several hundred revolutions per second. Under such
extremely rapid rotations the intrinsic magnetic moment of the star induces a very strong magnetic field
that is detected in Earth as a pulse of radiation, which gave to these stars the name of ”pulsars”. When
pulsars were first observed in 1967 it was thought that they were radio signals emitted by an advanced
extraterrestrial civilization. The researchers that found this object called it LGM-1, which means Little
Green Man number 1.

The dynamics of neutron stars are determined by the physical properties of neutrons in dense nuclear
matter. This is a subject which is at the front of nuclear physics studies at present.

http://www.int.washington.edu/PHYS554/2011/2011 .html

AlterBBN: A program for calculating the BBN abundances of the elements
in alternative cosmologies
http://www.sciencedirect.com/science/article/pii/S0010465512001233

The r-process of stellar nucleosynthesis:
Astrophysics and nuclear physics
achievements and mysteries
http://arxiv.org/pdf/0705.4512.pdf

http://arxiv.org/pdf/1202.6577.pdf

Big Bang Nucleosynthesis
http://arxiv.org/abs/astro-ph/0406663
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Chapter 13

Constants and units

Natural units are physical units of measurement based only on universal constants. For example the
elementary charge e is a natural unit of electric charge, or the speed of light c is a natural unit of speed.
In nuclear physics, the most useful units are &, ¢, fm, MeV.

Table 13.1: The values in SI units of some non-SI units based on the 2010 CODATA adjustment of the
values of the constants.

Relative std.

Quantity Symbol Numerical value Unit uncert. u,
electron volt: (e/C) J eV 1.602 176 565(35) x 10~ 19 J 22x 1078
atomic mass unit: ;5;m(**C) u 1.660 538 921(73) x 1027 kg 4.4 x 1078
Natural units (n.u.)
n.u. of velocity ¢, Co 299 792 458 m st exact
n.u. of action: h/2w h 1.054 571 726(47) x 10734 Js 4.4 x 1078
6.58211928(15) x 10716 eVs 2.2x 1078
he 197.326 9718(44) MeV fm 2.2 x 1078
n.u. of mass Me 9.109 382 91(40) x 10731 kg 4.4 x 1078
n.u. of energy e 8.18710506(36) x 1014 J 4.4 x 1078
0.510998 928(11) MeV 2.2x 1078
n.u. of momentum Mec 2.73092429(12) x 10722 kgms~! 4.4x1078
0.510998928(11) MeV/c 2.2x 1078
n.u. of length: ii/mec 386.159 268 00(25) x 10~1° m 6.5 x 10710
n.u. of time h/mec®  1.28808866833(83) x 10721 s 6.5 x 10710
Atomic units (a.u.)
a.u. of charge e 1.602 176 565(35) x 10~19 C 22 x 1078
a.u. of mass Me 9.109 382 91(40) x 1031 ke 4.4 x 1078
a.w. of action: h/2r h 1.054 571 726(47) x 10~34 Js 44 %1078
a.u. of Bohr radius
a/At Ry ao 0.52917721092(17) x 1071 m 3.2 x 10710
a.u. of Hartree energy
e?/Aregag = a’mec? Ey 4.35974434(19) x 10~ 18 J 4.4 %1078
a. of time h/E,  2.418884326502(12) x 10-17 s 5.0 x 1012
a.u. of force En/ag  8.23872278(36) x 1078 N 4.4 x 1078
a.u. of velocity: ac aoEn/h 2.18769126379(71) x 106 ms~! 3.2x 10710
a.u. of momentum h/ao 1.992 851 740(88) x 1024 kgms—! 4.4x1078
a.u. of current eBy/h  6.62361795(15) x 1073 A 22x 1078
a.u. of charge density efad 1.081202338(24) x 102 Cm™3 2.2 x 1078
a.u. of electric potential Ey/e 27.211 38505(60) \% 2.2x 1078
a.u. of electric field Ep/eag  5.14220652(11) x 101! Vm! 2.2x 1078
a.u. of el dipole mom eag 8.478 35326(19) x 10739 Cm 2.2x 1078
a.u. of el quadrupole mom  ea? 4.486 551 331(99) x 10~40 C m? 2.2 x 1078

The Bohr radius approximately equals to the most probable distance between the proton and electron
in a hydrogen atom in its ground state.
- dmegh? _h «

= = = 13.1
0 ee? meca  4TRoo’ (13.1)

where ¢¢ is the permittivity of free space. The Rydberg constant is defined as R, = a’mec/2h. A
muonic hydrogen atom consists of a negative muon and a proton. Since m,/m. ~ 207, the Bohr radius
of the muon is about 200 times smaller than the electron Bohr radius.
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Table 13.4: Some exact and measured quantities.

Quantity Symbol  Value
speed of light in vacuum ¢, Co 299792458 m s~ !
magnetic constant 1o 471077 N A=2 =12.566 370614 x 1077 N A2
electric constant €0 (noc?)~! =8.854187817... x 10712 F m~!
Newtonian constant G 6.67384(80) x 10~ m? kg~ s72
of gravitation G/he 6.708 37(80) x 10739 (GeV/c?)~2
Planck constant h 6.626 069 57(29) x 10734 J s
4.135667516(91) x 1015 oV s
h/2m I 1.054571 726(47) x 10734 J
6.58211928(15) x 10716 ¢V s
he 197.326 9718(44) MeV fm
Planck mass (he/G)'/? mp 2.17651(13) x 1078 kg
energy equivalent mpc 1.220932(73) x 1019 GeV
Planck temperature (hc®/G)Y/?/k Tp 1.416 833(85) x 1032 K
Planck length h/mpc = (hG/c)Y?  Ip 1.616199(97) x 1073° m
Planck time Ip/c = (hG /c®)'/? tp 5.39106(32) x 10~** s
elementary charge e 1.602 176 565(35) x 10~ C
e/h 2.417989 348(53) x 1014 A J-!
Bohr magneton efi/2m, 1B 927.400 968(20) x 10726 J T-!
5.788 381 8066(38) x 107° eV T !
ps/h 13.996 24555(31) x 10° Hz T—
ps/he  46.6864498(10) m~! T—!
ps/k 0.67171388(61) K T
nuclear magneton efi/2m,, UN 5.05078353(11) x 10727 J T—!
3.152451 2605(22) x 10~8 eV T~
pn/h 7.62259357(17) MHz T—!
un/he  2.542623527(56) x 1072 m~t T—!
un/k 3.6582682(33) x 10~* K T~
molar mass of 12C M(*2C) 12 x 1073 kg mol~!
molar mass constant M, 1073 kg mol !
relative atomic mass of 2C A (120) 12
electron relative atomic mass A, (e) 0.0005485799111(12)
neutron relative atomic mass 1.008 664 915 74(56)
'H relative atomic mass 1.007 825032 07(10)
2H relative atomic mass 2.014101 777 85(36)
“He relative atomic mass 4.002 603 254 153(63)
electron mass Me 9.10938291(40) x 1073 kg
5.485 799 0946(22) x 10~ u
energy equivalent Mec? 8.18710506(36) x 10714 J
0.510998 928(11) MeV
electron-muon mass ratio me/m,  4.83633166(12) x 1073
electron-tau mass ratio me/m,  2.87592(26) x 1074
electron-proton mass ratio me/mp  5.4461702178(22) x 1074
electron-neutron mass ratio Me/My  5.4386734461(32) x 1074
proton mass mp 1.672621777(74) x 10727 kg
1.007 276 466 812(90) u
energy equivalent mpc? 1.503 277 484(66) x 10710 J
938.272046(21) MeV
proton-electron mass ratio mp/me  1836.15267245(75)
proton-neutron mass ratio mp/m,  0.998 623478 26(45)
neutron mass My 1.674927351(74) x 10727 kg
1.008 664 916 00(43) u
energy equivalent muc? 1.505 349 631(66) x 10710 J
939.565 379(21) MeV
alpha particle mass Mo 6.644 656 75(29) x 10727 kg
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Table 13.4: (Continued).

Quantity Symbol  Value
1.001506 179 125(62) u
energy equivalent Mo c? 5.97191967(26) x 10719 J
3727.379240(82) MeV
fine-structure constant e?/4mweghc o' 7.297 352 5698(24) x 1073
inverse fine-structure constant a-! 137.035999 074 (44)
Bohr radius a/4m Ry, = 4megh?/mee?  ag 0.52917721092(17) x 10719 m
electron magnetic moment e —928.476 430(21) x 10726 J T—!
to Bohr magneton ratio Lo/ 1B —1.001 159 652 180 76(27)
to nuclear magneton ratio e/ 1IN —1838.28197090(75)
proton rms charge radius Tp 0.8775(51) x 10~ m
deuteron rms charge radius ra 2.1424(21) x 10715 m
proton magnetic moment Hp 1.410 606 743(33) x 10726 J T—!
to Bohr magneton ratio tp/ 4B 1.521032210(12) x 1073
to nuclear magneton ratio Io/ BN 2.792 847 356(23)
proton g-factor 2u, /N 9p 5.585 694 713(46)
p-n magnetic moment ratio tp/ —1.459898 06(34)
neutron g-factor 2u, /un In —3.826 08545(90)
triton g-factor 2ut/un gt 5.957924 896(76)

The mass of the tau lepton m.,, the Fermi coupling constant G and the mass ratio of the W* and

m.c?

Gy
(fic)?

mw

mz

Z° bosons obtained from the most recent report of the Particle Data Group are

1776.82(16) MeV

1.166 364(5) x 107° GeV ™2

0.8819(12)

http://physics.nist.gov/cuu/Constants/index.html
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