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Classification functions we have encountered so far

Linear with 1 output Linear with multiple outputs

a3

O,

Input: x Output: s =wlx+b Input: x Output: s=Wx+b

Final decision: Final decision:

g(x) = sign(wl'x + b) g(x) = argmax s;
J



Classification functions we have encountered so far

Linear with multiple probabilistic outputs

Input: x s=Wx+b P= 1;):{(5()5)

Final decision: g(x) = arg max p;
J



Computational graph of the multiple linear function

The computational graph:

o Represents order of computations.
e Displays the dependencies between the computed quantities.

e User input,

Computational Graph helps automate gradient computations.



How do we learn W, b?

e Assume have labelled training data D = {(x;,v:)}1"
e Set W, b so they correctly & robustly predict labels of the x;'s
e Need then to

1. Measure the quality of the prediction's based on W, b.

2. Find the optimal W, b relative to the quality measure on the
training data.



Quality measures a.k.a. loss functions we've encountered

Multi-class SVM loss Cross-entropy loss
max(0, s; — sy + 1) —log(py)

Isvm(s Zmax (0,85 — sy +1) lee(p, y) = — log(py)
J;ﬁy

Classification function Classification function

) x fz\ z+b fs\ oftmax(s O
N

o




Computational graph of the complete loss function

e Linear scoring function + SOFTMAX + cross-entropy loss
Wx m z2+b fs\soamw(s)@,log(yxp)Q

o 6 6

where y is the 1-hot response vector induced by the label y.

e Linear scoring function + multi-class SVM loss

O\ _wx 7 zeb 0 Uy )
/




How do we learn W, b?
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e Assume have labelled training data D = {(x;,v:i)}7"

e Set W, b so they correctly & robustly predict labels of the x;'s
e Need then to
1. measure the quality of the prediction’s based on W, b.

2. find an optimal W, b relative to the quality measure on the
training data.



How do we learn W, b?

@ Wx O b Sof‘max(s)/p\flog(fp) ;
N N

o Let [ be the loss function defined by the computational graph.

e Find W, b by optimizing
1

arg%z’mgca Z I(x,y,W,b)
(x,y)€D

e Solve using a variant of mini-batch gradient descent

= need to efficiently compute the gradient vectors

le(X7y7 VV’b)‘(x,y)GD and vbl(X7 Y, I/Vab)|(x7y)€'D



How do we compute these gradients?

@ wx T ztb 7 Netmaxs) T N os7r) z
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o Let [ be the complete loss function defined by the computational
graph.

e How do we efficiently compute the gradient vectors
Vwl(x,y, W,b)| yep and  Vil(x,y, W,b)| yep?

e Answer: Back Propagation



Today's lecture: Gradient computations in neural networks

e For our learning approach need to be able to compute
gradients efficiently.

e BackProp is algorithm for achieving given the form of many of
our classifiers and loss functions.

. Wx /Z\ z+b . softrx.ax(s)Q—IOg(yTp)Q
N N

o

e BackProp relies on the chain rule applied to the
composition of functions.

e Example: the composition of functions
I(x,y, W,b) = —log(y” softmax(Wx + b))

linear classifier then SOFTMAX then cross-entropy loss



Chain Rule for functions with a scalar input and a scalar output



Differentiation of the composition of functions

Have two functions g : R - R and f: R — R.

Define h : R — R as the composition of f and g:

hz) = (fog) (x) = fg(x))

How do we compute

Use the chain rule.



The Chain Rule

e Have functions f,g: R — R and define h: R — R as

h(z) = (f o g) (z) = f(g(x))
e Derivative of h w.r.t. z is given by the Chain Rule.

e Chain Rule

df;f) _ df;<yy> dz@ where y = g(x)




Example of the Chain Rule in action

e Have

g(z)=2*  f(z) =sin(z)

e One composition of these two functions is

h(z) = f(g(x)) = sin(z?)
e According to the chain rule

dh(x) _ df(y) dg(a)
dx dy dx

_ dsin(y) da®

T dy dz

2
< where y =z~

= cos(y) 2z

=2z cos(z®) <« pluginy =z



The composition of n functions

e Have functions f1,...,fn :R—R

e Define function h : R — R as the composition of f;'s
hz) = (faofor0--0f1) (@) = falfua(-- (@) --+)

e Can we compute the derivative

dh(zx)
dx

?



The composition of n functions

Have functions f1,..., f, : R =R

Define function h : R — R as the composition of f;'s
hz) = (faofor0--0f1) (@) = falfua(-- (@) --+)

e Can we compute the derivative

dh(zx)

?
dx

e Yes recursively apply the CHAIN RULE



The Chain Rule for the composition of n functions

[h(2) = (fao fa10---0 fi) ()]

Define
9 =fnofno10---0f;
Therefore g3 = h, g, = fn and
gi=gjp10f; forj=1,...,n—1
Let y; = f;j(y;—1) and yo = x then
yn = gj(yj—1) forj=1,....n

Apply the Chain Rule:
- Forj=1,23,...,n—-1
dyn _ dgj(yj—1) _ d(gjr10f;) (Wi—1) _ dgji(ys) df(yi—1)

dyj—1  dyj—1 dyj—1 dy; dyj—1
_dyn dyj

 dyj dyj_1




The Chain Rule for the composition of n functions

Recursively applying this fact gives:

dh(z) _ dgi (z)

< Apply h = g3

dx dx

— M < Apply g1 = g2 o f1

dx
d d
_ M If1 (:E) < Apply chain rule & y1 = f1(x)
dy1 dx

_ d(gz o f2)(y1) dfi(z)  Apply g3 = g3 o f

o I 2 =g30 f2

_ dgs(y2) df2(y1) df1 (@)
N dya dy1 dx

< Apply chain rule & yo = fo(y1)

_ dgn(yn—1) dfn—1(yn—2)  dfa(y1) df1(z)

dyn—1 dyn—2 dy1  dx
_ dfn(yn—1) dfn—1(yn—2)  df2(y1) dfr(z) ,
= e < Apply gn = fn
dyn—1 dyn—2 dy1 dx

where y; = (fjo fj—10---0 fi)(z) = fi(yj-1).



Summary: Chain Rule for a composition of n functions

e Have fi,..., fn : R — R and define h as their composition

h(z) = (fao fa-10-:-0 fi) (z)

e Then

dh(w)AA,dfn(ynf1)aﬁn71(yn42).._tﬁé(y1)aﬁi($)
de dyn— dyn—2 dyy  dz

dyn  dyn—1 B dy> diy,

- dynfl dyn72 . dyl d!E
where y; = (fjo fj—10---0 fi)(z) = fi(yj-1).




Summary: Chain Rule for a composition of n functions

e Have fi,..., fn : R — R and define h as their composition

h(z) = (fno fn—10---0 f1) (z)
e Then

dh(x) _ dfn(Yn—1) dfn—1(yn—2) dfa(y1) df1(x)
dx AYn—1 dyn—2 dyy  dz
dyn dyn—r  dys dy

- dynfl dyn72 . dyl d!E
where y; = (fjo fj—10---0 fi)(z) = fi(yj-1).

e Remember: As yg =z then for j=n—-1,n—-2,...,0

dyn _ _dyn dyj+1
dy;  dyj+1 dy;



Exploit structure to compute gradient

dh(@) _ dyn _ dyn_ dyn—r  dy> dys

dzx dr dYyn—1 dyn—o dy, dz

H dyn H .
Computation of <7 relies on:

e Record keeping: Compute and record values of the y;'s.
e lteratively aggregate local gradients.

Forj=n—-—1,n,...,1

dfj+1(y) _ dyjt1
dy; dy;

- Compute local derivative:
- Aggregate:

dyn _ dyn dyjn
dy;  dyj+1 dy;

dy, ds dyy 1 dyio
Remember I n_ — _%Yn . n Ly
AYj+1 dyp 1 dyp_o Y1




Exploit structure to compute gradient

dh(z)  dy,

dyn dynfl
dx

dl' - dyn—l dl/n—Z N

Ly dys
dy, dz

H dyn H .
Computation of <7 relies on:

e Record keeping: Compute and record values of the y;'s.

e lteratively aggregate local gradients.
Forj=n—-—1,n,...,1

- Compute local derivative: dfj;iw

— i
Yi dy;
- Aggregate:
dyn _ dyn dyj
dy; dyj+1 dyj
ay dy, Py
Remember /'/'/” /"!/m ypn—1 Jj+2
C V/'/ 1 ayn

L dup_2o Y1

This is Backprop algorithm given a chain dependency between the y;'s.



Compute gradient of h at a point z*

hz) = (fno far0---0 fi)(z)

Have a value for x = z*

Want to (efficiently) compute

dh(x)
dx

r=x*

Use the Back-Propagation algorithm.

It consists of a Forward and Backward pass.



Back-Propagation for chains: Forward Pass

@/ﬂ N NN T SV @
NN _/

Evaluate h(x*) and keep track of the intermediary results

e Compute yi = fi(z*).

e forj=23,...,n
y; = fi(yj-1)

e Keep a record of yi,...,y;.



Back-Propagation for chains: Backward Pass

fi f2 f3 fn-1 fn
N N

Compute local f; gradients and aggregate:

e Setg=1.
e forj=nmn-1,...,2
df;(yj-1)
= X ————
T Ty,
Yi—-1=Y; 1
fi N b
Yi-1 ), \" (@
Note: g = dy?—l Yi—1=y;_,
3
e Then dh(x) =g X dfr(z)
| .. g de | _ .«




Problem 1: But what if | don't have a chain?
. Wx O z+b Qsoftnlw(s)/;\flog(y"p) ;

e This computational graph is not a chain.

e Some nodes have multiple parents.

e The function represented by graph is

I(x,y, W,b) = —log(y' Softmax(Wx + b))



Problem 1a: And when a regularization term is added..

/&

e This computational graph is not a chain.

< Wx o z+b /;\ S)Aflg(y p
/

©

w2

e Some nodes have multiple parents and others multiple
children.

e The function represented by graph is

J(x,y,W,b,\) = —log(y” Softmax(Wx + b)) + A Z w?
1,J



Problem 1a: And when a regularization term is added..

x Wx o z+b /;\SoitﬂlaX(S)/;\flog(y"'p)/;\ I+ Ar J
/ N N

© ©/0

w2

This computational graph is not a chain.

Some nodes have multiple parents and others multiple
children.

The function represented by graph is

J(x,y,W,b,\) = — log(yTSoftmax(Wx +b))+ A Z WZQJ
4,J

How is the back-propagation algorithm defined in these cases?



Problem 2: Don't have scalar inputs and outputs

w*

e The function represented by graph:

J(x,y, W,b,\) = — log(yTSoftmax(Wx +b))+ A Z WZQJ
(2]

e Nearly all of the inputs and intermediary outputs are vectors
or matrices.

e How are the derivatives defined in this case?



Issues we need to sort out
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e Back-propagation when the computational graph is not a
chain.

e Derivative computations when the inputs and outputs are not
scalars.



Issues we need to sort out
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e Back-propagation when the computational graph is not a
chain.

e Derivative computations when the inputs and outputs are not
scalars.

e Will address these issues now. First the derivatives of vectors.



Chain Rule for functions with vector inputs and vector outputs



Chain Rule for vector input and output

Have two functions g : R — R™ and f : R™ — R¢.

Define h : R% — R¢ as the composition of f and g¢:

h(x) = (fog) (%) = fl9(x))

Consider

Oh(x
0x

~—

How is it defined and computed?

What's the chain rule for vector valued functions?



Chain Rule for vector input and output

o Let y = h(x) where each h : R — R¢ then

Oyr ... Ouy1
oz oz g
9y2 9y2
Oh(x) _ 0 gz ... g
( ) = 24 = | o= 9zq <—this is a Jacobian matrix
ox ox :
9yc . 9yc
Oz dxgq

and is a matrix of size ¢ x d.

e Chain Rule says if h = fog (¢:R? - R™ and f:R™ — R°) then

Oh(x) _ 0y _ Oy Oz

ox  Ox 0z 0x
where z = g(x) and y = f(2).

o Both & (cxm) and 2 (m x d) defined slly to 2.



Chain Rule for vector input and scalar output

The cost functions we will examine usually have a scalar output

e LetxeR?Y, f:RY 5 R™and g : R™ > R

z = f(x)
s =g(z)

e The Chain Rule says gradient of output w.r.t. input
Os _(os ... os
ox — \ Oz1 dxgq

is given by a gradient times a Jacobian:
s _ 05 02
ox 0z 0x
~— =~
1xm mxd
where
9z1 9z1
oz T Oz g
Oz Oz
% _ Baci T Bxi
ox

Oz ’ Oxg



Two intermediary vector inputs and scalar output

o fi:R* 5 R™ f,:R* 3 R™ and g: R"” = R (n = my + ma2)

z1 = fi1(x), z3 = fa(x)
z1
s =g(z1,22) = g(v) where v = ( )
Z2
e Chain Rule says gradient of the output w.r.t. the input
0s [ s os
= (aml axd)
is given by:
s 0s Ov

ax  Ov, x

1xn nxd

88_ ds Js d 6V_ %Lxl
Do o) e (B

9 _0sov_ 05 dm | 05 0m
Ox  Ov Ox Oz Ox 0z Ox
=~ <~

1xmq m1Xd 1xmg maXd

But



More generally

° fisz%Rmi fori=1,...,tand g:R" > R (n=mq + -+ my)
zi:fi(x), fOI”I::l,.‘.fL'
s=g(z1,...,2n)

e Consequence of the Chain Rule

s <~ 0s Omi
ox — 0z; O0x
e Computational graph interpretation. Let C; be the children nodes of s
then
05 _ N~ 05 02

ox S 0z 0x

z€Cs




Issues we need to sort out
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e Back-propagation when the computational graph is not a
chain.

e Derivative computations when the inputs and outputs are not
scalars. v/

e Will now describe Back-prop for non-chains.



Back-propagation for non-chain computational graphs



Results that we need

e Have node y.
e Denote the set of y's children nodes by C, and their values by

Ve, = {z.value | z € Cy}

e Given V¢, can now apply the function f,

y.value = fy(Ve,)



Results that we need but already know

@ Wx O Zz+b C\soﬂmax(s)c\flog(y"'p)m L+
N \_/ o/

w*

e Consider node W in the above graph. Its children are {z,r}.
Applying the chain rule

)
OW — Or OW = 9z OW

e In general for node ¢ with children specified by Ce:

8;]_ 0J ou
dec % ou dc



Pseudo-Code

procedure EVAULATEGRAPHFN(G) > G is the computational graph
S = GetStartNodes(G) D> a start node has no children and its value is already set
fors € S do
ComputeBranch(s, G)
end for

end procedure

procedure COMPUTEBRANCH(S, G) D> recursive fn evaluating nodes
Ps = GetParents(s, G)

for each n € Ps do D> Try to evaluate each parent node

if In.computed then D> Unless parent is already computed

Cn = GetChildren(n, G)
if CheckAIINodesComputed(Cn) then > Or not all children of parent are computed
n = GetNodeFn(n)

n.value = fn(Cn)
n.computed = true
ComputeBranch(n, G)

end if

end if
end for
end procedure



Generic Forward Pass

Identify Start Nodes

b softme — 1
< Wx O z+ \i/w mdx() og(y p)/—\ I+ Ar

[w?
procedure EVAULATEGRAPHEN(G) > G is the computational graph procedure COMPUTEBRANCH(s, G)
S = GetStartNodes(G) ‘Ps = GetParents(s, G)
for s € S do for each n € P; do
ComputeBranch(s, G) if In.computed then
end for 'n = GetChildren(n, G)

end procedure

if CheckAllINodesComputed(Cn) then
fn = GetNodeFn(n)
n.value = fn(Cn)
n.computed = true
ComputeBranch(n, G)

end if

end if
end for
end procedure



Generic Forward Pass

Order in which nodes are evaluated

@ Wx O z+b [ Softm«“X(S)®flog(yTp) . I+ Ar

wi?
procedure EVAULATEGRAPHEN(G) 1> G is the computational graph procedure COMPUTEBRANCH(s, G)
S = GetStartNodes(G) Ps = GetParents(s, G)
for s € S do for each n € Ps do
ComputeBranch(s, G) if In.computed then
end for 'n = GetChildren(n, G)

end procedure

if CheckAlINodesComputed(Cn) then
fn = GetNodeFn(n)
n.value = fn(Cn)
n.computed = true
ComputeBranch(n, G)

end if

end if
end for
end procedure



Generic Forward Pass

Order in which nodes are evaluated

@ Wx O z+b Softm«“X(S)®flog(yTp) . I+ Ar
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procedure EVAULATEGRAPHEN(G) 1> G is the computational graph procedure COMPUTEBRANCH(s, G)
S = GetStartNodes(G) Ps = GetParents(s, G)
for s € S do for each n € Ps do
ComputeBranch(s, G) if In.computed then
end for 'n = GetChildren(n, G)

end procedure

if CheckAlINodesComputed(Cn) then
fn = GetNodeFn(n)
n.value = fn(Cn)
n.computed = true
ComputeBranch(n, G)

end if

end if
end for
end procedure



Generic Forward Pass

Order in which nodes are evaluated

@ Wx O z+b Softm«“X(S)®flog(yTp) . I+ Ar
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procedure EVAULATEGRAPHEN(G) 1> G is the computational graph procedure COMPUTEBRANCH(s, G)
S = GetStartNodes(G) Ps = GetParents(s, G)
for s € S do for each n € Ps do
ComputeBranch(s, G) if In.computed then
end for 'n = GetChildren(n, G)

end procedure

if CheckAlINodesComputed(Cn) then
fn = GetNodeFn(n)
n.value = fn(Cn)
n.computed = true
ComputeBranch(n, G)

end if

end if
end for
end procedure



Generic Forward Pass

Order in which nodes are evaluated

@ Wx O z+b Softm«“X(S)®flog(yTp) ; I+ Ar
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procedure EVAULATEGRAPHEN(G) 1> G is the computational graph procedure COMPUTEBRANCH(s, G)
S = GetStartNodes(G) Ps = GetParents(s, G)
for s € S do for each n € Ps do
ComputeBranch(s, G) if In.computed then
end for 'n = GetChildren(n, G)

end procedure

if CheckAlINodesComputed(Cn) then
fn = GetNodeFn(n)
n.value = fn(Cn)
n.computed = true
ComputeBranch(n, G)

end if

end if
end for
end procedure



Generic Forward Pass

Order in which nodes are evaluated

@ Wx O z+b Softm«“X(S)®flog(yTp) ; I+ Ar
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procedure EVAULATEGRAPHEN(G) 1> G is the computational graph procedure COMPUTEBRANCH(s, G)
S = GetStartNodes(G) Ps = GetParents(s, G)
for s € S do for each n € Ps do
ComputeBranch(s, G) if In.computed then
end for 'n = GetChildren(n, G)

end procedure

if CheckAlINodesComputed(Cn) then
fn = GetNodeFn(n)
n.value = fn(Cn)
n.computed = true
ComputeBranch(n, G)

end if

end if
end for
end procedure



Generic Forward Pass

Order in which nodes are evaluated

@ Wx O z+b Softm«“X(S)®flog(yTp) ; I+ Ar
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procedure EVAULATEGRAPHEN(G) 1> G is the computational graph procedure COMPUTEBRANCH(s, G)
S = GetStartNodes(G) Ps = GetParents(s, G)
for s € S do for each n € Ps do
ComputeBranch(s, G) if In.computed then
end for 'n = GetChildren(n, G)

end procedure

if CheckAlINodesComputed(Cn) then
fn = GetNodeFn(n)
n.value = fn(Cn)
n.computed = true
ComputeBranch(n, G)

end if

end if
end for
end procedure



Pseudo-Code f eric Backward Pass

procedure PERFORMBACKPASS(G)
J = GetResuItNode(G) D> node with the value of cost function
BackOp(J, G) D> Start the Backward-pass
end procedure

procedure BACKOP(s, G)
Ps = GetParents(s, G)

if Ps = 0 then D> At the result node
s.Grad =1

end if

if AllGradientsComputed(Ps) then > Have computed all g—g where p € Ps
s.Grad = 0
for each p € Ps do

s.Grad += p.Grad * p.s.Jacobian > 3L 4= %g—‘s’

end for
s.GradComputed = true

end if

for each ¢ € Cs do > Compute the Jacobian of fs w.r.t. each child node
s.c.Jacobian = %(CCS) > 8fs(Cs) _ s
BackOp(c, G)

end for

end procedure



Generic Backward Pass: Order of computations

Identify Result Node

Wx /;\ z+b s softmax(s)/;\— log(yTp)m 14+ Ar
N

procedure BACKOP(s, G)
Py = GetParents(s, G)

procedure PERFORMBACKPASS(G)

J = GetResultNode(G) > node with the value of cost function
5 At the result node

BackOp(J, G) b Start the Backward-pass if Py = 0 then
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then © Al &1 computed where p € P
s.Grad = 0
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian T
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do 1> Compute Jacobian of fs w.r.t. each child node
s.c.Jacobian = 2z(Ca) > 2falCs) - 2e
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Gradient of current node

<
|
—_

N T N T
N N N

i

procedure BACKOP(s, G)
Py = GetParents(s, G)
if Py = 0 then B At the result node
s.Grad = 1

procedure PERFORMBACKPASS(G)
J = GetResultNode(G) - node with the value of cost function
BackOp(J, G) B Start the Backward-pass
end procedure

else
if AllGradientsComputed(Ps) then o Al &1 computed where p € Ps

5.Grad = 0
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian > g2 4= 20
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do B Compute Jacabian of fy vt each child node
s.c.Jacobian = 2s(Ce) 2 -
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Jacobian of current node w.r.t. its child

x Wx /;\ z+b Qﬂofﬂlm(s)®flog(y%)m l+/\:/

procedure PERFORMBACKPASS(G) procedure BACKOP(s, G)
J = GetResultNode(G) > node with the value of cost function Py = GetParents(s, G)
BackOp(J, G) b Start the Backward-pass if Py = 0 then B At the result node
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then © Al &1 computed where p € P
s5.Grad =
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian T
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do 1> Compute Jacobian of fs w.r.t. each child node
s.c.Jacobian = 2z(Ca) > 2falCs) - 2e
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Gradient of current node

Wx /;\ z+b s softmax(s)/;\— log(yTp)m 14+ Ar
N

procedure BACKOP(s, G)
Py = GetParents(s, G)

procedure PERFORMBACKPASS(G)

J = GetResultNode(G) > node with the value of cost function
5 At the result node

BackOp(J, G) b Start the Backward-pass if Py = 0 then
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then © Al &1 computed where p € P
s.Grad = 0
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian T
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do 1> Compute Jacobian of fs w.r.t. each child node
s.c.Jacobian = 2z(Ca) > 2falCs) - 2e
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Jacobian of current node w.r.t. its child

x Wx /;\ z+b Qﬂofﬂlm(s)®flog(y%)m I+ Ar

procedure PERFORMBACKPASS(G) procedure BACKOP(s, G)
J = GetResultNode(G) > node with the value of cost function Py = GetParents(s, G)
BackOp(J, G) b Start the Backward-pass if Py = 0 then B At the result node
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then © Al &1 computed where p € P
s5.Grad =
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian T
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do 1> Compute Jacobian of fs w.r.t. each child node
s.c.Jacobian = 2z(Ca) > 2falCs) - 2e
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Jacobian of current node w.r.t. its child

D\ wx 7\ z4b /S\so&max(s)/p\,log(yrp)/;\ L
U N N

<

w1

procedure PERFORMBACKPASS(G) procedure BACKOP(s, G)
J = GetResultNode(G) > node with the value of cost function Ps = GetParents(s, G)
BackOp(J, G) > Start the Backward-pass if Pg = 0 then B At the result node
end procedure s.Grad = 1
else
i AllGradientsComputed(Ps) then o Al &1 computed where p € Ps
s.Grad =

for each p € Py do
5.Grad += p.Grad * p.s.Jacobian

end for
s.GradComputed = true
end if
end if
for each ¢ € Cs do > Compute Jacobian of fs w.rt. each child node
s.c.Jacobian = 2s(Ce) b 2sCa _ 2s
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Gradient of current node

Wx /;\ z+b

procedure BACKOP(s, G)
Py = GetParents(s, G)

procedure PERFORMBACKPASS(G)

J = GetResultNode(G) > node with the value of cost function
5 At the result node

BackOp(J, G) b Start the Backward-pass if Py = 0 then
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then © Al &1 computed where p € P
s.Grad = 0
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian T
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do 1> Compute Jacobian of fs w.r.t. each child node
s.c.Jacobian = 2z(Ca) > 2falCs) - 2e
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Jacobian of current node w.r.t. its child

< Wx O z+b Qﬂofﬂlm(s)®flog(y%)m L+ Xr
ol

procedure PERFORMBACKPASS(G) procedure BACKOP(s, G)
J = GetResultNode(G) > node with the value of cost function Py = GetParents(s, G)
BackOp(J, G) b Start the Backward-pass if Py = 0 then B At the result node
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then © Al &1 computed where p € P
s5.Grad =
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian T
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do 1> Compute Jacobian of fs w.r.t. each child node
s.c.Jacobian = 2z(Ca) > 2falCs) - 2e
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Gradient of current node

Wx /;\ z+b s softmax(s)m— log(yTp)m 14+ Ar
\,

aJ _ dJ ol

dp — Ol dp

procedure BACKOP(s, G)
Py = GetParents(s, G)

procedure PERFORMBACKPASS(G)

J = GetResultNode(G) > node with the value of cost function
5 At the result node

BackOp(J, G) b Start the Backward-pass if Py = 0 then
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then © Al &1 computed where p € P
s.Grad = 0
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian T
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do 1> Compute Jacobian of fs w.r.t. each child node
s.c.Jacobian = 2z(Ca) > 2falCs) - 2e
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Jacobian of current node w.r.t. its child

< Wx O z+b Qﬂofﬂlm(s)®flog(y%)m L+ Xr
ap

Js

procedure PERFORMBACKPASS(G) procedure BACKOP(s, G)
J = GetResultNode(G) > node with the value of cost function Py = GetParents(s, G)
BackOp(J, G) b Start the Backward-pass if Py = 0 then B At the result node
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then © Al &1 computed where p € P
s5.Grad =
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian T
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do 1> Compute Jacobian of fs w.r.t. each child node
s.c.Jacobian = 2z(Ca) > 2falCs) - 2e
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Gradient of current node

. _ T
< Wx /;\ z+b (| Sofﬂﬂﬁx(s)/;\ log(y p)m L+ Ar
9 _ QQU

ds — Op Os

procedure BACKOP(s, G)
Py = GetParents(s, G)

procedure PERFORMBACKPASS(G)

J = GetResultNode(G) > node with the value of cost function
5 At the result node

BackOp(J, G) b Start the Backward-pass if Py = 0 then
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then © Al &1 computed where p € P
s.Grad = 0
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian T
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do 1> Compute Jacobian of fs w.r.t. each child node
s.c.Jacobian = 2z(Ca) > 2falCs) - 2e
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Jacobian of current node w.r.t. its child

< Wx O z+b Qﬂofﬂlm(s)®flog(y%)m L+ Xr

procedure PERFORMBACKPASS(G) procedure BACKOP(s, G)
J = GetResultNode(G) > node with the value of cost function Py = GetParents(s, G)
BackOp(J, G) b Start the Backward-pass if Py = 0 then B At the result node
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then © Al &1 computed where p € P
s5.Grad =
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian T
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do 1> Compute Jacobian of fs w.r.t. each child node
s.c.Jacobian = 2z(Ca) > 2falCs) - 2e
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Gradient of current node

< Wx O z+b | Sofﬂﬂﬁx(s)/p\flog(yTp)m L+ Xr
N

aJ aJ Os

7 Js Ib

procedure BACKOP(s, G)
Py = GetParents(s, G)

procedure PERFORMBACKPASS(G)

J = GetResultNode(G) > node with the value of cost function
5 At the result node

BackOp(J, G) b Start the Backward-pass if Py = 0 then
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then © Al &1 computed where p € P
s.Grad = 0
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian T
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do 1> Compute Jacobian of fs w.r.t. each child node
s.c.Jacobian = 2z(Ca) > 2falCs) - 2e
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Jacobian of current node w.r.t. its child

Is

wx ) z+b"‘/s\softm<s>®low%ﬁ\ Lo

wi?

procedure PERFORMBACKPASS(G) procedure BACKOP(s, G)
J = GetResultNode(G) > node with the value of cost function Py = GetParents(s, G)
BackOp(J, G) & Start the Backward-pass if Py = 0 then D At the result node
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then b Al 41 computed where p € Ps
s5.Grad = 0
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian b8l 4= gi%
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do & Compute Jacobian of i w.r.t. each child node
s.c.Jacobian = 2/z(Cs) b slCa) _ o
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Gradient of current node

< Wx m z+b | Sofﬂﬂﬁx(s)/p\flog(yTp)m L+ Xr
N

27 _ 9J0s

Oz

ds Iz

procedure BACKOP(s, G)
Py = GetParents(s, G)

procedure PERFORMBACKPASS(G)

J = GetResultNode(G) > node with the value of cost function
5 At the result node

BackOp(J, G) b Start the Backward-pass if Py = 0 then
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then © Al &1 computed where p € P
s.Grad = 0
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian T
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do 1> Compute Jacobian of fs w.r.t. each child node
s.c.Jacobian = 2z(Ca) > 2falCs) - 2e
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Jacobian of current node w.r.t. its child

< Wx /z\ z+b Qﬂofﬂlm(s)®flog(y%)m L+ Xr

procedure PERFORMBACKPASS(G) procedure BACKOP(s, G)
J = GetResultNode(G) > node with the value of cost function Py = GetParents(s, G)
BackOp(J, G) b Start the Backward-pass if Py = 0 then B At the result node
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then © Al &1 computed where p € P
s5.Grad =
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian T
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do 1> Compute Jacobian of fs w.r.t. each child node
s.c.Jacobian = 2z(Ca) > 2falCs) - 2e
BackOp(c, G)
end for

end procedure



Generic Backward Pass: Order of computations

Compute Gradient of current node

Wx /z\ z+b | Sofﬂﬂﬁx(s)/p\flog(yTp)m L+ Xr
N

_9J 9z, 3] on

oz oW T or ow

wi?

procedure BACKOP(s, G)

procedure PERFORMBACKPASS(G)

J = GetResultNode(G) > node with the value of cost function Py = GetParents(s, G)
BackOp(J, G) b Start the Backward-pass if Py = 0 then B At the result node
end procedure s.Grad = 1
else
if AllGradientsComputed(Ps) then © Al &1 computed where p € P
Grad = 0
for each p € Ps do
s.Grad += p.Grad * p.s.Jacobian T
end for
5.GradComputed = true
end if
end if
for each ¢ € Cs do & Compute Jacobian of f w.r.t. each child node
s.c.Jacobian = 2z(Ca) > 2falCs) - 2e
BackOp(c, G)
end for

end procedure



Issues we need to sort out

@ Wx m z+b C/SOﬂmaX(S)®flog(yTp)@

e Back-propagation when the computational graph is not a
chain. v

e Derivative computations when the inputs and outputs are not
scalars. v/

e Let's now compute some gradients!



Example of the chain rule in action

Compute gradients for

. Wx O z+b @nﬂmzx s)m log(y” p

©

w2

/&

linear scoring function + SOFTMAX + cross-entropy loss +
Regularization

e Assume the forward pass has been completed.

e —> value for every node is known.



Generic Backward Pass: Gradient of current node

Compute Gradient of node J

ol _q

al

@ Wx O z+b Qsoftmax(s)/;\flog(fp)/;\ L+ Ar |
5 - 5 o
wi?

oJ

oJ



Generic Backward Pass: Order of computations

Compute Jacobian of node J w.r.t. its child r

Wx m z+b Softmax(s)mflog(y"'p)/—\ I+ Ar
x z s \I_)/ L 27




Generic Backward Pass: Order of computations

Compute Gradient of node r

Q Wx m z+b mso&max(s)mflog(y"'p)/—\ I+ Ar
X z s \I—)/ l

01 0707 _
or  0Jor



Generic Backward Pass: Order of computations

Compute Jacobian of node r w.r.t. its child W

wx () z+b

softmax(s)/;\— log(yTp)/;\ 14+ Ar
N

i

r= Z” WzQJ
o,
ow

Derivative of a scalar w.r.t. a matrix



Generic Backward Pass: Compute Jacobian

Iwi?

2
r = .. byt
Zz,] Wzy
Ar ar . Ar
W1y OW1g T OWg
® Jacobian to compute: 2r =
or or o “or
aWo1  OWeoa C BAWaq

. - . . . . B _
® The individual derivatives: BWT”_ = 2W;;
® Putting it together in matrix notation

or
9
ow w



Generic Backward Pass: Order of computations

Compute Jacobian of node J w.r.t. its child [

aJ
ol

x Wx O z+b Qﬁoﬁm“ S)Oflog(y p/—\ L




Generic Backward Pass: Order of computations

Compute Gradient of node |

©

o] 9JoJ

o asa !



Generic Backward Pass: Order of computations

Compute Jacobian of node [ w.r.t. its child p

oL
op

Wx /;\ z+b Qso[tmax(S)@— log(yTp)/;\ I+ Ar

1= —log(y"p)|
* The Jacobian we want to compute: 5 = (687’1, =, ,8‘%)
e The individual derivatives: aaTali = fori=1..0C
e Putting it together:
a5y



Generic Backward Pass: Order of computations

Compute Gradient of node p

@ Wx /;\ z+b Qsoftmﬁx(s)f;\flog(y%)m L+ Ar
MJ a7 ol

oL
al op

I =—log(y'p)

01 _osal
op Ol Op



Generic Backward Pass: Order of computations

Compute Jacobian of node p w.r.t. its child s

Wx C\ z+b S sol“lwx(s)/p\*bg(y"p)o 1+ ),

p = exp(s)/ (1" exp(s))

x

9py . 9py
Bs1 s
® The Jacobian we need to compute: 22 =
g ... %rc
R dso

® The individual derivatives:

Bpi o
883'

{pi(l —pi) ifi=j

—pipj otherwise

. . . . ) .
e Putting it together in vector notation: Z£ = diag(p) — pp?



Generic Backward Pass: Order of computations

Compute Gradient of node s

Wx /;\ z+b /;\softma.x(s)/;\— log(yTp)m L+ Ar
aJ (')P\\/

©

i

p = exp(s)/ (1T exp(s))

01 _9J0p
Js  Op Os



Generic Backward Pass: Order of computations

Compute Jacobian of node s w.r.t. its chi

« Wx /z\ z+b msoftmw(s)/;\f log(y” p)/h L4 Ar

Wi

8sq
b,

e The Jacobian we need to compute: 25 = |
dsc

b,

ab; —

1 ifi=j
e The individual derivatives: 2% =

0 otherwise

e In vector notation: 2% = I¢

< the identity matrix of size C' x C

Id b

3bc



Generic Backward Pass: Order of computations

Compute Gradient of node b

Q Wx m z+b msoftrnax(s)m—log(yTp)m L+ Ar
X z s \\Pj l

0J _ 0705
ob  9s 0b

gradient needed for mini-batch g.d.training as b parameter of the model —



Generic Backward Pass: Order of computations

Compute Jacobian of node s w.r.t. its child z

s
Wx /z\ 7+ b”‘/;\soﬂmﬂ(s)/;\f log(y” p)/;\ L4 Ar
O/ N N

e The Jacobian we need to compute: 2= —

dz;

1 ifi=j
e The individual derivatives: 2% =
0 otherwise

e In vector notation: 25 = I¢

< the identity matrix of size C' x C




Generic Backward Pass: Order of computations

Compute Gradient of node z

x Wx 3 z+b s SO&’““(S)®* log(yTp)m Lt

oJ aJ Os

i~
@

05 _ 0105
0z  0s 0z



Generic Backward Pass: Order of computations

Compute Jacobian of node z w.r.t. its child W

Wx /z\ z+b (7] sou,..ux(s)/;\qug(yfp)/;\ v (O
5 - 5 o
[lw*

® No consistent definition for “Jacobian” of vector w.r.t. matrix.
® |[nstead re-arrange W (C X d) into a vector vec(W) (Cd x 1)

x

T
Wi w1
w; w2
W = i then vec(W) =
-T w
wo c

® Then
z = (Ic ® xT) vec(W)

where ® denotes the Kronecker product between two matrices.



Generic Backward Pass: Order of computations

Compute Jacobian of node z w.r.t. its child W

Wx /z\ z+b msofunax(s)mflog(y’p)/l\ L4ar
N N N

x

9zq 9zq

vy dvgc
® Let v = vec(W). Jacobian to compute: 2z =

ozc ) 020

duy T Buge

® The individual derivatives: gjf
J

{xj_(i_l)d if(i—1)d+1<j<id

0 otherwise

® |n vector notation: g—‘z, =Ic®x¥



Generic Backward Pass: Order of computations

Compute Gradient of node W

@ Wx /z\ z+b Qsoftmax(s)/;\flog(ﬂp)/;\ L+ Ar 1
© ©/0

z=Wx = (Ic ®x") vec(W)

. s for e oJ 9] 0z n aJ  or
gradient needed for fearning = Ovec(W) =~ 0z dvec(W) ' Or Ovec(W)
= (gle gxt - gch) + 2 vec(W)T

if we set g = %.



Generic Backward Pass: Order of computations

Compute Gradient of node W

D\ wx D) sib O()/p\(fl\ L

Can convert

oJ
Ovec(W)

= (gle goxT ... gch) + 2/\vec(W)T

(where g = 22) from a vector (1 x Cd) back to a 2D matrix (C x d):

gix"
o7 | 9x" T
W = . + 2)\W =g X + 2)\W

gcx



Aggregating the Gradient computations

- /‘\ Z4b o:nftmax(s)m log(y'p)/l\ L+
_ N\

aJ
ol
ol yT ) aJ
—g— = |- —
™ ( yTp op
op _ . T aJ
geg, =8 (dlag(p) - PP ) “ 5
oJ
gegy =gle «
Then
aJ )
& _g



Aggregating the Gradient computations

softmax(s) —log(yTp), 14
] @ og(y pm +ar

wif

linear scoring function + SOFTMAX + cross-entropy loss + Regularization

1. Let
T
T
g=—"7= (dlag(p) - PP )

2. The gradient of J w.r.t. the bias vector is the 1 x d vector

a7 _

ob &
3. The gradient of J w.r.t. the weight matrix W is the ¢ x d matrix

07 g'x" + 22w

ow ~



Gradient Computations for a mini-batch

e Have explicitly described the gradient computations for one training
example (x,y).

e |n general, want to compute the gradients of the cost function for a
mini-batch D.

J(D,W,b) = L(D,W,b) + A|W|?

1

ol
x,y)€D

e The gradients we need to compute are

9J(D,W,b) _ 9L(D,W,b) _ 1 ol(x,y,W,b)
o = o TAW = D > i + 2AW
(x,y)€D
ob o ob D) ob

(x,y)eD



Gradient Computations for a mini-batch

linear scoring function + SOFTMAX + cross-entropy loss + Regularization

e Compute gradients of [ w.r.t. W, b for each (x,y) € D®:

- Set all entries in g—L

b
- for (x,y) € D®
1. Let

oL
and Sy to zero.

g=— y},’,%p (diag(p) - pp’ )

2. Add gradient of [ w.r.t. b computed at (x,y)
oL =
b +=g

3. Add gradient of [ w.r.t. W computed at (x,y)

- Divide by the number of entries in D():
oL \p), 9L, 1pw
ow Ob

® Add the gradient for the regularization term

oJ oL oJ oL
aw—aw T 5 T



