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Convolutional Networks
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ConvNets for RGB Images: The Convolution Layer



Convolution Layer

Input Image Filter
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Convolution Layer

Input Image Filter

32

ki

X is32x32x3 Flisbxbx3

Note: Filter & input image always have the same depth.



Convolution Layer

28

Convolve the image, X, with the filter F'.

e Slide filter over all spatial locations in image.
e At each location output 1 number:

compute dot product between F' and a 5 X 5 x 3 chunk of X



Convolution Layer

Input Image Filter Output response map
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Convolution Layer

Can apply multiple filters.

Input Image Filters Output response maps
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Convolution Layer

Apply multiple filters and get multiple response maps

Input Image Filters Output response maps

7
-

X FlaF27F37F4 51782,53754
Each S; = X * I}

LA vy

wl



Convolution Layer

e Stack the multiple response maps to get a new image S.

e In our example
- S= {51,52,53,54} and

- S has size 28 x 28 x 4

stack response planes

28




Convolution Layer

e Apply the non-linear activation function to each element of S.

H = max(0, 5)

apply ReLu to each entry
—
28 28
—
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Most basic Convolutional Network layers

Basic ConvNet is a composition of

e Convolution Layer

e Activation function

N\

CONV + ReLu

—

39 apply 6 filters 28

of size 5 x5 x 3

CONV + ReLu CONV + ReLu
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How do we produce final probs for C' class labels?

e Add fully connected layer(s) after the convolutional layers.

e Example network:
1 convolutional layer + 1 fully connected layer

S;=X*xF;+b; fori=1,...,nF « apply convolution filters
S == {Sl, ceey SnF} <+ stack response maps, get new 3D image
H = I’fﬂa)((o7 S) < apply ReLu
S = erC(H) + b < fully-connected layer to get C' scores
p - SOFTMAX(S) <— turn scores into probabilities

e Dimensions of inputs, outputs and parameters:
- Xiswxhx3
- Each F; is f x f x 3 and b; is a scalar
- Bach Siis (w—f+1)x (h—f+1)
- Sand Hare (w—f+1)x(h—f+1)xnp
-WisCx(w—f+1)(h—f+1)np
- bysandpareC x1



How do we learn the parameters of the network?

e Add fully connected layer(s) after the convolutional layers.

e Example network:
1 convolutional layer + 1 fully connected layer

S’L - X * E + b7 fOI’ 'l - 1, . o 7nF <— apply convolution filters
S == {Sl, ceey SnF} <+ stack response maps, get new 3D image
H = I’fﬂa)((o7 S) < apply ReLu
S = WVGC(H) + b < fully-connected layer to get C' scores
p - SOFTMAX(S) <— turn scores into probabilities

e Dimensions of inputs, outputs and parameters:
- Xiswxhx3
- Each F; is f x f x 3 and b; is a scalar
- Bach Siis (w—f+1)x (h—f+1)
- Sand Hare (w—f+1)x(h—f+1)xnp
-WisCx(w—f+1)(h—f+1)np
- b,sand p are C' x 1.



How do we learn the parameters of the network?

e Optimize the usual cross-entropy loss (+ Lg regularization
term) on the training data.

e Use mini-batch gradient descent to perform optimization.

e — need to compute the gradient of the loss w.r.t. the
convolutional parameters....



Gradient Computations for one Convolutional layer



Computational Graph for our simple network

{51,852, S}

max(0, 5) m Wec(H) mnunx s)m log(y” pO

Notes about the above figure
e Apply 3 filters in the convolutional layer (np = 3).
e X ={X;, X2, X3} and each X; has size w X h
e Each F; = {Fi1, Fi2, Fiz} and has size f x f x 3
® Have omitted the bias weights for clarity.



Computational Graph for our simple network

From previous lectures know that
T

8l _ Yy . _ T
%~ yTp (dlag(p PP )
ol ol
dvec(H) s W
o __d diag (Ind(vec(S) > 0))

Ovec(S)  Ovec(H)



Computational Graph for our simple network

From reading the computational graph we can see that

oL 0l Ovec(S))
Ovec(F;) — Ovec(S;) dvec(F;)

0l 0Ovec(S) Ovec(S;)
~ Ovec(S) Ovec(S;) Ovec(F;)

fori=1,2,3.



Computational Graph for our simple network

From reading the computational graph we can see that

ol 0l  Ovec(S) Ovec(S;)
Ovec(F;)  Ovec(S) dvec(S;) dvec(F;)

already know

fori=1,2,3.



Computational Graph for our simple network

From reading the computational graph we can see that

ol ol Ovec(S) dvec(S;)

Ovec(F;) ~ Ovec(S) dvec(S;) Ovec(F;)

calculate now

fori=1,2,3.



Jacobian of vec(S) w.r.t. vec(.S;)

Have S = {51,32753} -

°
vec(S1)
vec(S) = | vec(S2)
vec(S3)
e Then
Ovec(S) _ Iy Ovec(S) _ Ot Ovec(S) _ 8
"’ Ovec(Sa2) 0 "’ Ovec(S3) I

Ovec(S1) 0
where t = (w — f + 1) X (h — f + 1) and each 0 denotes a square matrix of
zeros of size ¢ X t.

e Each aa\)':f((g)) has size 3t x t




Computational Graph for our simple network

From reading the computational graph we can see that

ol 0l 0Ovec(S) dvec(9;)
Ovec(F;) ~ Ovec(S) Ovec(S;) Ovec(F})

calculate now

fori=1,2,3.



Jacobian of vec(S;) w.r.t. vec(F;)

Have for ¢ =1,2,3:

Can write a convolution (not in a very memory efficient way) as a
matrix multiplication

vec(S;) = MY vec(F;)

M has size (w— f+1)(h— f+1) x (3f%)

What are the entries of Mg?



Writing a convolution as a matrix multiplication

Simple Example

e Have an input image X of size 6 x 6 x 1.
e Have a filter F' of size 3 x 3 x 1.

e Convolve X by F' gives a response map of size 4 x 4

S=Xx*F

e Each entry of S can be written as

1 3 3
Sim = Z E ZXk,i+l—l,j+m—1Fkij

k=1i=1 j=1



Writing a convolution as a matrix multiplication

Simple Example
Want to write this convolution as a matrix multiplication:

X111 X122 X3 Xiua Xis Xie

Xo1  Xo2 X2z  Xou  Xos X
F: F~ F-

X31 X3z X3z Xza Xzs  Xze | F; F;z Fég

Xa1  Xa2  Xu3z  Xaa Xus  Xue Fs, Fsp Fas

X51  Xs2 X553  Xsa Xss5  Xse

Xe1 Xe2 Xe3 Xesa Xes Xee

One Solution:

Fi
F
F1? X1 X1z X1z X X155 Xie
F;f XNop Xoo Xog o Xag Xas Xag
3 . b Xs1 o Xgo XNaz Xza X35 Xae
S11= (X1 X2 Xis Xor Xaa X Xg1  Xsgo  Xag) | F new row corresponds to .
( 23 1 32 33) 2 P Xa1 Xa2 Xaz Xaa Xas Xae
s Xs1 Xs2 Xsz Xsa Xss  Xse
o Xe1  Xez2 Xez Xea Xes Xee

Foy



Writing a convolution as a matrix multiplication

Simple Example
Want to write this convolution as a matrix multiplication:

X111 X122 X3 Xiua Xis Xie

Xo1  Xo2 X2z  Xou  Xos X
F: F~ F-

X31 X3z X3z X3za X35 Xze |, F; F;z Fég

Xa1  Xa2  Xu3z  Xaa Xus  Xue Fs, Fsp Fas

X51  Xs2 X553  Xsa Xss5  Xse

Xe1 Xe2 Xe3 Xesa Xes Xee

One Solution:

Fiy

e X11 X5 Xie
) A | X X235 Xag
Su Xi Xi Xip o Xai Xex Xag Xoi Xpp Xag) | F2 o | X1 Xo xoo
o Fa | newconspensse | X G N Ae A
o X1 Xs» Xss  Xsa X5 Xso
e Xo1 Xo» Xes Xoa Xos Xoo

Fa3



Writing a convolution as a matrix multiplication

Simple Example
Want to write this convolution as a matrix multiplication:

X111 X122 X3 Xiua Xis Xie

Xo1  Xo2 X2z  Xou  Xos X
F: F~ F-

X31 X3z X3z Xza Xzs  Xze | F; F;z Fég

Xa1  Xa2  Xu3z  Xaa Xus  Xue Fs, Fsp Fas

X51  Xs2 X553  Xsa Xss5  Xse

Xe1 Xe2 Xe3 Xesa Xes Xee

One Solution:

Fiy
F: . .
o Xi X1z Xz X X5 Xig
S11 Xi X1z Xz Xan Xaz Xas Xar Xz Xas) |y Xo1 Xa2  Xaz  Xos  Xay  Xag
7 X3 Xzz Xsz Nag Xas X3ze
Sz | = F new row corresponds to
2 ) ) ) ) Fi: i Xa1 Xaz Xz Xaa Xas Xae
Si3. X1z X4 X3 X2z X4 Xos X3z Xaa Xas P Xs1 Xs2 Xsz Xsa Xss  Xse
For Xe1  Xe2 Xes Xea Xes Xes

Fay



Writing a convolution as a matrix multiplication

Simple Example
Want to write this convolution as a matrix multiplication:

X111 X122 X3 Xiua Xis Xie

Xo1  Xo2 X2z  Xou  Xos X
F: F~ F-

X31 X3z X3z X3za X35 Xze |, F; F;z Fég

Xa1  Xa2  Xu3z  Xaa Xus  Xue Fs, Fsp Fas

X51  Xs2 X553  Xsa Xss5  Xse

Xe1 Xe2 Xe3 Xesa Xes Xee

One Solution:

Fiy
Fiz i
‘ X X X X X5 X
Su1 X111 X1z Xiz Xai Xao  Xag X1 Xaz Xaz\ | By 1 Xz X1z X Xip Xig
S Far X211 Xp2  Xoz  Xay  Xas  Xog
12 : 5

= Fas new row corresponds to ;3‘ §32 ;33 ;-s ! ; 35 )\;,;4,
S13 X135 X1 X5 X2z Xoa Xas  Xaz  Xsa Xss | | ppy a1 Xaz Xazg Xaa X5 Xae
S: ¢ ¢ F X511 Xs2  Xsz  Xsa  Xss  Xse
o I ¥ Xe1 Xe2 Xe3 Xoa Xes Xeo
32 3 5 6.

Fa3



Writing a convolution as a matrix multiplication

Simple Example
Want to write this convolution as a matrix multiplication:

X111 X122 X3 Xiua Xis Xie
Xo1  Xo2 X2z  Xou  Xos X

F: F~ F-
X31 X3z X3z X3za X35 Xze |, F; F;z Fég
Xa1  Xa2  Xu3z  Xaa Xus  Xue Fs, Fsp Fas
X51  Xs2 X553  Xsa Xss5  Xse
Xe1 Xe2 Xe3 Xesa Xes Xee

One Solution:

Fiy
S- X X2 X X X X. X F;
1 no N Nig Xap Xy Xag Xap Xap Xagy |2 X X1z Xz Xu Xis  Xig
S12 e Xo4  Xa5  Xag
S1a | =|X13 X4 Xi5 Xoz Xoy Xos  Xas  Xas  Xas Fao new row corresponds to Xsa Xs5  Xse

g ¢ <. . . . F

S1a Xia X5 Xie o Xaa Xos Xog Xaa Xss o Xao | | 28 X1 Xs2 Xsz o Xsa Xss Xse
X, X, X, X, Xes  Xeo.

Fo 61 Xex Xes Xoa Xes  Xoo

Fa3



Writing a convolution as a matrix multiplication

Simple Example
Want to write this convolution as a matrix multiplication:

X111 X122 X3 Xiua Xis Xie

Xo1  Xo2 X2z  Xou  Xos X
F: F~ F-

X31 X3z X3z Xza Xzs  Xze | F; F;z Fég

Xa1  Xa2  Xu3z  Xaa Xus  Xue Fs, Fsp Fas

X51  Xs2 X553  Xsa Xss5  Xse

Xe1 Xe2 Xe3 Xesa Xes Xee

One Solution:

Su1 Xy X

12 X1z Xa1 Xaz  Xos Xs1 Xz Xss
S12
Fiy
1 Xi3 X Xi5  Xaz Xaa Xos  Xaz  Xsa Xss | [Fip X1 X1z X3 X
“ Xia Xis Xwo Xas Xas Xas Xax  Xas Xao | [ 713 Xo1 X2z Xaz X
Sa1 ‘ X X X X
= Fa new row corresponds to [ -3 32 33 34
w2 " X1 Xaz Xaz X
S X51 Xs2  Xs3 Xsa
a1 %
X X X X6 Xe5  Xe6
F3o 61 62 63 64 65 66
Fs3
Xaa Xa5 Xae Xs54 X Xs56 X64 Xe5 Xes.

Saa



Writing a convolution as a matrix multiplication

Simple Example
Want to write this convolution as a matrix multiplication:

X111 X122 Xi3 Xia Xis Xie

Xo1  Xo2 X2z  Xoa  Xos X6
F: F~ F-

X311 X3z X3z Xza  Xzs  Xze | F; F;z Fg

Xa1  Xao  Xy3 Xua Xy Xue Fy, Fas Fis

X511  Xs2  Xs3 Xs4 Xss  Xs6

Xe1 Xe2 Xe3 Xea Xes Xee

One Solution:

S11

X1 X2 X1z X1 Xao  Xag  Xa1 Xaz  Xug

S12

; Fiy

S13 X13 Xia Xis Xas  Xas  Xos  Xsz  Xaa  Xas | [ Fra X e

S - 3 5 6

q“ X1a X135 Xi6 Xas  Xas  Xog  Xaa  Xas  Xag gf Xo1  Xpp  Xoz  Xas  Xag  Xog

= oy | newrow comesponds o | X321 X3z Xan o Xar Xas o Xao
7 i ) 5 Xio
;i? Xs1  Xs2  Xs3  Xsu Xs5 Xse

X X Xe3s Xea Xes Xee

Fos 61 Xe2 Xes Xoi Xe o
F33

S, X X45  Xag  Xsa Xss  Xse Xesa  Xes  Xes

Saa 1 X5 Xus i X 6 Xes X 5

]\/f‘)'(“ size 16 x 9

vec(S) = M¥ vec(F)



Multiple planes: Convolution — Matrix multiplication

e What about when X and Fj have multiple planes?

Say X = {X1, X2, X3, X4} has size 6 x 6 x 4,

F1 = {FH,Flg,Flg,F14} has size 3 x 3 x 4.

o Let
S1=XxF (S has size 4 x 4)
e Then
vec(S1) = MY vec(F})
where

Mp = (g, Mg, Mg, M)

and has size 16 x 36.



Back to: Jacobian of vec(S;) w.r.t. vec(F;)

Have for ¢ = 1,2, 3:

Can write a convolution (not in a very memory efficient way) as a
matrix multiplication

vec(S;) = MPvec(F;)

o M hassize (w— f+1)(h— f+1) x (3f?)

Thus

Ovec(S;)

— Mim
Ovec(F;) X



Gradient of the loss w.r.t. vec(F;)

Thus

ol Ol ovec(S) dvec(Sy) ol Iof s
Ovec(F1) ~ Ovec(S) Ovec(S1) Ovec(Fi) ~ Ovec(S) X

0
MY, My, MY,
:( al al al ) 0 0 0
Ovec(S1) dvec(Sa) Ovec(S3)
0 0 0




Gradient of the loss w.r.t. F;

e May want expression for aF instead of W(F)

e Option 1:

Reshape - ec(F) (size 1 x 3f2) to G (size £ x f x 3).



Gradient of the loss w.r.t. F;

e May want expression for % instead of ﬁélﬂ)'
e Option 2:

Return to our simple example . ..



Writing a certain matrix multiplication as a convolution

Return to Simple Example

Consider the case
X1 X2 Xz Xor Xoo Xos Xan Xs2 Xas

X2 X1z Xia Xoo Xoz Xou Xso Xsz X
X1z X Xis Xoz Xoa Xos Xsz Xaa Xss
Xia X5 Xie Xoa Xos Xog Xaa X35 Xse
(v vz o w)=(0 g2 - i) Xo1 Xoo Xos Xs1 Xs2 Xss Xa Xa2 Xas

X/m X/ls X46 XG/] XSG Xsﬁ Xsd X65 XGG
MY size 16 x 9




Writing a certain matrix multiplication as a convolution

Return to Simple Example

Consider the case

(v v o we)=(g1 g2 -+ gu) Xo1 Xoo Xog Xs1 Xs2 Xss Xa Xa2 Xas

Nir Xas Xae Xsa Xss Xse Xea Xes Xes

MY size 16 x 9
where red column in MY corresponds to this red block in X

X1 Xq2 Xy3 Xuao Xis o X
Xo1  Xog  Xo3  Xou  Xgs  Xog
X31 X3 X33 Xszu X35 X3¢
Xa1 Xuo2  Xuz  Xua  Xus  Xue
X511 Xs2 X3 Xsa  Xss  Xs6
Xe1 Xe2 X6z Xea Xes5 Xes



Writing a certain matrix multiplication as a convolution

Return to Simple Example

Consider the case

Xaa Xus Xae Xsa Xs5 Xse Xea Xes  Xos

MY size 16 x 9
where red column in MY corresponds to this red block in X

X111 Xi2 Xy3 Xuu Xis o Xie
Xo1  Xog  Xo3  Xou  Xos  Xog
X311  X32 X33 Xzq X35 X36
Xa1  Xu2  Xuz  Xua  Xus  Xue
X511 Xs2 X3 Xsa  Xss  Xs6
Xe1 Xe2 X6z Xea Xes5 Xes



Writing a certain matrix multiplication

as a convolution

Return to Simple Example

Consider the case

X1 X2 Xz Xor Xoo Xos Xai Xs2 Xas

Xl'l Xlli AXlJ X22 X23 X24 X32 X33 X34

X13 XI/A Xli X23 XZ/I X25 X33 X3/l X35

Xia X5 Xie Xoa Xos Xog Xsza Xss Xae

XZl X22 }(2‘5 X3l X32 X33 X4l X47 X43

X/l/l X/AS «X'l(» Xﬁ/i X55 X56 XS/A X55 XGG
M7 size 16 x 9

where red column in MY corresponds to this red block in X

X11
Xa1
X31
Xa1
X551
X61

X12
Xa2
X32
Xa2
Xs2
Xe62

X13
Xo23
X33
Xas3
Xs53
X63

X14
Xag
X34
X4
X554
Xea

X15
Xas
X35
Xas
Xs5
Xes

X16
Xa6
X36
Xa6
Xs6
Xe66



Writing a certain matrix multiplication as a

Return to Simple Example

Consider the case

convolution

where red column in MY corresponds to

X11
Xa1
X31
X41
X551
X61

X12
Xa2
X32
X402
Xs2
Xe62

X1 X2 Xz Xoo Xoo Xog Xs1 Xso Xas
X12 XlS X14 XQQ X‘ZS X24 X32 X'Jli X34
X13 XI/A X15 <Y215 X'Z/l X25 X33 X3/A X35
Xia X5 Xie XNoo Xos Xog Xsa Xz Xae
XZl X22 X23 AX'SL X(SZ X33 X4l X42 X43
Xaa Xas Xae Xou Xss Xse Xea Xos  Xes
MY size 16 x 9
this red block in X

X13  X1a X5 Xie

KXoz Xou  Xos  Xag

X3z Xs3u X35  X36

Xas Xa4 X5 Xu6

X5z Xsa  Xs5  Xse

X63 Xea Xes Xee



Writing a certain matrix multiplication as a convolution

Return to Simple Example



Writing a certain matrix multiplication as a

Return to Simple Example

Consider the case

w) = (91 92

glb)

convolution

where red column in MY corresponds to

X11
Xa1
X31
Xa1
X551
X61

X12
Xa2
X32
Xa2
Xs2
Xe62

X1 Xz Xz Xor Xoo Xoz Xa1n Xso Xag
X12 XIS X14 X22 X‘ZS X24 X32 XB‘J X'SJ
X13 XI/A X15 X23 X'Z/l X25 X33 X34 <‘<I¥E
X X5 Xie Xoa Xos Xog Xsa Xz Nag
XZl X22 X23 XBI X(SZ X33 X4l X42 X4'5
X/ld X15 X/AF: Xi/l X55 Xﬁﬁ XFA X55 /ka[v
MY size 16 x 9
this red block in X

X1z X4 Xis5  Xie

Xoz  X24 X5 Xog

X33 X34 X35 X3¢

Xaz  Xaa  Xus  Xue

X53 Xsa4 X555 Xs6

Xe3 Xea Xe5 Xe6



Writing a certain matrix multiplication as a

Return to Simple Example

Consider the case

convolution

X1 X2 Xz Xor Xoo Xog Xa1 Xso X
X2 X1z Xia Xoo Xozg Xy Xso Xsz X
Xz X Xis Xoz Xoa Xos Xaz Xaa Xas
X1a X5 Xie Xoa Xos Xog Xsa Xss Xug
(w2 ovs o v) = (g1 g2 916) Xo1r Xo2 Xos Xa1 Xs2 Xss Xa Xa2 Xus
Xar Xas Xae Xsa Xs5 Xse Xea Xes  Nos
MY size 16 x 9

where red column in MY corresponds to this red block in X

X111 Xi2 Xhu3 Xuu Xis Xie

Xo1  Xo2 X233  Xou  Xgs  Xog

X31 X3z X33 Xza X3z X36

Xa1  Xa2  Xuz  Xua  Xus  Xue

X511  Xs2 X553  Xsu  Xss  Xs6

Xe1 Xe2 Xe3 Xea Xes Xee

Thus

v s vy 91 92 93 ga
ve vs e x| 95 96 97 98
v v'g vg g9 gio 911 912
gi13 g14 gi15 gi6



Back to Gradient of the loss w.r.t. F;

Know

Bvec Z 8vec

but our simple example —
oy, O
OF; 4 77098,




Gradient Computations for two Convolutional layers



Computational Graph: two convolutional layers

Notes about the figure
® Apply 3 filters at each convolutional layer.

® Have omitted the bias weights for clarity.



How do we back-propagate the gradient to node X (1?7

e Children of node X are SF), 552) and S:(,,Q)
® Thus

al 23: ol Ovec(S?)
Ovec(X (M) £ fyec(S(P)) Ovec(X M)



How do we back-propagate the gradient to node X (1?7

e Children of node X are SF), SZ(,Q) and SéQ)
® Thus

al i ol ovec(S?)
Ovec(X (M) £ fyec(5(?)) Ovec(X M)

already know



How do we back-propagate the gradient to node X (1?7

e Children of node X are SF), SZ(,Q) and SéQ)
® Thus

ol i al  Ovec(S?)
Ovec(X (M) £ fyec(5(?)) Ovec(X (1)

calculate now



Jacobian of vec(S”) w.r.t. vec(X®)

1

e Have fori=1,2,3:

SZ(Z) = X(l) * Fo;

e Can write a convolution (not in a very memory efficient way) as a
matrix multiplication

vec(Si(2)) = Mp® vec(X )

e MF,, has size (w —f+ 1)(h —f+ 1) x 3wh (assuming X has

size w X h X 3 and F5; has size f X f X 3.)

e What are the entries of Mp=7?



Writing convolution as a matrix multiplication

Simple Example

e Have an input image X of size 6 x 6 x 1.
e Have a filter F' of size 3 x 3 x 1.

e Convolve X by F' gives a response map of size 4 x 4

S=Xx*F

e Each entry of S can be written as

1 3 3
Sim = Z E ZXk,i+l—l,j+m—1Fkij

k=1i=1 j=1



Writing convolution as a matrix multiplication

Simple Example
Write this convolution as a matrix multiplication involving vec(X)

X111 X122 X3 Xiua Xis Xie

Xo1  Xo2 X2z  Xou  Xos  Xog
g— [Xs1 Xs2 Xzz Xaa Xzs Xz |, ?1 ?2 ?3

Xa1 Xa2  Xaz  Xgqa Xus  Xge F21 F22 F23
Xs51  Xs2 X553  Xsa  Xss5  Xse 31 32 38
Xe1 Xe2 Xe3 Xesa Xes Xee

Solution:

entries corresponding to row 1 of X row 2 of X row 3 of X
S11=(Fi1 Fia Fizg 0 0 0 Fay Fap Faz 0 0 0 Fay Fip Fzg 0 0 0 --- )vec(X)

S11 is the dot product between F' and red entries of X:

X1 Xi2 Xiz Xq4 Xgs X
Xo1 Xoo Xoz Xoy4 Xos5 Xog
X31 Xszo X33 X34 X35 X3z
Xa1 Xao Xuz Xua Xus Xue
X51 Xs52 Xs3 Xsa Xss Xse
Xe61 Xe2 Xe63 Xea Xes5 Xe6



Writing convolution as a matrix multiplication

Simple Example
Write this convolution as a matrix multiplication involving vec(X)

X111 X122 X3 Xiua Xis Xie

Xo1  Xo2 X2z  Xou  Xos  Xog
F: F: F-

g— [Xs1 Xs2 Xzz Xaa Xzs Xz |, F; F;z Fég
Xa1 Xa2  Xaz  Xgqa Xus  Xge Fs, Fas Fss
Xs51  Xs2 X553  Xsa  Xss5  Xse
Xe1 Xe2 Xe3 Xesa Xes Xee

Solution:
entries corresponding to row 1 of X row 2 of X row 3 of X
A A A

(511)7<Fn Fiz Fi3 0 0 0 Fa1 Fzp Faz3 0 0 0 F31 F3p Fz33 0 0 0 ---

vec(X)
S12 0 Fiy Fig Fiz3 0 0 0 Fy Fay Faz3 0 0 0 Fs; Fszo Fz3 0 0 ---

S12 is the dot product between F' and red entries of X:

X1 Xi2 Xiz Xqa Xis5 X
Xo1 Xoo Xoz Xoy Xos5 Xog
X31 Xsz2 X3z X34 X35 X3z
Xa1 Xao Xuz Xua Xus Xue
X51 Xs52 Xs3 Xsa Xss Xse
Xe61 Xe2 Xe63 Xea Xes5 Xe6



Writing convolution as a matrix multiplication

Simple Example
Write this convolution as a matrix multiplication involving vec(X)

X1 Xi2 Xi3 Xug Xis X

X X X X X X
X21 X22 X23 X24 X25 X26 Fiq Fio Fi3
S = 31 32 33 34 35 36 F. F F
= X X b'e X X b'e * 21 22 23
41 42 43 44 45 46 F3q F3o F33
X51  Xs2  Xs3 Xsa  Xss  Xse
Xe1  Xe2 X6z Xea Xes Xee
Solution:
entries corresponding to row 1 of X row 2 of X row 3 of X
S11 Fi1 Fi2 Fiz3 0 0 0 Fpy Fap Fzz 0 0 0 F31 Fzp Fzz3 0 0 0 -
Si12 | = 0 Fi1 Fi2 Fi3 0O 0 0 F31 Fag Fa3 0o 0 o F31 F3y F33 0o 0 --- vec(X)
S13 0 0 Fi1 Fi2 Fi3 0 0 0 Fp1 Faz Fa3 0 0 0 F31 F3z Fz3 0 ---

S13 is the dot product between F' and red entries of X:

X111 Xi12 Xiz Xia X5 Xie
Xo1 Xoo Xog Xou Xos5 Xog
X31 X3z X3z Xgu X35 Xz
Xa1 X4z Xuz Xaga Xyus Xy
X51 Xs2 X53 X554 X555 Xs6
Xe1 Xe2 Xe3 X4 Xe5 Xe6



Writing convolution as a matrix multiplication

Simple Example

Write this convolution as a matrix multiplication involving vec(X)

X111 X122 X3 Xiua Xis Xie
Xo1  Xo2 X2z  Xou  Xos X
F: F: F-
g— [Xs1 Xs2 Xszz Xga Xzs  Xze |, F11 F12 F13
=% b% b% X X X 21 22 23
41 42 43 44 45 46 F I I
X51  Xs2 X553  Xsa  Xss5  Xse 31 32 38
Xe1  Xe2 X6z Xea Xes Xee
Solution:
entries corresponding to row 1 of X row 2 of X row 3 of X
A A
S11 Fii Fig Fiz 0 0 0 Fy Foy Fag 0 0 0 Fy Fzp Fzg3 0 0 0
S12 0 Fi1 Fi2 Fiz 0 0 0 Fpy Faz Fa3 O 0 0 Fzy F3z2 Fzz3 O 0 ec(X)
- v
Si3 0 0 Fi1 Fi2 Fiz 0 0 0 Foy Faop Faz 0 0 0 F31 Fs2 Fszz3 0
S1a 0 0 0 Fij Fig Fig 0 0 0 Fy Fay Fag 0 0 0 Fy Fsy Fig

S14 is the dot product between F' and red entries of X:

X11
Xo1
X31
Xa1
Xs51
Xe61

X12
Xa2
X32
Xa2
Xs52
Xe2

X14
Xoq
X34
Xaa
Xs54
Xe4

Xi1s
Xas
X35
Xas
Xs55
X5

Xi6
Xa6
X36
Xa6
Xs6
Xe6



Writing convolution as a matrix multiplication

Simple Example
Write this convolution as a matrix multiplication involving vec(X)

X1 Xi2 Xi3 Xua Xis Xge
X21  Xg2 Xo3 X4 Xzs Xog
g— [Xs1 X322 X3z Xau X35z Xz |,
Xa1  Xa2  Xuz  Xua  Xus  Xue
X511  Xs2 X553 Xsa  Xss5  Xse
X61 Xe2 Xe3 Xea Xes Xee

Fa1  Faz  Fag

Fi1  Fi2 Fig
F31  F33  Fs3

Solution:
entries corresponding to row 1 of X row 2 of X row 3 of X
S11 Fi1 Fi2 Fiz 0 0 0 Fp1 Faz Faz O 0 0 F31 F3p Fz3 0 0 0
Si2 0 Fyy Fig Fi3 0 0 0 Fpy Fop Fa3 0 0 0 Fs Fsz» Fz3 0 0
Si3 | = 0 0 F11 Fi2 Fi3 0 0 0 F21 Fzz Fa3 0 0 0 F31 F3p Fzz3 0 --- vec(X)
S1a 0 0 0 Fi1 Fi2 Fiz 0 0 0 F21 Fap Fz3 0 0 0 F31 F3p Fs3
Sa1 0 0 0 0 0 0 Fi1 Fi2 Fi3 0 0 0 Fa1 Fap Fa3 0 0 0

Sa1 is the dot product between F' and red entries of X:

X111 Xi12 Xiz X4 X5 Xie
Xo1 Xoo Xog Xoa Xos Xog
Xg1 Xgo Xgz Xza X35 X3¢
Xa1 Xao Xug Xaa Xas Xue
Xs51 Xs2 X53 X554 X555 Xs6
Xe1 Xe2 Xe3 X4 Xe5 Xe6



Writing convolution as a matrix multiplication

Simple Example
Write this convolution as a matrix multiplication involving vec(X)

X1 Xi2 Xi3 Xia Xis Xge

oxm o X x| (o ome o
S = * | Fo1 Faa  Fag

Xa1  Xa2  Xy3z  Xua  Xus  Xue

X511  Xs2 X553 Xsa  Xss  Xse

X61 Xe2 Xe3 Xea Xes Xee

Solution:
entries corresponding to row 1 of X row 2 of X row 3 of X
S11 Fip Fia Fis 0 0 0 Fo Fay Faz 0 0 0 Fz Fzp Fz3 0 0 0
S12 Fip Fi2 Fi3 0 0 0 Fa1 Faa Faz O 0 0 F31 Fzp F33 O 0

0
0 0 Fi1 Fi2 Fiz 0 0 0 Fa1 Fap Faz 0 0 0 F31 F3z Fz3 O
S14 0 0 0 Fui Fi2 Fi3 0 0 0  Fa1 Fhy Faz 0 0 0 F31 F3zp F33
Sa1 | = 0 0 0 0 0 0 Fi1 Fi2 Fi3 0 0 0 Fa1 Fao Fa3 0 0 0o .- vec(X)



Writing convolution as a matrix multiplication

Simple Example
Write this convolution as a matrix multiplication involving vec(X)

X111 X122 X3 Xig X155 Xae
X1  Xg2 X2z X4 Xzs Xag Fli  Fi2  Fis
g— [Xs1 X3z Xz Xga Xzs  Xze |, Fo1  Fay Fag

X411 X4z Xyz  Xya  Xus  Xye Fa1  Fap Fag

X511 Xs2  Xs3  Xsq4 Xs5  Xse

Xe1  Xe2 X6z Xea Xes Xee

Solution:
entries corresponding to row 1 of X row 2 of X row 3 of X
S11 Fi1 Fiz Fiz 0 0 0 Fp1 Fap Faz O 0 0  F3; Fzp Fzz 0 0 0
S12 0 Fui Fi2 Fiz 0 0 0 Fpy Fpy Faz 0 0 0 I3y Fzp Fzz 0 0
S13 0 0 Fy1 Fi2 Fi3 0 0 0 Fpy Fap Faz3 0 0 0 Fzy Fzp Fzz3 O
S14 0 0 0 Fi1 Fiz2 Fiz 0 0 0 Foy Fap Faz O 0 0 F31 F3p F33
Sa1 0 0 0 0 0 0 Fy; Fig Fi3 0 0 0 Fa Fasy Fa3 0 0 0 vec(X)
filt
afilter

Thus

vec(S) =

wervec(X)



Multiple planes: Convolution — Matrix multiplication

e What about when X and Fj have multiple planes?

o X = {Xl,XQ,X3,X4} has size 6 x 6 x 4

F1 = {FH,Flg,Flg,F14} hassize 3 x 3 x4

o Let
S1=X=x*xF
e Then
vec(S1) = Mpvec(X)
where

filter __ filter filter filter filter
MF1 - (MFn MF12 MF13 MF14)

and has size 16 x 144.



Back to: Jacobian of vec(S(Q)) w.r.t. vec(X )

1

e Have for:=1,2,3:
51(2) = X(l) * FQi

e Can write a convolution (not in a very memory efficient way) as a
matrix multiplication

vec(S?)) = Mervec(X )

L] M??I;ir haS SiZe (’U}I — f + 1)(]7,/ — f =+ 1) X 3w'h' (vvhere w' = w f+1and
h =h—f+ 1).

e Thus
(9vec(5’i(2)) filter

Ovec(X (1) i



Gradient of the loss w.r.t. node vec(X )

® Thus

i ol Ovec(S, (2))

8V€C X<1) pt avec S(Q) 8vec( ))

w

filter
- MFQi



Gradient of the loss w.r.t. X

al al
e May want expression for Fx @ instead of Bvec( XY
e Option 1:
al
Reshape m (SIZG 1 x 3w'hn’ ) tO (1) (SIZE w' x h x 3)



Gradient of the loss w.r.t. X

ol

al
; instead of Bvec( XY

e May want expression for XD

e Option 2:

Return to our simple example . ..



Turn our matrix multiplication to convolution

0 0 F31 F3z Fzz 0 0 0
0 0 Fy Fay Fp3 0 0 0 Fs Fyp Fzz 0 0
0 0 Fp Fpp Fog 0 0 0 Fz Fs Fyzg 0
0 0  Fay Fap Faz 0 0 0 F3; F3p F33 ---
0 0 Fy Fp Fp3 0 0 0

Consider the case
0 0 Fa1 Fap Faz 0

Fii Fiz Fiz 0
0 Fii Fi2 Fi3 0
0 Fu Fiz Fig 0
0 0 Fi1 Fiz Fiz 0
0 0 0 0 0 Fiy Fia Fig 0

o oo

(vr vz ... vge) = (91 92 .- 9g16)



Turn matrix multiplcation to convolution

Faz 0 0 0 F31 Fz2 Fz3 0 o o
0 0 0 F3y Fs Fsz 0 0
0 0 0 Fs Fsp Fz3 0
0 0 0 Fy Fs Fsy oo
o 0

Fii Fiz Fi3 0 0 0 Fy Fa
0 Fu Fiz Fi3 0 0 0 Fa Fp Fa
0 0 Fy1 Fi2 Fi3 0 0 0  Fay Fy Fp3
0 0 0 Fi1 Fia Fi3 0 0 0  Fay Fap Foy
(vr w2 .o owge)=(91 92 -~ g16)| O 0O 0O 0 0 0 Fu Fia Fig 0 0 0 Fa Fp Fa3 0

vy = g1F11



Turn matrix multiplcation to convolution

0 0

0 0 F21 Faz Faz O 0 0 F31 F3z Fzz 0
0

0 0 F3; F3z Fsg3 0
0 0 F31 F33 Fz3 0
0 0 0 Fy Fs Fsg oo
0 0 [

Fi1 Fi2 Fi3 0
0 Fip Fiz Fig 0 0 0 Fz Fzp Faz 0
0 0 Fin Fig Fi3 0 0 0 Fay Fpp Fag 0
0 0 0 Fyy Fig Fig 0 0 0 Fa Fay Fag
0 0 0 0 0 0 Fiy Fig Fi3 0 0 0 Fay Fap Fa3

(vi w2 ... w3g) = (91 92 ... g16)

v1 = g1F11
vy = g1F12 + g2F11



Turn matrix multiplcation to convolution

Fa1 Fap Fa3 0 0 0 F31 F3z Fzz 0 o
Faz 0 0 0 Fs Fsy Fasg 0
0 0 0 Fs F3 Fz3 0
0 0 0 Fa Fsp Fzz -
0

Fy1 Fi2 Fiz 0 0 0
0 Fi Fiz Fi3 0 0 0 Fa Fp
0 Fiy Fi2 Fi3 0 0 0 F Fp Fp3
0 0 Fu Fiz Fig 0 0 0 Fa Fap Fag
(v1 vz ... w3e) = (91 g2 --- g16) 0 0 0 0 0 Fiy Fig Fig 0 0 0 Fa Fypp Fa3 0 0

v1 = g1F11
vy = g1F12 + g2F11
vz = g1F13 + g2F12 + g3F11



Turn matrix multiplcation to convolution

0O 0 Fz Fap Fp3 0 0 0 Fz Fzo Fz3 0 0
0 Fip Fig Fig 0 0 0 Fz Fpp Fp3 0 0 0 F3 F3p Fa3 0
0 0 Fiy Fio Fi3 0 0 0 Fay Fap Fa3 0 0 0 F33 F3p Fzz 0
0 0 0 Fyy Fig Fig 0 0 0 Fa Fzp Fag 0 0 0 Fs Fsp Fag -
0 0 0 0 0 0 Fiy Fig Fi3 0 0 0 Fy Fyp Fp3 0 0 0

Fi1 Fiz Fi3 0

(vi w2 ... w3g) = (91 92 ... g16)

v1 = g1F11

vy = g1F12 + g2F11

vy = g1F13 + g2F12 + g3 F11
vg = g2F13 + g3F12 + gal11



Turn matrix multiplcation to convolution

Fip Fiz Fiz 0 0 0 Fa; Fap Fa3 0 0 0 Fz Fzp Fz3 0 0 0
0 Fiy Fipg Fi3 0 0 0 Fy Fap Faz 0 0 0 Fs Fsy Fg3 0 0
0 0 Fiy Fig Fi3 0 0 0 Fay Fap Fag 0 0 0 F33 F3p Fzz3 0
0 0 0 Fup Fig Fig 0 0 0 Fp Fpp Fp3 0 0 0 F3 Fzp Fzz ---
0

(v vz ..o vge) = (91 92 - g16) 0 0 0 0 0 Fy Fip Fi3 0 0 0 Fy Fyp Fp3 0 0 0

vy =g1Fn1

vy = g1F12 + g2F11

vz = g1F13 + g2F12 + g3F11

ve = g2F13 + 93F12 + 9aF11

vs = g3F13 + g4F12

ve = gaFi3

vy = g1F21 +g5F11

vg = g1Fa2 + g2F21 + g5 F12 + g6 F11

vg = g1F23 + g92F22 + 93F21 + g5 F13 + g6 F12 + g7 F11
vio = g2F23 + g3F22 + gaF21 + g6 Fi3 + g7 F12 + gsF11
vi1 = g3F23 + g4F22 + g7 F13 + ggF12
viz = g4F23 + ggF13
viz = g1F31 + g5F21 + goF11
via = g1F32 + g2F31 + g5F22 + g6 F21 + 99 F12 + g10F11
vis = 91F33 + g2F32 + 93F31 + g5F23 + g6 Fa22 + 97F21 + g9 F13 + g10F12 + 911 F11



Turn matrix multiplcation to convolution

Fip Fiz Fiz 0 0 0 Fa; Fap Fa3 0 0 0 Fz Fzp Fz3 0 0 0
0 Fiy Fipg Fi3 0 0 0 Fy Fap Faz 0 0 0 Fs Fsy Fg3 0 0
0 0 Fiy Fig Fi3 0 0 0 Fay Fap Fag 0 0 0 F33 F3p Fzz3 0
0 0 0 Fup Fig Fig 0 0 0 Fp Fpp Fp3 0 0 0 F3 Fzp Fzz ---
0

(v vz ..o vge) = (91 92 - g16) 0 0 0 0 0 Fy Fip Fi3 0 0 0 Fy Fyp Fp3 0 0 0

vy =g1Fn1

vy = g1F12 + g2F11

vz = g1F13 + g2F12 + g3F11

ve = g2F13 + 93F12 + 9aF11

vs = g3F13 + g4F12

ve = gaFi3

vy = g1F21 +g5F11

vg = g1Fa2 + g2F21 + g5 F12 + g6 F11

vg = g1F23 + g92F22 + 93F21 + g5 F13 + g6 F12 + g7 F11
vio = g2F23 + g3F22 + gaF21 + g6 Fi3 + g7 F12 + gsF11
vi1 = g3F23 + g4F22 + g7 F13 + ggF12
viz = g4F23 + ggF13
viz = g1F31 + g5F21 + goF11
via = g1F32 + g2F31 + g5F22 + g6 F21 + 99 F12 + g10F11
vis = 91F33 + g2F32 + 93F31 + g5F23 + g6 Fa22 + 97F21 + g9 F13 + g10F12 + 911 F11

There is a pattern herel!



Matrix multiplcation — convolution

e Reshape vectors g and v into matrices

v1 v2 v3 v4 v5 v6

91 92 93 94 v vg v9  vip Vil V12
=19 96 97 98 |y |viz via vis vie V1T Vi
99 910 911 912 vig Y20 V21 V22 V23 V24

913 914 915 916 v25 V26 V27 V28 V29 V30

v31 v32 v33 V34 V35 V36

o Let
0 o0 0 0 0 0 0 o
0o o0 0 0 0 0 0 o
0 0 g1 g2 g3 g4 0 O
F. F P
|10 0 g5 96 gr g8 0 0 rot1g0 _ [ 33 32 31
G ero-pad = s F = | Fa3 Fao Fay
3 0o 0 g9 g0 911 912 0 O P S
0 0 913 g14 915 g16 O O
0 0 0 0 0 0 0 o0
(U] 0 0 0 0 0 o0
e Then

V — Gzero—pad * FrotlBO



Multiple planes: Matrix multiplication — Convolution

o X ={X;,X5,X3,X,} has size 6 x 6 x 4
o F={F, Fy, F;,F,} hassize 3 x 3 x4
o Let
S=X=x*F (S hassize 4 X 4)
e Then
vec(S) = Mp*vec(X)
where M has size 16 x 144.

o let

VT — gTM;ilter

o Let vec(V) = v and vec(G) = g then

rot180 rot180 rot180 rot180
V= {Gzero-pad * Fl ) G'Zero—pad * F2 ) Gzero-pad * F3 9 CTVZero-pad * F4 }



Back to Gradient of the loss w.r.t. node X1

Know
3
ol :Z ol M;;Itgr
Ovec(XM)) £ fgyec(sP) ¥
then
8l _ 2 Gzero-pad FrotlSO Gzero-pad FrotlSO Gzero-pad FrotlSO
W—Z i * o1 Gy * o2 Gy * 943
1=1

where G; = % and Fo; = {Fai,1, Fai2, Fai3}.
[3



