Lecture 6 - The Convolutional Layer in

Convolutional Networks

ConvNets for RGB Images: The Convolution Layer
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Convolution Layer
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Note: Filter & input image always have the same depth.



Convolution Layer Convolution Layer
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Convolve the image, X, with the filter F.

o Slide filter over all spatial locations in image.

® At each location output 1 number:

compute dot product between F and a5 x 5 x 3 chunk of X

Input Image

Size: 32 x 32 x 3

Size:

Filter

F

o
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5x3

Output response map
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S=Xx*F

Size: 28 x 28 x 1

Convolution Layer Convolution Layer

Can apply multiple filters.

Input Image Filters

X Fy, Fy, F3, Fy

Size: 32 x 32 x 3 Size Fi: 5x5x3 Size S;: 28 x 28 x 1

Output response maps

Apply multiple filters and get multiple response maps

Input Image
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X

Filters
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Py By, F3, Fy

Output response maps

51,82, 83,54
Each Si = X + I}



Convolution Layer

o Stack the multiple response maps to get a new image S.

o Apply the non-linear activation function to each element of S.
e In our example
- §={51,55,53 5} and H = max(0,S)

- S has size 28 x 28 x 4

—
stack response plancs
28 A

=

class labels?

Most basic Convolutional Network layers How do we produce final probs for

o Add fully connected layer(s) after the convolutional layers

Basic ConvNet is a composition of o Example network:
o Convolution Layer 1 convolutional layer + 1 fully connected layer
Si=X*F;+b fori=1,....,np apply convolution filters
S={S1,..., 5} tack response maps, get new 3D image

H = max(0,5) .

e Activation function

7

CONY + Rl CONV + Rels CONV + ReLu s=Wvec(H) +b « fuyconnected lyer to get © scores
32 2 p = SOFTMAX(s) turn scores into probabilties
' ‘ e Dimensions of inputs, outputs and parameters:
- Xiswxhx3

- Each Fiis f x f x 3 and b, is a scalar
- Each Siis (w—f+1)x (h— f+1)

- Sand Hare (w—f+1)x (h—f+1)xnp
S WisCx (w—f+1)(h—f+1)np

- b,sandpare C'x1



How do we learn the parameters of the network? How do we learn the parameters of the network?

o Add fully connected layer(s) after the convolutional layers. o Optimize the usual cross-entropy loss (+ Lg regularization

e Example network: term) on the training data.
1 convolutional layer + 1 fully connected layer
S=Xs«F b fori=1 np e Use mini-batch gradient descent to perform optimization.
i = i+ bi =1,..., apply convolution filers
S={5 Sni} e gD o — need to compute the gradient of the loss w.r.t. the
H = max(0,5) apply Relu convolutional parameters....
s=TWvec(H) + b fuly.connected laye to get C scores
P = SOFTMAX(S) turm scores into probabilivies
o Dimensions of inputs, outputs and parameters:
- Xiswxhx3

- Each Fyis f x f x 3 and b; is a scalar

- Each S;is (w— f+ 1) x (h— f+1)

- Sand Hare (w—f+1)x(h—f+1)xnp
- WisCx (w—f+1)(h—f+1)ns

- b,sand pare (' x 1.

Computational Graph for our simple network

Gradient Computations for one Convolutional layer

Notes about the above figure
o Apply 3 filters in the convolutional layer (nr = 3).
® X = {X1, X2, X3} and each X; has size w x
® Each F; = {Fi1, Fiz, Fis} and has size f x f x 3
© Have omitted the bias weights for clarity.



Computational Graph for our simple network Computational Graph for our simple network

D=0
O]
From previous lectures know that From reading the computational graph we can see that
T
% =~ 2 (ciag(p - pp") oo ovee(s)
P s Dvec(F,)  vec(S:) dvec(Fy)
Dvec(H) Al dvec(S) dvec(Si)
al al "~ Ovec(S) dvec(S;) dvec(F;)

Fec(] = Buecy 428 (nd(vec(s) > 0) i 123,

Computational Graph for our simple network Computational Graph for our simple network

From reading the computational graph we can see that From reading the computational graph we can see that

Ovec(S) dvec(Si) al Al Ovec(S) dvec(Si)

5) dvec(S;) dvec(F;) Dvec(F,)  dvec(S) Dvec(S,) dvec(Fy)

ol ol
vec(Fy)  Ovec

fori=1,2,3. fori=1,2,3



Computational Graph for our simple network

Jacobian of vec(S) w.r.t. vec(S;)

Have S = {51, 52,53} =

vec(S1)
vee(S) = | vec(Sy)
vec(S3) =0
©
e Then
ovec(s) _ (1 ovec(s) _ (¢ ovec(s) _ (0
= "X , F oy s z oy . .
ovec(51) g ovec(S2)  \ ovec(S3)  \p, From reading the computational graph we can see that
where t = (w— f + 1) x (h — f + 1) and each 0 denotes a square matrix of oL Ol Bvec(S) dvec(S:)
Buec(F,) ~ Bvec(S) Bvec(S,) dvec(F
T

zeros of size t x t.

fori=1,2,3.

Each g\:’::((;)) has size 3t x t

Writing a convolution as a matrix multiplication

Jacobian of vec(S;) w.r.t. vec(F;)

Simple Example

Have for i = 1,2,3:  Have an input image X of size 6 x 6 x 1.

S; =X« F,
o Have a filter F' of size 3 x 3 x 1.
o Can write a convolution (not in a very memory efficient way) as a
matrix multiplication e Convolve X by F gives a response map of size 4 x 4
S=XxF

vec(S;) = Mg vec(F)
o Each entry of S can be written as

NN
Sim =33 Neiiotgm—1 Fri

k=1 i=1 j=1

o MY hassize (w— f +1)(h — f+1) x (3f2)

What are the entries of M?



as a matrix multiplication

Writing a convolution as a matrix multiplication

Writing a convolution

Simple Example

Want to write this convolution as a matrix multiplication:

X1 X Xz Xu
Xa1 Xz Xoa X
so|Xm Xse Xa Xu
X Xie Xaa Xu
X1 Xma Xsy Xou
Xo1 Xe2 Xea Xoa
One Solution:
Sue(¥n g X Xa Xm X Xn Xm %) |Fa

Writing a convolution

i
b3
o) my Re R
Yool Fa me
o F F: F
oo

as a matrix multiplication

Simple Example

Want to write this convolution as a matrix multiplication:

Xi X2 Xz X Xis Xig

Xt Xo2 Xaa Xas Xos  Xag
¢ Fu R
so X Xe Xas Xai Xss Xeo | (Tt 12
Xu X2 X Xu Xas o Xae | T\ P
Xo1 Xs2 Xss Xas Xos Xso a e

Xo1 Xe2 Xoa Xas Xes Xeo

One Solution

Writing a convolution

ESERUES

Fiy
Fay
Fag

multiplication

Simple Example

Want to write this convolution as a matrix multiplication:

Xio X1z Xz X Xis
Xoi Xoo Xoz  Xaa Xag
S |Xm Xs2 X Xas Xas
Xu X X Xu Xu
Xs1 Xz Xsz Xsa Xas
Xe1  Xez  Xe3  Xea  Xes

Xi6
Xl Ry R R
)‘j; «(F21 Faz Faa
Yo \mn Fa Ry
Xoo

Simple Example

Want to write this convolution as a matrix multiplication:

X1 X X5 Xig

Xa1 Xas  Xos  Xag Py R
Xas Xas Xae |, (gl g2
Xaa Xas  Xug R
Xs1  Xss  Xse s e
Xo1  Xes  Xeo

Fig
Faz
Fag




Writing a convolution as a matrix multiplication Writing a convolution as a matrix multiplication

Simple Example Simple Example
Want to write this convolution as a matrix multiplication: Want to write this convolution as a matrix multiplication:

X Xz Xiz Xig Xis o Xag Xu X2 Xis Xig

Fi2  Fi3
Fa2  Fa

F3  Fsg

Writing a convolution as a matrix multiplication Multiple planes: Convolution — Matrix multiplication

Simple Example
Want to write this convolution as a matrix multiplication:

What about when X and F; have multiple planes?

Say X = {X1, Xo, X3, X4} has size 6 x 6 x 4,

Fia  Fiz

el
NG
.

Fy = {Fi1, Fi2, Fi3, Fia} has size 3 x 3 x 4.

Fi2  Fa

o Let
One Solution: S =X=x*F Sy has size 4
Yo ¥a Xn %m N N N X N e Then
A R i vec(S1) = M vec(F})
o o i : where

Sae 160 My = (Mg, Mg, Mg M)
vec(S) = Mz vec(F) and has size 16 x 36.



Back to: Jacobi radient of the loss w

e Have fori=1,2,3:
Si=XxF,

Can write a convolution (not in a very memory efficient way) as a
matrix multiplication

vec(S;) = My vec(F}) Thus

O O dvec(S) dvec(Sy) L {[ i
dvec(Fy)  Ovec(s) dvec(sy) dvec(Fi)  dvee(s) | o | ¥

M has size (w — [+ 1)(h — f +1) x (3f?)

My MY, MY,
o o o T

e Thus 0 0

dvec(S;) A

= M [y
duec(Fy) X ; Fvec(er) X
Gradient of the loss w.r.t. F; Gradient of the loss w.r.t. Fj
: o al : o al

e May want expression for 1 instead of Tvec(F) * May want expression for 7 instead of Fvec(F)”
e Option 1: e Option 2:

Reshape ﬁéﬂ) (size 1 x 3%) to fTﬂ! (size f x f x 3). Return to our simple example ...



Writing a certain matrix multiplication as a convolution Writing a certain matrix multiplication as a convolution

Return to Simple Example Return to Simple Example

Consider the case Consider the case
Xn Xz Xz X Xz X Xa Xsz Xas' X Xiz Xa Xsz Xaa'
Xio Xis Xu Xn Xn Xu Xo X Xa Yo X Xo X Xu
Xz Xu X 5 Xas Xas Xas X X Xis X Xss Xaa Xas
X X X X Xus Yi X Xu Xu Xu

(G w) = (o o 96 | Xor X X X X X Xo Xe Xa (o v w) = (o o 910) | Xar X Xu Xu Xu
Xu Xao Xe Xus Xeo X X X Xu Xe Xu Xor Xeo Xa

M size 16 %9 M size 16 %9

where red column in MY corresponds to this red block in X'

X1 X1z Xia Xis Xig
X1 X 21 Xa5  Xog
Xa1 X33 Xsi Xss  Xse
Xa X 1 Xas o X
X1 Xsg Xoa Xss Xsg
Xo1 Xea  Xotr  Xos  Xoo

Writing a certain matrix multiplication as a convolution

Return to Simple Example Return to Simple Example
Consider the case Consider the case
X Xi Xi Xn Xn Xn Xo Xoo X X X Yo Xa Xn Xa Xo Xe X
Xo Xu Xu Xn Xu Xa Xu Xie X X X Xu Xo Xm Xu
X Xu Xis Xm Xu Xa Xu X X Xs
X X X Xu X Xu X Xu Xu Xi Xi Xi Xu X
(G w)=(o o 99 [ Xar X Xoo X Xo X Xo Xe Xu (G w)=(n o 96) | X X X X Xm Xm Xn Xo Xu
X Xio Xio Xoo Xoo Xoo Xos Xeo Xeo Xu Xu Xu Xu X X Xon X
M size 16 %9 M size 16 %9
where red column in MY corresponds to this red block in X' where red column in MY corresponds to this red block in X'
X1y Xig Xig X Xz Xis Xu o X5 Xig
a1 X23 Xaq X21 X2z X23  Xog Xa5  Xag
X X33 Xaa Xz1 Xaz  Xss  Xaa Xas Xag
X Xez X X Xee Xio Xu o Xio X
Xs51 X53  Xs4 55 X1  Xsz2  Xsz  Xsa X5 Xoe
Xo1 Xe2 Xea Xea Xes e Xo1 Xea Xes Xoa Xes X



Writing a certain matrix multiplication as a convolution Writing a certain matrix multiplication as a convolution

Return to Simple Example Return to Simple Example

Consider the case
Xu Xiz Xiz Xoo X X;s Xao Xaz Xag'

Xiz X Xu Xa
X Xu X X
Xu X X Xa
(Ca w)= (o 9 20) [ Xai X Xy X

Xu Xis Xu Xoo Xis Xuo

M 56 16 %9

where red column in MY corresponds to this red block in X

Writing a certain matrix multiplication as a convolution

Return to Simple Example Return to Simple Example

Consider the case Consider the case
X Xz Xis X X Xu X1z Xis Xz Xz Xas Xao X X
X X X Xa X X X Xu Xe Xu Xu Xo Xa X
X Xu X Xm X Xu X X X Xi X Xu X Xw Xu X
X X X Xa X Xa Xu Xu Xu Xi X Xu Xao Xm Xa Xu Xu X

(o w2 weow w)=(n g 96) [ X Xm Xu Xa Xo Xa Xn Xa X (1 vz v vy w)=(n e o) | Xor Xp Xas X X X Xo Xoo X
X Xu Xu Xes Xes X Xe X Xu Xo X Xu Xe Xeo X

M size 16 %9 M size 16 %9
where red column in MY corresponds to this red block in X' where red column in MY corresponds to this red block in X'

Xi X2 Xiz X Xis o Xig
Xo1 X2z Xa3  Xag X5 Xag
Xa1 Xam2  Xaz Xaa Xas Xag

Xa1 Xaz Xag X34 Xa1 X2 Xa3 Xa4 X415 Xa6
Xo X Xu Xu Xa Xsa Xsa Xss Xas  Xsg
Xo1 Xsz Xsao X Xer Xez Xes Xoi Xos Xao

Thus

L (a1 92 93 91
o) e s oo oa
o s a0 e o

N3 o1 915 916)




Back to Gradient of the loss w.r.t. F;

Gradient Computations for two Convolutional layers

Know

ol
Bvec(Fy) ]Z OVec(é ) M,

but our simple example =

A~y L al
;)F,’;)‘”TQ,

we back-propagate the gradient to node X 1)?

o Children of node XV are 5, 5{?) and 5%

® Thus
2 dvec(5?)

Bvec( )\m ;avec(b“) dvec(X M)

Notes about the figure
o Apply 3 filters at each convolutional layer.

o Have omitted the bias weights for clarity.



How do we back-propagate the gradient to node X (1)? How do we back-propagate the gradient to node X (1?7

o Children of node X are 5, 5 and S o Children of node X are 5%, {” and 5{*
o Thus o Thus
a ) ol dvec(S?) 2 Z‘ dvec(5?)
Ovec(X M) ~ £+ fuec(s?)) dvec(XM) Dvec( Y<l> ‘:1 avec(s‘“ Ivec(XM)

al
aleady know

(2)

) w.r.t. vec(X ™) Writing convolution as a matrix multiplication

Jacobian of vec(S;

e Have for i =1,2,3: Simple Example

e Have an input image X of size 6 x 6 x 1.
82 = xW 4 By,
o Have a filter F' of size 3 x 3 x 1.
o Can write a convolution (not in a very memory efficient way) as a

matrix multiplication e Convolve X by F gives a response map of size 4 x 4

vec(S)) = M vec(X 1) S=X+F

o Mp, has size (w— f+ 1)(h — f +1) x 3wh (sssuming X has * Bach entry of § can be written as

size w X h x 3 and Fy; has size f x f 1338
4 S = S35 Xt Fis

k=1 i=1 j=1

o What are the entries of M7



Writing convolution as a matrix multiplication Writing convolution as a matrix multiplication

Simple Example Simple Example
Write this convolution as a matrix multiplication involving vec(X) Write this convolution as a matrix multiplication involving vec(X)
Xi X2 Xig X X6 Xin X Xis
Xa1 Xa2 Xoa Xauu Xa0 X1 Xai Xag
Xo Xa Xs X Xio | . (‘;;; e ﬁ;;) X X3 Xas . (ﬁ;; e 23)
ke X oxm B B B e Fi Fao o
X1 Xe2 Xea Xoa Xoo X1 X1 Xes
Solution: Solution:
i componting o o X ron 2ot x - enriescomsponding 1010w 1of X romZof X 3ol x
P erve e L v L S =0 e s A e
Si1 is the dot product between F and red entries of X: Sy2 is the dot product between F' and red entries of X'
X1 X1z Xia Xi5 Xig
X X23 Xog X25 Xa26
Xa X33 Xsa X35 Xge
X Xis X1 Xis Xio
X5 Xos X4 X55 Xso
Xo1 Xos Xoi Xos Xoo

Writing as

Simple Example Simple Example
Write this convolution as a matrix multiplication involving vec(X) Write this convolution as a matrix multiplication involving vec(X)
X Xz X3 X Xis Xag Xu X2 Xig X Xz X
Xa1 Xas Xy Xay Xag  Xag . Xa Xa2 Xay Xas Xos Xas| p omo g
X Xa Xay Xor Xop o | (E1 B2 M Yoo X Xao Xao Xos o Xao |, (m mh e
X Xaz Xas X Xas Xae | T \g20 22 g2 Xao Xiz Xao Xas Xao Xao| U \py o py o opp
Xo1 Xs2 Xss Xoa Xss Xsg W fe2 M Xsi Xs2 Xsa Xas Xss  Xsg

Solution:
s comporsing 10 v 1 of X w206 X rou 3. X
ctriescorsponding  rom 1 of X w201 X rou 3of X
e T T Sn\  (Fu F2 Fa 0 0 0 Fn Fm P 0 0 0 Fn Fm Fw 0 0 0
su P fe 0 0 OFn fmm 0 0 0Fn Fafm o0 00 X 5 0 Fu R R 0 0 0 Fn Fm P 0 0 0 Fa Fm Rg 0 0 N
) = i Pz Fia P s Rz Foo vee(X) sa|T[0 0 FuF R 0 0 0 o Faw R 0 0 0 Ey Fa B 0 0
S, 0 0 Py Fa R0 0 0 Fa R P 0 0 0 Fu Fa Fu 0
Sua 0 0 0 Fu P2 Fg 0 0 0 Fn Fm Fm 0 0 0 Fu Fa Fa

Sis is the dot product between I and red entries of X Su4 is the dot product between F' and red entries of X

X1 X2 X1z Xis Xis Xig
Xa5 Xag

Xa1 Xa» Xas Xaa Xao X1 Xas Xaz Xas Xap Xag
Xn Xi Xiz Xu Xio X Xis Xts X1 Xas Xig
Xs1 Xso Xss Xoa Xs6

X1 Xso Xog Xsa Xz Xoo

Xo1 X2 Xea Xoa Xes. Xe1 Xe2 Xes Xos Xos Xos



Writing convolution as a matrix multiplication

Writing convolution as a matrix multiplication

Simple Example Simple Example

Write this convolution as a matrix multiplication involving vec(X) Write this convolution as a matrix multiplication involving vec(X)
X Xu X X Yo v x . «
2 Xao Xan o Xou 2| p, Pe R no X 14 16
2 o P2 P Xa o X X. Xao
s= [ X Xos  Xoa Yoo | (Far Faa P o X Yai | (P P R
Xui Xas  Xaa Xas oo n s Xaz a4 36w | For Fax Faa
X51 Xs3  Xoa Xs6 s faz P Xar X2 Xaa Xis Fy  Fsa Fas
X1 Nos Xea og Xo1 Xoz Xza a6 e
Xor  Xo Xoa Xoo
Solution:
e camesoning o o 11 X ot x owagrx Solution:
—_— —_—
S\ (P 2 Fa 0 0 O Fa Fm F 0 0 O Far P Fm 0 0 0 e comsponcing 0 row 1 o X 3ot x 3ot X
—_—
s12 0 Fu Fia By 0 0 0 Fn Fn 0 0 Fu P P 00 Sir Tir Fiz Fia 0 0 O o Faz Fay 0 0 0 Fm Fa F 0 0 0
o B T LI e O I e e A o I T N
sul |o 0 0 FyFaEa o0 o0 0 P 0 0 0 R FaoFw S| |0 0 FuFzFe 0 0 0 Fu B By 0 0 0 Fy Fp Rg o
S @ 0 0 0 0 0 Fu Rz g O Fn Fm P 0 0 0 Sie 0 0 0 Fu R Ry 0 0 0 Fu Fn By 0 0 0 Fy Fp Ry
. . Suf=[o o o 0 0 0 R Es 0 0 0 B EmEm o0 o0 0 ()
is the dot product between F' and red entries of X:

X1 X12 X1z Xu Xis X
Xao .

| Xs2 X5z Xss Xss Xsg
1 Xe2 Xea Xes Xes Xeo

Xz X235 Xz Xas Xag
X31 X2 Xaz Xaa Xag Xag
Xi Xi2 Xas Xaa Xas Xas
X5
X

Writing

Multiple planes: Convolution — Matrix multiplication

Simple Example
Write this convolution as a matrix multiplication involving vec(X)

What about when X and F; have multiple planes?

Xig
S BT T
hSod I U

Xio
Xeo| \my ma R

X = {X1,X2,X3,X4} has size 6 x 6 x 4

Fy = {Fu1, Fi2, Fi3, Fia} has size 3 x 3 x 4

Xoi Xo: Xes Xou Xoo
o Let
e corsponng t o 1 1 X 2o x 3o x S = X+F
Sy P fm 0 0 0 Fa Fm 0 0 0 P fm Fm 0 0 0
s [0 Fuma e 0 0 0 Fuma o0 0 0 Fuoma e o0 o
Su| [0 0 FumaFs 0 0 0 mw om0 0 0 R R o ® Then
sul {0 o o FiFams o 0 0 mmmRs 0 o 0 R R R
sul=|0 0 0 0 0 0 FumaFe 0 0 0 FumaEs o0 0 o ) e,
vec(S1) = Mivec(X)
where
e [t _ (Nffer Apfe e e
Thus M= (Mpy My Mg M)

vec(S) =

13 vec(X) and has size 16 x 144.



Back to: Jacobian of veclS,‘Q') w.r.t. vec(XW) Gradient of the loss w.r.t. node vec(X ™)

Have for i = 1,2,3:
5P =X« Fy

Can write a convolution (not in a very memory efficient way) as a
matrix multiplication

vec(S)) = Mjrervec(X ™M)

o Thus
o M has size (w' — f+ 1)(h — f + 1) x 3wk’ (wnere 4 1and z“: Al dvec(s)
W ). ovec <‘> 2 uec(5) Dvec(XD)
s
a fiter
e Thus _ O
@ ,Z,:Svec(b'fz)) o
Ovec(Si) _ ) river
Ovec(X M) s

Gradient of the loss w.r.t. X1 Gradient of the loss w.r.t. X

e May want expression for ax<1> instead of m e May want expression for M(,) instead of m
e Option 1: e Option 2:
Reshape % (size 1 x 3u'h’) to 0)‘2’“) (size w' x ' x 3). Return to our simple example ...



Turn our matrix multiplication to convolution Turn matrix multiplcation to convolution

Consider the case

(1 v v =G 9wl [ 0 0

v =g1Fn

v2 = g1 Fi2 + g2F1

Fig +92F12 + 93F11



multiplcation to convolution Turn matrix multiplcation to convolution

(1o = m w0 0 0 0 0 0 Ry Fa R 0 0 0 FaFafa 0 0 0 (o sa| o 0 0 0 0 o Fa P Pa B0 0 o
v = 1P
vi =g1F11

91F12 + 92Fn1

= 9115 + 92F12 + 93P
va = g2F13 + 93F12 + 9aF11
vs = g3F1a + 94F12
ve = 91F13

v2 = g1F12 + 92F11
vz = g1F13 + 92F12 + 93F11
4 = 92F1a + 9aF1a + g4 F

vr = g1 Fa + 5P
vs = g1F22 + 92Fn1 + 95Fi2 + 96 F1a

vg = g1Fa3 + 92Fa2 + 93Fa1 + 95 F1a + 96 F12 + g7 Fuy
v10 = 92F23 + 93Fa2 + 9aFa1 + 96 F13 + 97F12 + 98 Fu
viL = 03 Fas + 93 Faz + 97 F1a + 95 Faa

viz = gaFas + 98 F1g

v1s = 91Fs1 + 95 F21 + 90 F11

via = g1Fs2 + 92Fa1 + 95 Faz + 96 F21 + 99 F12 + g10F11
v15 = 91F33 + 92F32 + 93Fa1 + 95 F23 + 96 Fa2 + 97F21 + 99 F1a + 910F12 + 91 F11

Turn matrix multiplcation to convolution Matrix multiplcation — convolution
P A T S * Reshape vectors g and v into matrices
oo R A
99 910 g1 g1z |’ vig v20 V21 Va2 V23 V24
a5 o g o v va var uas uae v
vz = g1F12 + g2F11
va = 91F13 + 92F12 + 93F11 e Let
vy =g2F13 + gaFi2 + 9aF11
o it oy o0 0 o o 0 o
° “F” gafnz 0 o 0 0 0 0 0 0
ve = 94F13 0 0 g1 92 a3 9 0 0O
; Fis Fa Fa
vy = g1F21 + g5 F11 G, —|0 0 g 96 97 g5 00 Frotiso _ F“ F32 F3
o N . eopad =10 0 g9 g0 e g2 0 O 2 e T2
8 = 91Fo2 + 2P + 93 Fi2 + 96 Py 0 o0 g oo me 00 Fis Fi Fu
vg = 91F23 + 92F22 + 93F21 + 95F13 + 96 F12 + 97 F11 0o o 0 0 0 o o
vi0 = 92F23 + 93F22 + 94F21 + 96 F13 + 97F12 + 98 F11 o 0 o o o o o o
v11 = g3F23 + gaFa2 + 97F13 + 93 F12
e Then

v12 = 9aF2s + 95 F13

w13 = 91F31 + g5 Fa1 + g9 F11

via = 2 5Faz N + — rot180
14 = 91F32 + 92 F31 + 95 F22 + 96 Fa1 + 99F12 + g10F11 V = G # F

v15 = 91F33 + 92Faz + 93Fa1 + 95 Faa + 96 Fo2 + 97F21 + 99 F1a + 910F12 + 911 F1a

There is a pattern here!



Multiple planes: Mat

o X = {Xy, Xp, X3, Xy} has size 6 x 6 x 4

o F={F\,F, F;, F;} hassize 3 x 3 x 4

e Let
S=X*F  (sinsszeinn
e Then
K
vec(8) = Mirvec(X) now
ol ol
[ has i O N~ O e
where M has size 16 x 144. (X Z vee(s) M
o Let then
Y 1 rfilter
v =g M, 3
g Mp 3 )t?l( 5= Z {G:evvvad ¥ FIO0 o, prouso crropad | FQ‘,’T“}
o Let vec(V) = v and vec(G) = g then i=1
V = {Gaeropat * Fi™"™, Grerorpas * F5™, Glreropad * F5™'®, Grerorpaa # Fi'} where Gi =~ and Fai = {21, Faio, Fais}



