
SF2722 Differential Geometry, spring 2017

Homework 8

Examiner: Mattias Dahl, Hans Ringström.

Code of conduct (Hederskodex): It is assumed that:

• you shall solve the problems on your own and write down your own solution,

• if you in spite of this are using something you have gotten from somewhere else for
some reason (a friend, a book or the internet etc.) you should give a reference to
the source.

Deadline: Hand in your solutions no later than Friday May 12 (we will not accept solutions
handed in after May 14).

1. Geodesics in the hyperbolic plane.

a) Calculate the Christoffel symbols of gH = y−2(dx ⊗ dx + dy ⊗ dy) defined on
H = {(x, y) ∈ R

2 | y > 0} and find at least one geodesic.

b) Prove that translations in x are isometries; that dilations (x, y) 7→ c(x, y),

0 < c ∈ R, are isometries; and that the inversion (x, y) 7→ (x,y)
x2+y2

is an isometry.

c) Prove that isometries map geodesics to geodesics, and use a) and b) to construct
all geodesics on (H, gH).

2. Consider a metric g of the form

g = −dt⊗ dt+ f2(t)
n∑

i=1

dxi ⊗ dxi (1)

on I × R
3, where I is an open interval; t is the coordinate on the interval I; xi are

the standard coordinates on R
3; and f is a strictly positive smooth function on I.

In the context of such metrics, the stress energy tensor of matter of radiation type
can be written

T rad = (ρrad + prad)dt⊗ dt+ pradg,

where prad = ρrad/3; here ρrad should be thought of as a smooth function on I.
Calculate the divergence of T rad in terms of ρrad, f and their derivatives. Matter of
dust type has a stress energy tensor of the form

Tmat = ρmatdt⊗ dt.

A more sophisticated model of the universe than the one considered in the lecture
notes includes matter of both dust and radiation type. The corresponding equations
are given by

G+ Λg =T rad + Tmat,

divT rad =0,

divTmat =0.

Translate these equations into a system of equations for f , ρrad, ρmat and their
derivatives.
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