
Nuclear	pairing	



The	par/cle-hole	picture	

•  The	lowest	state	–	ground	state-	of	a	system	
of	N=A	fermions	with	an	energy		

•  Fermi	level:	the	highest	occupied	state	with	
energy	εA		

•  The	expecta/on	value	of	an	operator	O	in	the	
ground	state		

•  Proper/es	of	ground	state:	
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The	simplest	excited	state	

•  LiD	one	par/cle	from	an	occupied	state	into	
an	unoccupied	one:	(one-par/cle/one-hole	
state)	

•  The	next	excita/on	is	a	two-par/cle/two-hole	
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Ψmi = ˆ a m
+ ˆ a i Ψ0 , m > A, i ≤ A
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Hamiltonian	with	two-body	interac/on	
in	par/cle-number	representa/on	(2th	

quan/za/on)		

•  A	microscopic	model	that	describes	the	
structure	of	the	nucleus	in	terms	of	the	
degree	of	freedom	of	the	nucleons.	

•  An	eigenstate	of	H:	
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Hartree-Fock		

•  Single-par/cle	Hamiltonian	

– h	contains	kine/c	energy	t	and	a	self-consistent	
field	Γ,	which	depends	on	the	density	of	nucleus.	It	
is	a	one-body	field	and	averages	over	all	two-body	
interac/ons.	
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Reminder: Seniority symmetry/Pairing 
1943 Racah 
1949 Goeppert-Mayer 
1958 Nuclear BCS 
 

hTp://www.nobelprize.org/nobel_prizes/physics/laureates/1963/mayer-lecture.pdf	

Even-even 

Odd-A 

Mean	field	theories	
Ø  Single-par/cle	model	

HO,	WS…	
Ø  Hartree-Fock	(density	func/onal)	

approaches	
Skyrme	force,	boson	exchange	poten/als	

Ø  Shell	model	
Monopole 	 



Introduc/on	to	pairing	

•  In	solid-state	physics:	A	pair	of	electrons	in	metal	with	opposite	
spins	and	momentums	close	to	Fermi	surface	interact	with	each	
other	and	make	a	pair.	They	have	energy	lower	than	Fermi	surface	
which	indicates	that	they	are	bound.	

•  In	nuclear	physics:	A	pair	of	nucleons	with	total	spin	I=0.	This	is	a	
short	range	(large	spa/al	overlap)	nucleon-nucleons	interac/on.		

•  Experimental	observa/ons	that	require	short	range	interac/on	in	
the	model	:	
–  The	energy	gap	
–  The	level	density	
–  Odd-even	mass	effect	
–  Moment	of	iner/a	
–  Deforma/on	
–  The	low-lying	2+	

	



odd-even	
staggering	

quadrupole	moment	
deforma/on	

pairing	
strength	

moment	of	
iner/a	

Belyaev:	Mat.	Fys.	Medd.	Dan.	Vid.	Selsk.	31	no.	11	(1959)	

Nilsson	plus	pairing	Hamiltonian	cons/tutes	a	minimal	
model	for	nuclear	structure	



The	energy	gap	due	to	pairing	



Introduc/on	to	pairing	

•  To	explain	these	phenomena	we	need	to	take	
into	the	account	short	range	nucleon-nucleon	
interac/on.		

•  The	most	effec/ve	pairing	coupling	is		I=0	
•  They	are	similar	to	long	range	par/cle-hole	
interac/on.		

•  No	exact	solu/on,	it	is	an	approxima/on	by	
varia/onal	principle	



The	seniority	model 
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Binding energies of ground states in jn 
configuration 

Neutron	separa/on	energies	from	Ca	
isotopes	

Proton	separa/on	energies	from	N=28	
isotones		

I. Talmi, Simple models of complex nuclei  (Harwood, Chur, Switzerland, 1993) 

Seniority	coupling	and	binding	energy	

Semi-magic nuclei 



The	spectrum	with	a	pairing	interac/on	

v: Seniority 
s: Quasispin 

D. J. Rowe, M. J. Carvalho, and J. Repka, Rev. Mod. Phys. 84, 712 (2012).  

USp(10)	irreps	in	the	j=9/2	shell		
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no interaction J=0 pairing realistic interaction 

(0f7/2)2 configuration 
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Realistic interaction and monopole pairing 

v J=0 interactions are strongly attractive. 
v Seniority is conserved when j<9/2 
v Pairing interaction conserves seniority 
 



Seniority coupling scheme with realistic interaction	

|� = 2;JM� = (P+
j )(n�2)/2A+(j2JM)|�0�

|g.s.� = |� = 0;J = 0� = (P+
j )n/2|�0�

Energy levels of 0h11/2 protons in N=82 isotones 

I. Talmi, Simple models of complex nuclei 



Energy levels of 0g9/2 protons in N=50 isotones 

D.J.	Rowe	and	G.	Rosensteel,	Phys.	Rev.	Le7.	87	(2001)	172502	



Partial seniority symmetry, Yale, June 2007 

Conservation of seniority 

€ 

j = 9 /2 : 65v2 − 315v4 + 403v6 −153v8 = 0
j =11/2 :1020v2 − 3519v4 − 637v6 + 4403v8 − 2541v10 = 0
j =13/2 :1615v2 − 4275v4 −1456v6 + 3196v8 − 5145v10 − 4225v12 = 0

€ 

j =15 /2

the	rota/onally	invariant	interac/on	has	to	sa/sfy	[(2j	−	3)/6]	linear	constraints	to	conserve	
seniority.	

I. Talmi, Simple Models of Complex Nuclei 
D.J. Rowe and G. Rosensteel, Phys. Rev. Lett. 87, 172501 (2001). 
P. Van Isacker and S. Heinze, Phys. Rev. Lett. 100, 052501 (2008). 
CQ et al., PRC 82, 014304(2010) 
	



The	odd-even	staggering	
revisited	



What is the pairing correlation energy? 
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A.	Volya	et	al.	/	Physics	LeTers	B	509	(2001)	37	

If one removes the self-energy, which may have been taken into account by the mean field, the 
binding energy of a single j system can be rewritten as  

 



OES	may	be	aTributed	to:	
• Pairing	correla/on	effect/pair	energy	
• Deforma/on	effect/mean	field	effect	

Δn =1/ 2[2B(N,Z )−B(N +1,Z )−B(N −1,Z )]

A.	Bohr,	B.	R.	Mo7elson,	Nuclear	structure,	vol.	1,	World	ScienHfic,	1998.	
W.Satula,J.Dobaczewski,W.Nazarewicz,Phys.Rev.Le7.81	(1998)	3599.		
W.	Friedman,	G.	Bertsch,	E.	Phys.	J.	A	41	(2009)	109.		
	
	



Examples of OES formulae 

ΔC
(3)



Examples of OES formulae 
 



For	two	par/cles	in	a	non-degenerate	system	with	a	constant	pairing,	
the	energy	can	be	evaluated	through	the	well	known	rela/on,	

The	correla/on	energy	induced	by	the	monopole	pairing	corresponds	to	the	difference	

E2 

2e+G 

Nobel-prize	winning	problem	



A pair of electrons with an attractive interaction on top of an inert Fermi sea.  
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The	Cooper	Problem	



gap	in	e-e	
spectra	



Pairing gap and the alpha formation	

A.N. Andreyev CQ et al., PhysRevLett.110.242502 (2013). 

No Pairing	

’Strong’ pairing	



OES in semi-magic nuclei and comparison with the HFB 
calculations 



The	BCS	model	



BCS	model-	BCS	state	

In	BCS	model	we	speculate	that	ground	state	should	be	built	up	from	
pair	crea/on	operators	a+ka+-k	

This	is	the	approximated	solu/on:	
Trial	wave	func/on	for	even-even		
nuclei		

A	many-body	system	is	described	by	following	Hamiltonian:		

€ 

H = tk1k2ak1
+ ak2 +

1
2k1k2

∑ vk1k2k3k4
k1k2k3k4 <>0
∑ ak1

+ ak2
+ ak4 ak3

	
K	are	the	single	par/cle	levels	
uk2	and	vk2	represent	the	probability	that	a	certain	pair	state	
is	not	or	is	occupied.		

€ 

k,−k{ }

An	example	is	a	spherical	basis	

€ 

k = nljm ,

Conjugate state : k = nlj −m m > 0
€ 

BCS = uk + vkak
+ak 

+( ) −
k>0
∏



BCS	model-	BCS	state	
Example:	For	Hartree-Fock	states	we	would	have:	
vk=1	and	uk=0	below	Fermi	level	
vk=0	and	uk=1	above	Fermi	level	
However	in	BCS	model	states	over	Fermi	level	can	be	occupied	
(energe/cally	favored)	
	
uk	and	vk	are	varia/onal	parameters.	We	determine	them	in	a	way	that	
the	corresponding	state	has	minimum	energy.	
Normaliza/on	of	BCS	state:	
	

We	require:	

€ 

BCS BCS = uk
2 + vk

2( )
k>0
∏



BCS	model	
Great	disadvantage:	Par/cle	number	is	not	conserved	in	BCS!	BCS	state	is	
the	superposi/on	of	different	number	of	pairs.		

This	is	fit	to	the	interpreta/on	of	vk	
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ak
+a−k

+ − +
1
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∑ vkv ʹ k 

uku ʹ k 
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+

k ʹ k 
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+ a− ʹ k 
+ − +…
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N = BCS ˆ N BCS = 2 vk
2

k>0
∑



BCS	model	

Hence,	we	need	to	restrict	the	varia/on	by	a	supplementary	condi/on.	
We	define	a	parameter	λ	in	the	Hamiltonian	to	keep	the	expecta/on	value	
of	par/cle	number	to	the	desired	par/cle	number.		

We	call	this	Lagrange	mul/plier	λ	as	Fermi	energy	or	chemical	energy,		
since	it	describes	the	energy	varia/on	in	the	system	by	changing	the		
par/cle	number.		

We	add	a	term	–λN	to	Hamiltonian:	

€ 

ˆ ́  H = ˆ H − λ ˆ N 



BCS	model-Pure	pairing	force	

Single-par/cle	part	 	Residual	interac/on	ac/ng	on	pairs	of	
	nucleons	

In	this	model	we	assume	a	constant	matrix	elements	–	G	(pure	pairing	
	force):	 € 

vkk ʹ k ʹ k 

Hamiltonian	has	a	the	form:	
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H = εkak
+ak −G ak

+ak 
+a

ʹ k a ʹ k 
k ʹ k >0
∑

k>0
∑
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εkak
+ak + k,k v ʹ k , ʹ k ak
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+a
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∑
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∑



BCS	model-	Pure	pairing	force	
Lets	consider	the	Hamiltonian		
with	the	varia/onal	condi/on		

€ 

ʹ H = H − λ ˆ N 

€ 

H = εkak
+ak −G ak

+ak 
+a

ʹ k a ʹ k 
k ʹ k >0
∑

k>0
∑
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0 − λ)vk

2 −
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∑ Gvk
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k>0
∑ −G ukvk
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2
	The	expecta/on	value:		

€ 

Δ =G ukvk
k>0
∑

The	matrix	elements	are:	



BCS	model-	Pure	pairing	force	

vk	determines	the	BCS	wave	func/on	completely,	we	can	express	uk	in	terms	of	
vk	by	the	normaliza/on	condi/on		

€ 

δ BCS ˆ ́  H BCS = 0,

∂
∂vk

+
∂uk

∂vk

∂
∂uk

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ BCS ʹ H BCS = 0



BCS	model-Pure	pairing	force	

Finally	the	expecta/on	value:		

Differen/ate	this	with	respect	to	vk:		

Equa/ons	for	different	k	
are	coupled	by	Δ	

€ 

BCS ˆ ́  H BCS = 2 (εk − λ)vk
2 −

k>0
∑ Gvk

4

k>0
∑ −G ukvk∑
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⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 
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BCS	model	
We	get	for	BCS	equa/ons	the	following:	

The	occupa/on	probability	(assume	we	know	Δ):	

Insert	this	into	defini/on	of	gap	we	can	get	this	
itera/ve	equa/on.		

Gap	equa/on:	

  

€ 

εk = εk
0 − λ − G ⋅ vk

2

often neglected
! " # 



Results	of	BCS	model	

•  In	the	special	case	of	a	single	j-shell	all	εk	are	equals	so	
all	vk2	’s	are	equals.	From	the	par/cle-number	
condi/on	we	get		

	
	
•  The	gap	has	a	parabolic	dependence	on	the	number	of	
par/cle	in	the	shell.	It	is	zero	for	empty	or	filled	shells.		

•  For	N=Ω:				

€ 

BCS ˆ N BCS = 2 vk
2 = N ⇒ vk =

N
2Ωk>0

∑ ,uk = 1− N
2Ω
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Δ =G ⋅ N
2
Ω−

N
2
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⎠ 
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2Δ =G ⋅ Ω
Ω		is	the	number	of	pairs	



Trivial	solu/on	

Superfluid	solu/on	



“that	didn’t	conserve	the	number	of	electrons.	It	was	a	variable	number	of	electrons	and	
that	had	worried	me,	I	remember.	And	so	I	decided,	“Well,	what	I	should	do	is	mul/ply	
that	wave	func/on	by	a	term	involving	e	to	minus	the	number	of	par/cles	and	—	just	like	
in	the	grand	canonical	ensemble	in	sta/s/cal	mechanics	—	sort	of	extend	that	idea	to	the	
wave	func/on	in	quantum	mechanics.”		
	
	

The	BCS	many-body	wavefunc/on	captured	the	essence	of	a	
new	state	of	maTer.	It	contained	the	important	concept	of	“off	
diagonal	long	range	order”.		
	



Other	pairing	models 		

Cau/ous:	can	be	complicated.	
Just	for	those	who	are	interested.	



Exact	diagonaliza/on	
•  Shell	model	calcula/ons	restricted	to	the	v=0	subspace	
•  There	are	as	many	independent	solu/ons	as	states	in	the	v=0	space.	
•  Valid	for	any	forms	of	pairing.	
	

102 in seniority space 
Easier to include many shells 



Richardson’s	approach	
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Richardson equation 



Richardson	equa/on	

• A	set	of	M	nonlinear	coupled	equa/ons	with	M	unknowns	(Eα)	and	it	is	very	difficult	to	solve.	

• The	pair	energies	are	either	real	or	complex	conjugated	pairs	and	do	not	have	clear	physical	
meaning.	

• The	wave	func/on	is	not	given	directly	

1+ g 1
2εk − Eα

+ 2g 1
Eα − Eββ ≠α( )=1

M

∑ = 0
k=0
∑ , E=Eα

α=1

M

∑

1+ g 1
2εk − Eα

+ 2g 1
Eα − Eββ ≠α( )=1

M

∑ = 0
k=0
∑ , E=

( )0 1 1

1 11 2 0,
2

M M

k k

g g E E
E E E α

β α αα α βε= ≠ = =

+ + = =
− −∑ ∑ ∑

Eα = −(Ω−1)g± i Ω−1g

For two pairs in a single-j shell 



Hartree-Fock-Bogoliubov	HFB	
•  A	generalized	single-par/cle	picture	which	look	for	the	most	

general	product	wave	func/ons	consis/ng	of	independent	quasi-
par/cles.		

•  A	simple	method	of	construc/ng	the	excited	states	of	the	nucleus	
as	quasi-par/cle	excita/ons	

•  Contain	both	long	range	interac/on	ph	and	short	range	interac/on	
pp,	unifies	Hartree-Fock	with	BCS	theory	
–  HF	gives	rise	to	self-consistent	field	Γ	which	leads	to	
deforma/on	of	ground	state	

–  BCS	gives	pairing	correla/ons	which	the	sum	of	Δ	leads	to	a	
superfluid	state.		

•  The	basic	idea	of	any	quasi-par/cle	concepts	is	to	represent	the	
ground	state	as	vacuum	with	respect	to	quasi-par/cles.	The	basic	
idea	in	HFB	is	to	use	BCS	state	as	vacuum.	

€ 

ˆ α k BCS = 0



Bogoliubov	transforma/on	
•  Landau	and	Migdal	defined	the	vacuum	and	the	
quasi-par/cles	as	exact	eigenstates	of	many-body	
system,	however,	there	is	no	simple	rela/on	
between	quasi-par/cle	and	“bare”	par/cle	
–  Bare	par/cles	are	given	by	some	basic	crea/on/
annihila/on	operator	e.g.	plane	waves	and	HO	sates	

•  Hence	we	use	Bogoliubov	quasi-par/cle:	linear	
connec/on	to	the	bare	par/cles	
– Natural	extension	of	BCS	
–  Easy	to	handle	
– Not	exact	solu/on,	only	approxima/on	



Bogoliubov	transforma/on	
€ 

βk
+

= Ulkcl
+

+Vlkcl
l
∑

A	general	linear	transforma/on	from	the	par/cle	operator	cl	and	cl+	to	
the	quasi-par/cle	operator	βk+	βk	(Hermi/an	conjugate)	

Indices	l	and	k	run	over	whole	configura/on	space		
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U V *
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⎜ 

⎞ 

⎠ 
⎟ 

The	operators	βk+	βk		should	obey	the	fermion	
commuta/on	rela/ons	so	W	should	be	unitary	
and	we	get	some	condi/ons	on	U	and	V	

€ 

U +U +V +V =1, UU + +V *VT =1
UTV +VTU = 0, UV + +V *UT = 0

Also	we	can	invert	cl+	in	terms	of	quasi-par/cle	operators:		

€ 

cl
+ = Ulk

*βk
+ +Vlkβk

k
∑



Bogoliubov	transforma/on	

Theorem	of	Bloch	&	Messiah:	The	unitary	matrix	W	can	be	decomposed	as		
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W =
D 0
0 D*

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
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U V 
V U 
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Defines	fully	occupied	levels	i	
Empty	levels	m	and	paired	level	p	

  

€ 

c → a
c +→ a+

D
! " # 

→
U ,V 
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α →β

α + →β +

⎧ 
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⎩ 

C
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Bogoliubov	transforma/on	
Meaning	of	this	decomposi/on:	

1.  A	unitary	matrix	D	defines	canonical	basis,	we	s/ll	have	
par/cle	picture		

2.  Applica/on	of	Bogoliubov	transforma/on	(generate	
Bogoliubov	quasi-par/cles)	

	
	
	
3.  Applica/on	of	unitary	matrix	C	transform	quasi-par/cle	

basis.		

€ 

ak
+ = Dlkcl

+

l
∑
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α p
+ = upap

+ − vpap 

α p 
+ = upap 

+ + vpap

⎫ 
⎬ 
⎪ 

⎭ ⎪ 
(p, p ) paired levels 2 × 2 boxe

Blocked levels :
α i

+ = ai, αm
+ = am

+

α i = ai
+, αm = am

⎧ 
⎨ 
⎩ 
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βk
+ = Ck ʹ k α ʹ k 

+

ʹ k 
∑



HFB-vacuum	

•  Ground	state	of	the	many-body	system	
defines	as	vacuum	with	respect	to	quasi-
par/cles.	

	
•  We	start	with	bare	vacuum	and	mul/ply	by	a	
product	of	annihila/on	operators	βk		
– Example	GS	of	HF:	the	product	runs	over	
	the	annihila/on	operator	of	all	hole	states	

	

  

€ 

βk Φ
HFB−wf
! = 0, k =1...M

  

€ 

Φ
HFB−wf
! = βk −

k
∏

€ 

ΦHF = α i − = ai
+ −
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Deriva/on	of	the	HFB	equa/on	

•  Now	we	want	to	find	U	and	V	which	defines	the	
quasi-par/cle	operators	and	the	wave	func/on	Φ	

•  Many-body	system	Hamiltonian:	

•  We	assume	that	Φ	is	the	trial	solu/on	to	this	
Hamiltonian	and	use	varia/on	principle.	

•  Again	we	need	to	constrain	H	with	subsidiary	
condi/on	to	conserve	number	of	par/cle	N.			
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H = tk1k2ck1
+ ck2 +

1
2k1k2

∑ vk1k2k3k4
k1k2k3k4 <>0
∑ ck1

+ ck2
+ ck4ck3
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ʹ H = H − λ ˆ N 



Deriva/on	of	HFB	equa/ons		

•  We	have	to	vary	the	energy	expecta/on	value	
		

•  With	respect	to	the	matrices	U	and	V	this	
varia/on	is	not	convenient.	

•  We	use	Thouless	theorem:	Let	Φ	be	a	single-
par/cle	state	of	HFB-type.	Any	other	state	Φ’	
that	is	not	orthogonal	to	ϕ	can	be	obtained	via		
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ʹ Φ = Φ + δΦ = exp Zklβ l
+βk
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Deriva/on	of	the	HFB	equa/ons	

Using	quasi-par/cle	representa/on	for	the	Hamiltonian.	Expand	energy		
expecta/on	value	up	to	quadra/c	order	for	infinitesimal	varia/ons.	
	

€ 

ˆ ́  H = U + ˆ H 11 + ˆ H 20 + ˆ H 40 + ˆ H 31 + ˆ H 22

• U	is	the	energy	of	the	BCS	ground	state	with	zero	quasi-par/cle	
• H11	indicates	the	dependence	of	the	energy	of	quasi-par/cle	and	quasi-hole	
excita/on	
• H20	violates	quasi-par/cle	number	conserva/on	and	even	implies	that	the	BCS		
state	will	not	be	true	ground	state	
• Higher	terms	can	be	neglected		
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∂
∂Z

ʹ Φ ʹ ˆ H ʹ Φ 

ʹ Φ ʹ Φ 
Z = 0

= H20 = 0

The	linear	term	in	Z	vanishes	(require	H20=0)	
Two	indices	Hij	denote	the	number	
	of	crea/on	and	annihila/on	operators	



Deriva/on	of	HFB	equa/on	
•  The	requirement	H20=0	determines	the	first	two	
transforma/ons	(U	and	V	coefficients).	The	third	
transforma/on	comes	from	diagonaliza/on	of	H11	

This	corresponds		
to	diagonaliza/on	of	this	super-matrix:	
	
•  This	yields	the	HFB	
	equa/ons	in	the	space	
	of	the	basis	operators	
	cl	and	cl+:	
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Result	of	HFB	
•  They	are	more	or	less	like	HF	
•  2M-dimen/onal	set	of	non-linear	equa/ons		
•  	Difference	with	simple	BCS:	the	coupling	of	the	
occupa/on	numbers	and	the	self-consistency	
problem	

•  HFB	is	capable	to	describe	all	phase	transi/on	
within	mean	field	approxima/on	

•  HFB	calcula/on	are	valuable	to	compute	bulk	
proper/es	for	nuclei		such	as	masses,	
deforma/on,	radii	etc.	across	nuclear	chart.	


