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Problem statement

SISO
SYSTEM

?
1 Introduction

u(t) c(t) ck vk yk

q

q̂ = argmin
q

M

Â
m=1

(ym � f (xm,q))2

• few information to postulate a finite-dimensional model
• non-convex optimization problem
• selection of model complexity p may be difficult

• M sensors distributed according to µ
• limited computational and communication capabilities
• sample the same f and want to collaborate to estimate it

E[ f (x) f (a)] = K(x,a)

X = [0,1]

K(x,a) = min(a,b)

X ✓ Rm

K(x,a) = e�kx�ak2

E[ f (x) | {xm,ym}] =
M

Â
m=1

cmK(xm,x)

f̂ =
M

Â
m=1

cmK(xm,x)

c = HMAP y,

• computational cost O(M3)

• transmission cost O(M) (exchange of {xm,ym}M
m=1)

f̂ ⇡
E

Â
m=1

dmfm

f̂ (x) restricted to span{f1, . . . ,fE}
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Problem statement

SISO
SYSTEM

?

Assumptions:

Problem: to estimate g from 
observed input-output (u,y)

• system is linear, time-invariant and BIBO-stable 
• noise is white and Gaussian, independent of u
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Classical approach: models

L. Ljung  System identification, Prentice Hall, 1999
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B. Wahlberg System identification using Laguerre models, IEEE TAC, 1991
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Impulse response models

: model structure

1 Introduction

u(t) c(t) ck vk yk

yk = (g⌦u)k + vk

⌦= convolution

vk ⇠ N (0,s 2)

k = 1, . . . ,n

M q M (q)

q̂ = argmin
q

M

Â
m=1

(ym � f (xm,q))2

• few information to postulate a finite-dimensional model
• non-convex optimization problem
• selection of model complexity p may be difficult

• M sensors distributed according to µ
• limited computational and communication capabilities
• sample the same f and want to collaborate to estimate it

E[ f (x) f (a)] = K(x,a)

X = [0,1]

1

Let

: parameters

1 Introduction

u(t) c(t) ck vk yk

yk = (g⌦u)k + vk

⌦= convolution

vk ⇠ N (0,s 2)

k = 1, . . . ,n

M q M (q)
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Impulse response models

Linear models using basis functions 
(e.g. FIR, Laguerre polynomials)
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Classical approach: models

L. Ljung  System identification, Prentice Hall, 1999
T. Soderstrom and P. Stoica System identification, Prentice Hall, 1989
B. Wahlberg System identification using Laguerre models, IEEE TAC, 1991

Impulse response models

Linear models using basis functions 
(e.g. FIR, Laguerre polynomials)

Rational transfer functions
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ŷ(t;q) = (gq ⌦u)t

• gq (t) = Âd
i=1 qifi(t)

•
• Gq (s) = sa+q1sa�1+...+qa

sa+qa+1sa�1+...+qd

q̂ = argmin
q

M

Â
m=1

(ym � f (xm,q))2

• few information to postulate a finite-dimensional model

1

1 Introduction

u(t) c(t) ck vk yk

yk = (g⌦u)k + vk

⌦= convolution

vk ⇠ N (0,s 2)

k = 1, . . . ,n

M q M (q)
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Classical approach: estimation

PARAMETER
ESTIMATOR

A simple case: 
known model structure and order d
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Classical approach: estimation

Prediction error (PEM),
maximum likelihood (ML)
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ŷ(t;q) = (gq ⌦u)t

• gq (t) = Âd
i=1 qifi(t)

• Gq (s) = sa+q1sa�1+...+qa
sa+qa+1sa�1+...+qd

u gq {yk}q̂

1

1 Introduction

u(t) c(t) ck vk yk

yk = (g⌦u)k + vk

⌦= convolution

vk ⇠ N (0,s 2)

k = 1, . . . ,n

M q M (q)
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(flexible structure but avoid fitting noise to data)
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(flexible structure but avoid fitting noise to data)

Schwarz (BIC), Akaike (AIC)
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ŷ(t;q) = (gq ⌦u)t

• gq (t) = Âd
i=1 qifi(t)

• Gq (s) = sa+q1sa�1+...+qa
sa+qa+1sa�1+...+qd

u gq {yk}q̂

1

1 Introduction

u(t) c(t) ck vk yk

yk = (g⌦u)k + vk

⌦= convolution

vk ⇠ N (0,s 2)

k = 1, . . . ,n

M q M (q)
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Ideal model order choice: PEM+Oracle 
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� ŷq (tk))
2 +s2

J(n)dimq

AIC: J(n) = 2

BIC: J(n) = logn

4

FIT(d) = 100%

0

B

@

1�

q

Â100

k=1

(g
k

� ĝ

k

(d))2

q

Â100

k=1

g

2

k

1

C

A

FIT = 100%

 

1� kq � ˆqk
kqk

!

Fit ⇡ 6%

Fit ⇡ 64%

ˆ

d = argmin

d

kq � ˆq dk.

ˆ

d = argmax

d

FIT(d)

u u,{y

k

} \
dim(q)

M ( ˆq) = arg min

M ,q
logÂ

k

(y
k
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Ideal model order choice: PEM+Oracle 

In our experiment, the oracle maximizes the FIT
using the estimated rational transfer 

functions up to order 15
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(yk � ŷq (tk))2

u u,{yk} \dim(q)

M (q̂) = arg min
M ,q

 

Â
k
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SUMMARY:

•Classical approach to linear sysid
•Kernel-based approach
•Robustness issues
•Conclusions
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FIR of fixed high-order d
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For large d the problem is ill-posed/ill-conditioned:
how to control the variance without (discrete) tuning of d ? 

q 2 Rd

Y ⇠ (0,Sh), Sh = lFKaFT +s2

I

ˆh = argmin

h
Y

T S�1

h Y + logdetSh

Y = Fq + v, q 2 Rd

F 2 Rn⇥d

with input values

q 2 Rd

impulse response coefficients

H = Infinite dimensional space

H = FIR models of high-order d

✓

FT F+
s2

ˆl
K

�1

ˆa

◆�1

FT

Y

✓

FT F+
s2

l
K

�1

a

◆�1

FT

Y

4

q 2 Rd

Y ⇠ (0,Sh), Sh = lFKaFT +s2

I

ˆh = argmin

h
Y

T S�1

h Y + logdetSh

Y = Fq + v, q 2 Rd

F 2 Rn⇥d

with input values

q 2 Rd

impulse response coefficients

H = Infinite dimensional space

H = FIR models of high-order d

✓

FT F+
s2

ˆl
K

�1

ˆa

◆�1

FT

Y

✓

FT F+
s2

l
K

�1

a

◆�1

FT

Y

4

q 2 Rd

Y ⇠ (0,Sh), Sh = lFKaFT +s2

I

ˆh = argmin

h
Y

T S�1

h Y + logdetSh

Y = Fq + v, q 2 Rd

F 2 Rn⇥d

with input values

q 2 Rd

impulse response coefficients

H = Infinite dimensional space

H = FIR models of high-order d

✓

FT F+
s2

ˆl
K

�1

ˆa

◆�1

FT

Y

✓

FT F+
s2

l
K

�1

a

◆�1

FT

Y

4

FIR of fixed high-order d



FIR models and ridge regression
Linear model

Real number in [0,n] measuring estimator’s complexity

ˆq = argmin

q
kY �Fqk2 + gkqk2

4

Ridge regression 
(Hoerl and Kennard, 1970)
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Kernel-based regularization
Search for an unknown function in a high-dimensional space

P(Y |h) =
Z

P(Y |q)P(q |h)dq
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Y = Fq + v q ⇠ N (0,lKh) v ⇠ N (0,s2I) F deterministic

Y ⇠ (0,Sh), Sh = lFKhFT + I

ĥ = argmin
h

Y T S�1
h Y + logdetSh

ĥ = argmin
h

Y T S�1
h Y + logdetSh

H

H

• few information to postulate a finite-dimensional model
• non-convex optimization problem
• selection of model complexity p may be difficult
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First applications in statistics/approximation theory/computer vision
(Bertero, Poggio and Torre 1988; Poggio and Girosi 1990; Wahba 1990)
M. Bertero, T. Poggio, and V. Torre Ill-posed problems in early vision. Proceedings of the IEEE, 1988 
T. Poggio and F. Girosi Networks for approximation and learning. Proceedings of the IEEE, 1990 
G. Wahba Spline models for observational data, SIAM 1990
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Machine learning: 
regularization networks and support vector machines

(Girosi 1997; Vapnik 1998; Scholkopf et al. 2000; Evgeniou et al. 2000; Suykens et al. 2002)

F. Girosi An equivalence between sparse approximation and support vector machines. Technical report Cambridge (USA) 1997
V. Vapnik Statistical learning theory, Wiley 1998
T. Evgeniou, M. Pontil and T. Poggio Regularization networks and svm, Advances in Computational Mathematics 2000
B. Scholkopf and A.J. Smola Learning with kernels, support vector machines, regularization and beyond, MIT Press 2001
J. Suykens, T. Van Gestel, J. De Brabanter, B. De Moor, J. Vandewalle Least squares support vector machines, World Scientific 2002
…

First applications in statistics/approximation theory/computer vision
(Bertero, Poggio and Torre 1988; Poggio and Girosi 1990; Wahba 1990)

RKHS and regularization theory 
(Aronszajn 1950; Bergman 1950; Tikhonov 1960)

Kernel-based regularization
Search for an unknown function in a high-dimensional space

P(Y |h) =
Z

P(Y |q)P(q |h)dq
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Stable RKHS for impulse response and predictor estimation
(Pillonetto and De Nicolao 2010; Pillonetto, Chiuso and De Nicolao 2011)  

G. Pillonetto and G. De Nicolao A new kernel-based approach for linear system identification, Automatica 2010
G. Pillonetto, A. Chiuso and G. De Nicolao Prediction error identification of linear systems: a Gaussian regression approach, Automatica 2011

Kernel-based regularization
Search for an unknown function in a high-dimensional space

P(Y |h) =
Z

P(Y |q)P(q |h)dq
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Connection with regularized IIR or high-order FIR models

Distributed lag estimators, smoothness regularizers for sysid, stochastic embedding
(Leamer, 1972; Shiller 1973; Akaike 1979; Kitagawa and Gersch 1996; Goodwin, Gevers and Ninness 1992)

E. Leamer A class of informative priors and distributed lag analysis, Econometrics 1972
R. Shiller A distributed lag estimator derived from smoothness priors, Econometrics 1973
H. Akaike Smoothness priors and the distributed lag estimator, Tech. Stanford 1979
G. Kitagawa and W. Gersch Smoothness priors analysis of time series, Springer 1996
G. Goodwin, M. Gevers and B. Ninness Quantifying the error in estimated transfer 
functions with application to model order selection, IEEE TAC 1992

Stable RKHS for impulse response and predictor estimation
(Pillonetto and De Nicolao 2010; Pillonetto, Chiuso and De Nicolao 2011)  
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T. Chen, H. Ohlsson and L. Ljung On the estimation of transfer functions, regularization and Gaussian processes – revisited, 
Automatica 2012
G. Pillonetto, F. Dinuzzo, T. Chen, G. De Nicolao and L. Ljung Kernel methods in system identification, machine learning 
and function estimation: a survey, Automatica 2014

More recent work on regularized FIR and a survey
(Chen, Ohlsson and Ljung, 2012; Pillonetto, Dinuzzo, Chen, De Nicolao, Ljung 2014)
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(yk � ŷq (tk))2

u u,{yk} \
dim(q)

M ( ˆq) = arg min

M ,q

 

Â
k
(yk � ŷq (tk))2

!
+ J(n)dimq

AIC: J(n) = 2

BIC: J(n) = logn
I.R. Fit ⇡ 80%

Fit ⇡ 65%

I.R. Fit ⇡ 68%

I.R. Fit ⇡ 73%

ˆq = argmin

q
kY �Fqk2 + gq T K�1q

q ⇠ N (0,lK) v ⇠ N (0,s2I) q ? v

ˆq = E [q |Y ] if g =
s2

l

2

u gq {yk} ˆq

ˆq = argmin

q Â
k
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Gaussian kernel only sligthly better.
Not the breakthrough we were hoping for. 

Why?
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ĥ = argmax
h

P(Y |h)

Y = Fq + v q ⇠ N (0,lKh) v ⇠ N (0,s2I) F deterministic

Y ⇠ (0,Sh), Sh = lFKhFT + I
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(yk � ŷq (tk))2

u u,{yk} \dim(q)

M (q̂) = arg min
M ,q

 

Â
k
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Gaussian kernel

stationary process
(correlated but constant variance)

known hyperparameters (l ,a)
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Poor priors for
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Stable Spline kernel 

Max-Entropy approach (Jaines, 1957)

- the prior has to satisfy some constraints 
and maximize the entropy

- derives a complete a priori density function 
from incomplete information, e.g. expectations 

Simplest prior including 
smooth exponential decay?
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Solution: Gaussian vector with exponentially 
decaying diagonal kernel 

Simplest prior including 
smooth exponential decay?
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Ranking induced 
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LINEAR
ESTIMATOR

1 Introduction
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yk = (g⌦u)k + vk

⌦= convolution

vk ⇠ N (0,s 2)

k = 1, . . . ,n

M q M (q)

ŷ(t;q) = (gq ⌦u)t

• gq (t) = Âd
i=1 qifi(t)

• Gq (s) = sa+q1sa�1+...+qa
sa+qa+1sa�1+...+qd
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(ym � f (xm,q))2

• few information to postulate a finite-dimensional model
• non-convex optimization problem
• selection of model complexity p may be difficult

• M sensors distributed according to µ
• limited computational and communication capabilities
• sample the same f and want to collaborate to estimate it

E[ f (x) f (a)] = K(x,a)

X = [0,1]

K(x,a) = min(a,b)
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K(x,a) = e�kx�ak2
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Stable spline estimator

Continuous counterpart of 
discrete model order selection

Stable spline estimate
with dof = 3

dof
ESTIMATOR

1 Introduction

u(t) c(t) ck vk yk
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k = 1, . . . ,n

M q M (q)
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(ym � f (xm,q))2

• few information to postulate a finite-dimensional model
• non-convex optimization problem
• selection of model complexity p may be difficult

• M sensors distributed according to µ
• limited computational and communication capabilities
• sample the same f and want to collaborate to estimate it

E[ f (x) f (a)] = K(x,a)

X = [0,1]

K(x,a) = min(a,b)
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K(x,a) = e�kx�ak2
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Stable spline estimate
with dof = 50

LINEAR
ESTIMATOR
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Tuning the regularization via marginal likelihood
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Empirical Bayes 
estimate of η
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Empirical Bayes features 
(MacKay 1992; Kass and Raftery 1995)

• Connection with concepts of evidence and posterior model probability
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Empirical Bayes features 
(MacKay 1992; Kass and Raftery 1995)
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• Control on model complexity thanks to marginalization
• Connection with concepts of evidence and posterior model probability
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Tuning the regularization via marginal likelihood
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• few information to postulate a finite-dimensional model
• non-convex optimization problem
• selection of model complexity p may be difficult

• M sensors distributed according to µ
• limited computational and communication capabilities
• sample the same f and want to collaborate to estimate it
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X = [0,1]

K(x,a) = min(a,b)
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• sample the same f and want to collaborate to estimate it
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3

Under linear assumptions
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Empirical Bayes 
estimate of η
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Tuning the regularization via marginal likelihood
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• few information to postulate a finite-dimensional model
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• M sensors distributed according to µ
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ĥ = argmin
h

Y T S�1
h Y + logdetSh

• few information to postulate a finite-dimensional model
• non-convex optimization problem
• selection of model complexity p may be difficult

• M sensors distributed according to µ
• limited computational and communication capabilities
• sample the same f and want to collaborate to estimate it

E[ f (x) f (a)] = K(x,a)

X = [0,1]

K(x,a) = min(a,b)

3

Under linear assumptions

u gq {yk} q̂

q̂ = argmin
q Â

k
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(yk � ŷq (tk))2

!
+ J(n)dimq

AIC: J(n) = 2

BIC: J(n) = logn
I.R. Fit ⇡ 80%

Fit ⇡ 65%

Fit ⇡ 83%

Fit ⇡ 80%

ˆq = argmin

q
kY �Fqk2 + gq T K�1q

q ⇠ N (0,lK) v ⇠ N (0,s2I) q ? v

ˆq = E [q |Y ] if g =
s2

l

2



0 20 40 60 80 100

0

0.1

0.2

0.3

0.4

0 20 40 60 80 100

0

0.1

0.2

0.3

0.4

Coming back to the numerical experiment
PEM+Oracle (model order 5)

u gq {yk} ˆq

ˆq = argmin

q Â
k
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(yk � ŷq (tk))2

u u,{yk} \dim(q)

q̂ = argmin
q

M

Â
m=1

(ym � f (xm,q))2

• few information to postulate a finite-dimensional model
• non-convex optimization problem
• selection of model complexity p may be difficult

• M sensors distributed according to µ
• limited computational and communication capabilities
• sample the same f and want to collaborate to estimate it

E[ f (x) f (a)] = K(x,a)

X = [0,1]

K(x,a) = min(a,b)

X ✓ Rm

K(x,a) = e�kx�ak2

2

LINEAR
ESTIMATOR

p(Y |h) =
Z

p(Y |q)p(q |h)dq

ˆh = argmax

h
p(Y |h)

Y = Fq + v q ⇠ N (0,lKh) v ⇠ N (0,s2I) F deterministic

Y ⇠ (0,Sh), Sh = lFKhFT + I

ˆh = argmin

h
Y T S�1

h Y + logdetSh

H = Infinite dimensional space

✓
FT F+

s2

ˆl
K�1

ˆa

◆�1

FTY

ˆh

3

known hyperparameters (l ,a)

known hyperparameters (ˆl , ˆa)

4

DISCRETE 
ORDER

ESTIMATOR

PARAMETER
ESTIMATOR

1 Introduction

u(t) c(t) ck vk yk

yk = (g⌦u)k + vk

⌦= convolution

vk ⇠ N (0,s 2)

k = 1, . . . ,n

M q M (q)
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(yk � ŷq (tk))2

u (u,y) \dim(q)

q̂ = argmin
q

M

Â
m=1

(ym � f (xm,q))2

• few information to postulate a finite-dimensional model
• non-convex optimization problem
• selection of model complexity p may be difficult

• M sensors distributed according to µ
• limited computational and communication capabilities
• sample the same f and want to collaborate to estimate it

E[ f (x) f (a)] = K(x,a)

X = [0,1]

K(x,a) = min(a,b)

X ✓ Rm

K(x,a) = e�kx�ak2

2

u gq {yk} q̂

q̂ = argmin
q Â

k
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(yk � ŷq (tk))2

!
+ J(n)dimq

(ˆl , ˆa) = argmax

l ,a
p(Y |l ,a)

M ( ˆq) = arg min

M ,q

 

Â
k
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(yk � ŷq (tk))2

!
+ J(n)dimq

(ˆl , ˆa) = argmax

l ,a
p(Y |l ,a)

M ( ˆq) = arg min

M ,q

 

Â
k
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ĥ = argmin
h

Y T S�1
h Y + logdetSh

• few information to postulate a finite-dimensional model
• non-convex optimization problem
• selection of model complexity p may be difficult

• M sensors distributed according to µ
• limited computational and communication capabilities
• sample the same f and want to collaborate to estimate it

E[ f (x) f (a)] = K(x,a)

X = [0,1]

K(x,a) = min(a,b)

3

P(Y |h) =
Z

P(Y |q)P(q |h)dq
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ŷ(t;q) = (gq ⌦u)t

• gq (t) = Âd
i=1 qifi(t)

• Gq (s) = sa+q1sa�1+...+qa
sa+qa+1sa�1+...+qd

u gq {yk}q̂

1

u gq {yk} q̂

q̂ = argmin
q Â

k
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ĥ = argmin
h

Y T S�1
h Y + logdetSh

• few information to postulate a finite-dimensional model
• non-convex optimization problem
• selection of model complexity p may be difficult

• M sensors distributed according to µ
• limited computational and communication capabilities
• sample the same f and want to collaborate to estimate it

E[ f (x) f (a)] = K(x,a)

X = [0,1]

K(x,a) = min(a,b)

3

P(Y |h) =
Z

P(Y |q)P(q |h)dq
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Fig. 1. Scalar penalties, top to bottom: �2, �1, Huber, Vapnik, elastic net,
and smooth insensitive loss

In the rest of the paper we study a generalization of (III.2)
given by

min
y⌥Y

V (HLy� z)+ ⇥W (y) , (III.3)

where Y is a polyhedral set (which can be used e.g. to provide
nonnegativity information on the impulse response x = Ly),
and V , W are defined by the piecewise linear quadratic
functions introduced in the next subsection.

A. PLQ penalties

Definition 3.1 (PLQ functions and penalties): A
piecewise linear quadratic (PLQ) function is any function
⇧(U,M,b,B; ·) : RN ⌃ R having representation

⇧(U,M,b,B;y) = sup
u⌥U

�
�u,b+By � 1

2 �u,Mu 
⇥
, (III.4)

where U ⇧RK is a nonempty polyhedral set, M ⌥S K
+ the set

of real symmetric positive semidefinite matrices, and b+By

is an injective affine transformation in y, with B ⌥RK⇥N , so,
in particular, K ⌅ N and null(B) = {0}.

When 0 ⌥ U , the associated function is a penalty, since it
is necessarily non-negative.

Remark 3.2: When b = 0 and B = I, we recover the
basic piecewise linear-quadratic penalties characterized in
[33, Example 11.18].

Remark 3.3 (scalar examples): �2, �1, elastic net, Huber,
hinge, and Vapnik penalties are all representable using the
notation of Definition 3.1.

1) �2: Take U = R, M = 1, b = 0, and B = 1. We obtain

⇧(y) = sup
u⌥R

�
uy�u2/2

⇥
.

The function inside the sup is maximized at u = y,
hence ⇧(y) = 1

2 y2.
2) �1: Take U = [�1,1], M = 0, b = 0, and B = 1. We

obtain
⇧(y) = sup

u⌥[�1,1]
{uy} .

The function inside the sup is maximized by taking
u = Rsign(y), hence ⇧(y) = |y|.

3) Elastic net: �2 +⌅�1. Take

U = R⇥ [�⌅ ,⌅ ], b =

⇤
0
0

⌅
, M =

⇤
1 0
0 0

⌅
, B =

⇤
1
1

⌅
.

4) Huber: Take U = [�⇤,⇤], M = 1, b = 0, and B = 1.
We obtain

⇧(y) = sup
u⌥[�⇤,⇤]

�
uy�u2/2

⇥
,

with three explicit cases:
a) If y < �⇤ , take u = �⇤ to obtain �⇤y� 1

2 ⇤2.
b) If �⇤ ⇤ y ⇤ ⇤ , take u = y to obtain 1

2 y2.
c) If y > ⇤ , take u = ⇤ to obtain a contribution of

⇤y� 1
2 ⇤2.

This is the Huber penalty.
5) Vapnik loss is given by (y � �)+ + (�y � �)+. We

obtain its PLQ representation by taking

B=

⇤
1

�1

⌅
, b=�

⇤
�
�

⌅
, M =

⇤
0 0
0 0

⌅
, U = [0,1]⇥ [0,1]

to yield

⇧(y)= sup
u⌥U

⇧⌥⇤
y� �

�y� �

⌅
,u
�⌃

=(y��)++(�y��)+.

6) Soft insensitive loss function [34]. We can create a
symmetric soft insensitive loss function (which one
might term the Hubnik) by adding together two soft
hinge loss functions:

⇧(y) = sup
u⌥[0,⇤]

{(y� �)u}� 1
2 u2 + sup

u⌥[0,⇤]
{(�y� �)u}� 1

2 u2

= sup
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y� �

�y� �

⌅
,u
�⌃

� 1
2 uT

⇤
1 0
0 1

⌅
u .

See bottom bottom panel of Fig. 1.
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Fig. 1. Scalar penalties, top to bottom: �2, �1, Huber, Vapnik, elastic net,
and smooth insensitive loss

In the rest of the paper we study a generalization of (III.2)
given by
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V (HLy� z)+ ⇥W (y) , (III.3)

where Y is a polyhedral set (which can be used e.g. to provide
nonnegativity information on the impulse response x = Ly),
and V , W are defined by the piecewise linear quadratic
functions introduced in the next subsection.
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is an injective affine transformation in y, with B ⌥RK⇥N , so,
in particular, K ⌅ N and null(B) = {0}.

When 0 ⌥ U , the associated function is a penalty, since it
is necessarily non-negative.

Remark 3.2: When b = 0 and B = I, we recover the
basic piecewise linear-quadratic penalties characterized in
[33, Example 11.18].

Remark 3.3 (scalar examples): �2, �1, elastic net, Huber,
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notation of Definition 3.1.
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might term the Hubnik) by adding together two soft
hinge loss functions:

⇧(y) = sup
u⌥[0,⇤]

{(y� �)u}� 1
2 u2 + sup

u⌥[0,⇤]
{(�y� �)u}� 1

2 u2

= sup
u⌥[0,⇤]2
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See bottom bottom panel of Fig. 1.
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Fig. 1. Scalar penalties, top to bottom: �2, �1, Huber, Vapnik, elastic net,
and smooth insensitive loss

In the rest of the paper we study a generalization of (III.2)
given by

min
y⌥Y

V (HLy� z)+ ⇥W (y) , (III.3)

where Y is a polyhedral set (which can be used e.g. to provide
nonnegativity information on the impulse response x = Ly),
and V , W are defined by the piecewise linear quadratic
functions introduced in the next subsection.

A. PLQ penalties

Definition 3.1 (PLQ functions and penalties): A
piecewise linear quadratic (PLQ) function is any function
⇧(U,M,b,B; ·) : RN ⌃ R having representation

⇧(U,M,b,B;y) = sup
u⌥U

�
�u,b+By � 1

2 �u,Mu 
⇥
, (III.4)

where U ⇧RK is a nonempty polyhedral set, M ⌥S K
+ the set

of real symmetric positive semidefinite matrices, and b+By

is an injective affine transformation in y, with B ⌥RK⇥N , so,
in particular, K ⌅ N and null(B) = {0}.

When 0 ⌥ U , the associated function is a penalty, since it
is necessarily non-negative.

Remark 3.2: When b = 0 and B = I, we recover the
basic piecewise linear-quadratic penalties characterized in
[33, Example 11.18].

Remark 3.3 (scalar examples): �2, �1, elastic net, Huber,
hinge, and Vapnik penalties are all representable using the
notation of Definition 3.1.

1) �2: Take U = R, M = 1, b = 0, and B = 1. We obtain

⇧(y) = sup
u⌥R

�
uy�u2/2

⇥
.

The function inside the sup is maximized at u = y,
hence ⇧(y) = 1

2 y2.
2) �1: Take U = [�1,1], M = 0, b = 0, and B = 1. We

obtain
⇧(y) = sup

u⌥[�1,1]
{uy} .

The function inside the sup is maximized by taking
u = Rsign(y), hence ⇧(y) = |y|.

3) Elastic net: �2 +⌅�1. Take

U = R⇥ [�⌅ ,⌅ ], b =

⇤
0
0

⌅
, M =

⇤
1 0
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⇤
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4) Huber: Take U = [�⇤,⇤], M = 1, b = 0, and B = 1.
We obtain
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with three explicit cases:
a) If y < �⇤ , take u = �⇤ to obtain �⇤y� 1

2 ⇤2.
b) If �⇤ ⇤ y ⇤ ⇤ , take u = y to obtain 1

2 y2.
c) If y > ⇤ , take u = ⇤ to obtain a contribution of

⇤y� 1
2 ⇤2.

This is the Huber penalty.
5) Vapnik loss is given by (y � �)+ + (�y � �)+. We

obtain its PLQ representation by taking
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, M =
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⇧(y)= sup
u⌥U
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y� �

�y� �

⌅
,u
�⌃

=(y��)++(�y��)+.

6) Soft insensitive loss function [34]. We can create a
symmetric soft insensitive loss function (which one
might term the Hubnik) by adding together two soft
hinge loss functions:

⇧(y) = sup
u⌥[0,⇤]

{(y� �)u}� 1
2 u2 + sup

u⌥[0,⇤]
{(�y� �)u}� 1

2 u2

= sup
u⌥[0,⇤]2
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See bottom bottom panel of Fig. 1.
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Vapnik loss
(support vector regression)
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More robust convex losses

(Huber 1964; Drucker, Burgers, Kaufman, Smola, Vapnik 1997; Hastie et al 2009) 
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Fig. 1. Scalar penalties, top to bottom: �2, �1, Huber, Vapnik, elastic net,
and smooth insensitive loss

In the rest of the paper we study a generalization of (III.2)
given by

min
y⌥Y

V (HLy� z)+ ⇥W (y) , (III.3)

where Y is a polyhedral set (which can be used e.g. to provide
nonnegativity information on the impulse response x = Ly),
and V , W are defined by the piecewise linear quadratic
functions introduced in the next subsection.

A. PLQ penalties

Definition 3.1 (PLQ functions and penalties): A
piecewise linear quadratic (PLQ) function is any function
⇧(U,M,b,B; ·) : RN ⌃ R having representation

⇧(U,M,b,B;y) = sup
u⌥U

�
�u,b+By � 1

2 �u,Mu 
⇥
, (III.4)

where U ⇧RK is a nonempty polyhedral set, M ⌥S K
+ the set

of real symmetric positive semidefinite matrices, and b+By

is an injective affine transformation in y, with B ⌥RK⇥N , so,
in particular, K ⌅ N and null(B) = {0}.

When 0 ⌥ U , the associated function is a penalty, since it
is necessarily non-negative.

Remark 3.2: When b = 0 and B = I, we recover the
basic piecewise linear-quadratic penalties characterized in
[33, Example 11.18].

Remark 3.3 (scalar examples): �2, �1, elastic net, Huber,
hinge, and Vapnik penalties are all representable using the
notation of Definition 3.1.

1) �2: Take U = R, M = 1, b = 0, and B = 1. We obtain

⇧(y) = sup
u⌥R

�
uy�u2/2

⇥
.

The function inside the sup is maximized at u = y,
hence ⇧(y) = 1

2 y2.
2) �1: Take U = [�1,1], M = 0, b = 0, and B = 1. We

obtain
⇧(y) = sup

u⌥[�1,1]
{uy} .

The function inside the sup is maximized by taking
u = Rsign(y), hence ⇧(y) = |y|.

3) Elastic net: �2 +⌅�1. Take

U = R⇥ [�⌅ ,⌅ ], b =

⇤
0
0

⌅
, M =

⇤
1 0
0 0

⌅
, B =

⇤
1
1

⌅
.

4) Huber: Take U = [�⇤,⇤], M = 1, b = 0, and B = 1.
We obtain

⇧(y) = sup
u⌥[�⇤,⇤]

�
uy�u2/2

⇥
,

with three explicit cases:
a) If y < �⇤ , take u = �⇤ to obtain �⇤y� 1

2 ⇤2.
b) If �⇤ ⇤ y ⇤ ⇤ , take u = y to obtain 1

2 y2.
c) If y > ⇤ , take u = ⇤ to obtain a contribution of

⇤y� 1
2 ⇤2.

This is the Huber penalty.
5) Vapnik loss is given by (y � �)+ + (�y � �)+. We

obtain its PLQ representation by taking

B=

⇤
1

�1

⌅
, b=�

⇤
�
�

⌅
, M =

⇤
0 0
0 0

⌅
, U = [0,1]⇥ [0,1]

to yield

⇧(y)= sup
u⌥U

⇧⌥⇤
y� �

�y� �

⌅
,u
�⌃

=(y��)++(�y��)+.

6) Soft insensitive loss function [34]. We can create a
symmetric soft insensitive loss function (which one
might term the Hubnik) by adding together two soft
hinge loss functions:

⇧(y) = sup
u⌥[0,⇤]

{(y� �)u}� 1
2 u2 + sup

u⌥[0,⇤]
{(�y� �)u}� 1

2 u2

= sup
u⌥[0,⇤]2

⇧⌥⇤
y� �

�y� �

⌅
,u
�⌃

� 1
2 uT

⇤
1 0
0 1

⌅
u .

See bottom bottom panel of Fig. 1.
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Fig. 1. Scalar penalties, top to bottom: �2, �1, Huber, Vapnik, elastic net,
and smooth insensitive loss

In the rest of the paper we study a generalization of (III.2)
given by

min
y⌥Y

V (HLy� z)+ ⇥W (y) , (III.3)

where Y is a polyhedral set (which can be used e.g. to provide
nonnegativity information on the impulse response x = Ly),
and V , W are defined by the piecewise linear quadratic
functions introduced in the next subsection.

A. PLQ penalties

Definition 3.1 (PLQ functions and penalties): A
piecewise linear quadratic (PLQ) function is any function
⇧(U,M,b,B; ·) : RN ⌃ R having representation

⇧(U,M,b,B;y) = sup
u⌥U

�
�u,b+By � 1

2 �u,Mu 
⇥
, (III.4)

where U ⇧RK is a nonempty polyhedral set, M ⌥S K
+ the set

of real symmetric positive semidefinite matrices, and b+By

is an injective affine transformation in y, with B ⌥RK⇥N , so,
in particular, K ⌅ N and null(B) = {0}.

When 0 ⌥ U , the associated function is a penalty, since it
is necessarily non-negative.

Remark 3.2: When b = 0 and B = I, we recover the
basic piecewise linear-quadratic penalties characterized in
[33, Example 11.18].

Remark 3.3 (scalar examples): �2, �1, elastic net, Huber,
hinge, and Vapnik penalties are all representable using the
notation of Definition 3.1.

1) �2: Take U = R, M = 1, b = 0, and B = 1. We obtain

⇧(y) = sup
u⌥R

�
uy�u2/2

⇥
.

The function inside the sup is maximized at u = y,
hence ⇧(y) = 1

2 y2.
2) �1: Take U = [�1,1], M = 0, b = 0, and B = 1. We

obtain
⇧(y) = sup

u⌥[�1,1]
{uy} .

The function inside the sup is maximized by taking
u = Rsign(y), hence ⇧(y) = |y|.

3) Elastic net: �2 +⌅�1. Take

U = R⇥ [�⌅ ,⌅ ], b =

⇤
0
0

⌅
, M =

⇤
1 0
0 0

⌅
, B =
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1
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.

4) Huber: Take U = [�⇤,⇤], M = 1, b = 0, and B = 1.
We obtain

⇧(y) = sup
u⌥[�⇤,⇤]

�
uy�u2/2

⇥
,

with three explicit cases:
a) If y < �⇤ , take u = �⇤ to obtain �⇤y� 1

2 ⇤2.
b) If �⇤ ⇤ y ⇤ ⇤ , take u = y to obtain 1

2 y2.
c) If y > ⇤ , take u = ⇤ to obtain a contribution of

⇤y� 1
2 ⇤2.

This is the Huber penalty.
5) Vapnik loss is given by (y � �)+ + (�y � �)+. We

obtain its PLQ representation by taking

B=
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⌅
, b=�
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to yield

⇧(y)= sup
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⌅
,u
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6) Soft insensitive loss function [34]. We can create a
symmetric soft insensitive loss function (which one
might term the Hubnik) by adding together two soft
hinge loss functions:

⇧(y) = sup
u⌥[0,⇤]

{(y� �)u}� 1
2 u2 + sup
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See bottom bottom panel of Fig. 1.
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i=1 qifi(t)
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More robust convex losses

(Huber 1964; Drucker, Burgers, Kaufman, Smola, Vapnik 1997; Hastie et al 2009) 
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Fig. 1. Scalar penalties, top to bottom: �2, �1, Huber, Vapnik, elastic net,
and smooth insensitive loss

In the rest of the paper we study a generalization of (III.2)
given by

min
y⌥Y

V (HLy� z)+ ⇥W (y) , (III.3)

where Y is a polyhedral set (which can be used e.g. to provide
nonnegativity information on the impulse response x = Ly),
and V , W are defined by the piecewise linear quadratic
functions introduced in the next subsection.

A. PLQ penalties

Definition 3.1 (PLQ functions and penalties): A
piecewise linear quadratic (PLQ) function is any function
⇧(U,M,b,B; ·) : RN ⌃ R having representation

⇧(U,M,b,B;y) = sup
u⌥U

�
�u,b+By � 1

2 �u,Mu 
⇥
, (III.4)

where U ⇧RK is a nonempty polyhedral set, M ⌥S K
+ the set

of real symmetric positive semidefinite matrices, and b+By

is an injective affine transformation in y, with B ⌥RK⇥N , so,
in particular, K ⌅ N and null(B) = {0}.

When 0 ⌥ U , the associated function is a penalty, since it
is necessarily non-negative.

Remark 3.2: When b = 0 and B = I, we recover the
basic piecewise linear-quadratic penalties characterized in
[33, Example 11.18].

Remark 3.3 (scalar examples): �2, �1, elastic net, Huber,
hinge, and Vapnik penalties are all representable using the
notation of Definition 3.1.

1) �2: Take U = R, M = 1, b = 0, and B = 1. We obtain

⇧(y) = sup
u⌥R

�
uy�u2/2

⇥
.

The function inside the sup is maximized at u = y,
hence ⇧(y) = 1

2 y2.
2) �1: Take U = [�1,1], M = 0, b = 0, and B = 1. We

obtain
⇧(y) = sup

u⌥[�1,1]
{uy} .

The function inside the sup is maximized by taking
u = Rsign(y), hence ⇧(y) = |y|.

3) Elastic net: �2 +⌅�1. Take

U = R⇥ [�⌅ ,⌅ ], b =

⇤
0
0

⌅
, M =

⇤
1 0
0 0

⌅
, B =

⇤
1
1

⌅
.

4) Huber: Take U = [�⇤,⇤], M = 1, b = 0, and B = 1.
We obtain

⇧(y) = sup
u⌥[�⇤,⇤]

�
uy�u2/2

⇥
,

with three explicit cases:
a) If y < �⇤ , take u = �⇤ to obtain �⇤y� 1

2 ⇤2.
b) If �⇤ ⇤ y ⇤ ⇤ , take u = y to obtain 1

2 y2.
c) If y > ⇤ , take u = ⇤ to obtain a contribution of

⇤y� 1
2 ⇤2.

This is the Huber penalty.
5) Vapnik loss is given by (y � �)+ + (�y � �)+. We

obtain its PLQ representation by taking

B=

⇤
1

�1

⌅
, b=�

⇤
�
�

⌅
, M =

⇤
0 0
0 0

⌅
, U = [0,1]⇥ [0,1]

to yield

⇧(y)= sup
u⌥U

⇧⌥⇤
y� �

�y� �

⌅
,u
�⌃

=(y��)++(�y��)+.

6) Soft insensitive loss function [34]. We can create a
symmetric soft insensitive loss function (which one
might term the Hubnik) by adding together two soft
hinge loss functions:

⇧(y) = sup
u⌥[0,⇤]

{(y� �)u}� 1
2 u2 + sup

u⌥[0,⇤]
{(�y� �)u}� 1

2 u2

= sup
u⌥[0,⇤]2

⇧⌥⇤
y� �

�y� �

⌅
,u
�⌃

� 1
2 uT

⇤
1 0
0 1

⌅
u .

See bottom bottom panel of Fig. 1.
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Vapnik loss
(support vector regression)
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A computational framework

for robust linear system identification
(Aravkin, Burke, Pillonetto 2014)

ˆq = argmin

q
kY �Fqk2 + gq T

K

�1q

ˆq = argmin

q
V (Y �Fq)+ gq T

K

�1q

q ⇠ N (0,lK) v ⇠ N (0,s2

I) q ? v

ˆq = E [q |Y ] if g =
s2

l

h h = [l a]

p(Y |h) =
Z

p(Y |q)p(q |h)dq

ˆh = argmax

h
p(Y |h)

Y = Fq + v q ⇠ N (0,lKa) v ⇠ N (0,s2

I) F deterministic

q 2 Rm

4



Robustness issues

ML
ESTIMATOR

1 Introduction

u(t) c(t) ck vk yk

yk = (g⌦u)k + vk

⌦= convolution

vk ⇠ N (0,s 2)

k = 1, . . . ,n

M q M (q)
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ĥ = argmax
h

P(Y |h)

Y = Fq + v q ⇠ N (0,lKh) v ⇠ N (0,s2I) F deterministic

Y ⇠ (0,Sh), Sh = lFKhFT + I
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ĥ = argmax
h

P(Y |h)

Y = Fq + v q ⇠ N (0,lKh) v ⇠ N (0,s2I) F deterministic

Y ⇠ (0,Sh), Sh = lFKhFT + I
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A. Aravkin, J.V. Burke, L. Ljung, A. Lozano, G. Pillonetto 
Generalized Kalman smoothing: modeling and algorithms, Automatica 2017

Toolbox for robust kernel-based linear 
system identification available:
https://github.com/saravkin/IPsolve 

For a survey linking robust estimation, 
convex optimization and dynamic systems, see 

convex piecewise linear quadratic loss: 
all problems solvable with O(d2n) cost
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Model error modeling, stochastic embedding, 
H∞ identification, worst-case set membership

(Goodwin et al., 1992; Milanese et al. 1996; Hakvoort and Van Den Hof 1997; 
Garulli et al. 2000; Lecchini and Gevers 2004; Ljung et al. 2014) 
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(yk � ŷq (tk))2

u u,{yk} \dim(q)

q̂ = argmin
q

M

Â
m=1

(ym � f (xm,q))2

• few information to postulate a finite-dimensional model
• non-convex optimization problem
• selection of model complexity p may be difficult

• M sensors distributed according to µ
• limited computational and communication capabilities
• sample the same f and want to collaborate to estimate it

E[ f (x) f (a)] = K(x,a)

X = [0,1]

K(x,a) = min(a,b)

X ✓ Rm

K(x,a) = e�kx�ak2

2

u gq {yk} q̂

q̂ = argmin
q Â

k
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ĥ = argmax
h

P(Y |h)

Y = Fq + v q ⇠ N (0,lKh) v ⇠ N (0,s2I) F deterministic

Y ⇠ (0,Sh), Sh = lFKhFT + I
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ĥ = argmin
h

Y T S�1
h Y + logdetSh

• few information to postulate a finite-dimensional model
• non-convex optimization problem
• selection of model complexity p may be difficult

• M sensors distributed according to µ
• limited computational and communication capabilities
• sample the same f and want to collaborate to estimate it

E[ f (x) f (a)] = K(x,a)

X = [0,1]

K(x,a) = min(a,b)

3

P(Y |h) =
Z

P(Y |q)P(q |h)dq
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Classical vs. Bayesian methods for linear sysid: 
point estimators and confidence sets, ECC 2016  

Empirical studies show advantages 
over classical approaches
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Theoretical issues to be investigated
- robustness to deviations from Gaussianity

Gaussian posterior
(hyperparameters set to their estimates)
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ĥ = argmax
h

P(Y |h)

Y = Fq + v q ⇠ N (0,lKh) v ⇠ N (0,s2I) F deterministic

Y ⇠ (0,Sh), Sh = lFKhFT + I
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- robustness to deviations from Gaussianity

Gaussian posterior
(hyperparameters set to their estimates)

- kernel-based exact confidence regions without 
prior correctness
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Bayesian solution: posterior regions

A first step: Kernels + SPS approach 
G. Pillonetto, A. Care’, M.C. Campi

Kernel-based SPS, Proceedings of 18th IFAC SysId 2018

Theoretical issues to be investigated
- robustness to deviations from Gaussianity

95% confidence region Gaussian posterior
(hyperparameters set to their estimates)
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- kernel-based exact confidence regions without 
prior correctness
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