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The Navier Stokes Equations Test Setup Discontinuous (alerkin

We implemented a finite elements solver and compared the simulation results of an all-continuous NSE approach and
a formulation with discontinuous pressure approximation.

For the velocity we used a ansatz-space V}, of continuous piecewise quadratics (second order Lagrange elements (CG2)).
For the pressure @), different spaces were considered: continuous piecewise linears (CG1) and discontinuous piecewise
linears with interior penalty method (DG1 IP) and with a mixed formulation (DG1 Mix). Additionally we try a lower
order method with constant discontinuous pressure (DGO) and linear velocity (CG1).

Assume we are looking for an approximation uj; to the solution w of a
given problem. Both classical continuous Galerkin (CG) and discontin-
uous Galerkin (DG) methods enforce the equation on each element of a
triangulation using a Galerkin weak formulation. However, in contrast to
CG, with DG there are no continuity constraints over the element bound-
aries, uy, 1s discontinuous. To link the values of uj; between the elements

The Navier-Stokes equations (NSFE) are a system of second order non-
linear partial differential equations describing the motion of fluid flow.
They are highly interesting from both a mathematical and an engineer-
ing perspective. In our study we restrict ourselves to the instationary
incompressible NSE at moderate Reynolds numbers and constant viscos-

v ou 1 ) Test scenarios | a suitably defined numerical trace uy, is used.
En +(u-Vu=—Vp+vVu-+/f, (1) As a test scenario we chose the well known Von-Karman-vortex street behind a square obstacle in two-dimensional Advantages and disadvantages [3
U.u—0 (2) channel flow. The obstacle with a blockage ratio of D/H = 1/8 is located at /4th downstream the channel.
Furthermore, we used a Poiseuille channel flow problem with known analytical solution for performance tests. + Local conservativity + Ideal for hp-adaptive strategies

Here p denotes the density, u = (uq,us)! the velocity vector, p the
pressure and f a body force per mass unit. The Reynolds number is

+ Implicit stabilitzation
- More degrees of freedom

defined as usual Re = “r=? with maximum inflow velocity U, and T Ablhty to. handle complex geome- — higher computational cost
- - - y tries and irregular meshes
g
cylinder height d in the test setup. T |
The nonlinearity in the convective term (u - V)u is resolved using a + Good parallelizability - More complex tformulation
pressure projection method as proposed in [2][6], the so-called Chorin \ /
Scheme. a S
Chorin Scheme - Continuous (Galerkin Weak Formulation Discontinuous Pressure Poisson Equation
Solve for the intermediate velocity u* We consider two different discontinuous approaches for deriving weak for-
<D?+1U*, 2}> e V<VU*, VU> — <f’n+17 U> . <un . vun7 U>, Vo € Vh (3> Figure 1: Vorticity isocontours and pressure of the obtained vortex street at Re = 125 mulations of the Poisson equation for the pressure Apn+1 _ VA’Ltt*
Solve the pressure Poisson equation - < Inteé'ipg peltaalty EEEPEOEIC]Q 5]: We multiply Ap by a test function
v and integrate over the domain.
(VP! V) = (V- u',q)/At, Vg€ Qy 8 3
Solve the corrected velocity Results /QAP vdz ~ /va Vodt = /po{Vp Hofds = /po{vv}ﬂp 15
<un—|—1 V) = (u*,v) — At <vpn—|—1 v, YoeV, We successtully tested the used mesh resolution in a grid convergence study. For CG1 Re CG1 DG1 IP _ / mlpllvldS — | Vp-nvdS — | Vo-npdS — / nopudS
| o - and DG1 IP we found good agreement of Stroughal number and drag coeflicient with — g¢[195(0.1414/0.1707 L o) 04 | o
where V},, QQ, are test-/trialspaces, defined below . . . . The first, second and fith term of the right-hand side arise directly from
previous results 7], where the continuous pressure approximation had smaller errors — g¢ 80 '0.1190 0.1663 | | |
£ tab 1) With the mixed f It 1d not et q lts for th integrating the left hand side by parts. The other terms are added to
Initial and boundary conditions (. tab. 1). Wi ¢ SO T T B S e o 1125128 158 obtain symmetry and for penalization, thus enforcing stabilit
il , .y , , , o Karman-street, due to the increased computational cost. D ’ ' Y Y P ’ 5 Y
Velocity at the channel inflow and sidewalls is prescribed as Dirichlet con- | | cp 80 1.31 2.00 > Mixed formulation [3]: rewrite the Poisson problem as a hyperbolic
ditions. For the outflow, a Neumann condition is used. Furthermore, the Furthermore we used the Posseuille problem to assess accuracy and computational TR S———— system: Vg = Y% — f g = Vp in €. Then multiply both
Poisson-problem for the pressure is prescribed with Neumann-boundaries cost of the various combinations (cf. fig. 2). All methods using CG2 for the velocity  aged drag coefficient cp on the obstacle in . oL l | l 2
P P b ' . . . . T N S equations by test functions v € Vj, C H'(Tp), w € ¥y, C (H'('Tp))” and
Remark: These are not physically justified. result in a similar error. Only the lowest order approximation causes a significantly P > y integrate over the domain. Combining the equations again, we finally
higher deviation from the analytical solution. Regarding computational cost the lowest obtain
~u=up on 00\ 2y - g—z =0 on 0f) runtime was required by the all continuous approach CG1CG2. Especially the mixed DG1CG2 method resulted in / g wdr — / ¢ Vods + / PV - wde — / ] - fds
- g“ =0 on 09, —u(t=0)=wuy, plt=0)=npy high runtime. Note that the plots show functions of number of unknowns, not grid refinement levels. Q Q Q I
n )
A 4 10~ F— \ \ 1o - 100 +/ Z]\[[v]]—/ ﬁn-wdSJr/ @nvdS:—/fvdx
: z CCG1CG2 ro 59 50 Q
y <K Ll .'\-\_\-F ] : nggg% B > In these formulas, [¢] denotes the jump operator and {¢} the average
Stablllty constraints ; —m  DG10G2 s || e g operator. ¢ is a general numerical flux term that can be chosen in
L = 0= | J E several ways, usually as a combination of jumps and averages.
> To avoid singular systems, one has to make sure that the number of : : < < y
pressure unknowns never exceeds the number of velocity unknowns. ol M = | |
B s - -0
> This 1s guaranteed if the Brezzi-Babuska conditions [1] are tulfilled. 0 2,000 4,000 6,000 8,000 10,000 0 2,000 4,000 6,000 8,000 10,000 /R f \
> A non-sufficient, but generally accepted rule: the approximation order Rumber of unknowns Number of unknowns clerences | |
of the pressure has to be at least one lower then for the veloci ty [5] Figure 2: Error and runtime for the different CG/DG versions plotted against the total number of velocity /pressure unknowns tlggzi) bykthelﬁmteflgm?nt mS@t.hOd-' &ffé@ F En-
K | j K Yy 1] Franco Brezzi and Michel Fortin. Mized and f\/[ o diaOOQ())f; Hme 82 Springer Sclence & Susiness
hybrid finite element methods, volume 15. 7 |
Springer Science & Business Media, 2012. 5] Ir. A. Sega;).l Finate el(is*me]?t methods for the in-
. Alexandr sin. Numer on of compressible Navier-Stokes equations. Lecture
FEn iC S COHCIUSIOH . n;f/i;"—;itoekiso iqu:t?ons. T\;latieze;za;;(iutoﬁ co(;n;f woltes) ISungerseentmm, A015.
. . . . tation, 22(104):745-762, 1968. 6] Roger Temam. Navier-Stokes equations: theory
For our simulations we use the FEniCS framework [4] It provides > Successtully implemented a discontinuous Navier-Stokes solver 3] Bernardo Cockburn.  Discontinuous galerkin ~ @nd numerical analysis, volume 343. American
. . . . . . | Feitschrift fii Mathematical Soc., 2001.
> automated, efficient solution of differential equations > For problems with conforming triangulations or no Ap-adaptivity are CG-methods not as complex A;;;Ziia tiA%% Z]\Zﬁ;%ﬁ f"gg (fg?%"f";‘;z . Gjo Vev;Bi V;:ng NengChao, Shi Bao Chane
> problem definitions in terms of variational f()frnulatjons7 eagﬂy readable > Fven though the mixed formulation is Wldely promoted in the available literature, we couldn’t observe advantages 2003. and Guo Zhao-Li. Lattice-bgk simulation of a
, . . . . . 4] Anders Logg, Kent-Andre Mardal, and Garth  two-dimensional channel flow around a square
> implementation of Jump and average operators > A direct COIparison between CG and DG 1s not meanmgful, advantages show in different SGtUpS Wells. Automated solution of differential equa-  cylinder. Chinese Physics, 12(1):67, 2003.
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