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Key to RL Successes
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• AlphaGo

• Environment Model

– Exact 

– Cheap to query

– Extensive offline training

– Online Planning

> MCTS Rollouts

> Value function from offline training

Images from Wired, Business



Real Systems
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• Most problems

• Environment Model

– No exact 

– Expensive/dangerous to query

– Limited data for offline training

– Online Planning?

Images from UniTree, ABB and NASDAQ



Possible Solutions
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• Offline Reinforcement Learning

– Fixed dataset

– Avoid online environment query

• Meta Reinforcement Learning

– Few-shot adaptation for target task

– Limit environment query

• ...



General Rule for Practising Machine Learning
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• More data

– High capacity model

– Overfitting

• More domain knowledge

– Choose “right” model

– Limit the parameter space



More Data...
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• Synthetic data from simulation

– Various robot dynamics simulators

• Sim-to-real gap

– Dynamics

> Contact/actuator/friction...

– Perception

Images from PyBullet, https://arxiv.org/abs/2009.13303 and NVIDIA

https://arxiv.org/abs/2009.13303


More Data...
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More Data... from More Knowledge
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• Dedicated simulation RAI

– Contact model

– Actuator dynamics

– Disturbances

– Parameter randomization

• Terrain curriculum

• Teacher/student networks

– Privileged simulation params



“Right” Policy
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“Right” Policy for Controlling Robots
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Perspective from Optimal Control
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Reinforcement Learning

State/Action

Reward

State transition

Optimal Control

State/Control

Cost

Dynamics



Revisit to Value Iteration

2022-03-22 12

for optimal policy and any state



Hamilton-Jacobi-Bellman Equation
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• Similar equation in continuous case

• We have

• vs Value Iteration



HJB Equation - Derivation
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• For a small time interval to future

• Taylor expansion of 



HJB Equation - Derivation
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• Ignore high-order infinitesimal and subtract 



HJB Equation - Derivation
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• Divide by

• Note if cost-to-go is static



Control Affine Dynamics
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• Structured

• General motion equation of many physical systems, e.g. robots, rigid and 
deformable objects…

Images from https://mujoco.readthedocs.io/en/latest/computation.html



Decomposition of Cost Function

2022-03-22 18

• Structured

• Use them in HJB equation and the optimality condition of ...



Decomposition of Cost Function
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A closed-form solution...



Further Approximation – Linear Quadratic Regulator
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• Lets further the control affine and quadratic approximations

• We will have quadratic 

• And a linear solution



Power of Linear Policy

2022-03-22 21

• So what if

• We can always assume differentiability and have local linear approximation... 



Power of Linear Policy
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Power of Linear Policy

2022-03-22 23Images from OpenAI Gym and Mania et al, 2018



Embedded Optimization as Policy
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• Still have a policy with inspired structure without a closed-form solution

?

• How about differentiating the entire optimization process for policy gradient 
algorithms – differentiable optimization



Embedded Optimization as Policy
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• Using internal planning as primitives

– Quadratic intrinsic cost

– Inference for internal TO

– Evolution strategy for PS

Images from Ruckert et al, 2013



Embedded Optimization as Policy
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• Unrolling optimization iteration steps

– Leveraging automatic differentiation

– Policy learning via imitation

– Huber loss in the latent space

– Using learned encoders for RL

Images from Srinivas et al, 2018



Embedded Optimization as Policy
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• Avoiding backwarding iterative steps for gradients by differentiating KKT 
conditions

• With and linear terms

• Construct another LQR to solve

Images from Amos et al, 2018



Embedded Optimization as Policy
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• Forwarding the policy still needs to iteratively

– following gradient-based optimization (Jin et al, 2020)

– or forming local LQ problems (Amos et al, 2018)

– Solution must exist

– Often requires parameterized dynamics model/trajectories

Images from Jin et al, 2020



Embedded Optimization as Policy
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• Using convex optimization

– Fast policy forwarding

– No local optimality issue

• Differentiable layers 

(https://github.com/cvxgrp/cvxpylayers)

Generating data from 

Images from Agrawal et al, 2019; 



Convex Approximation – Koopman Representation
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• How about non-convex dynamics 
constraints

• Using a high-dimensional 
representation such that states 
evolve with a linear model

• Can be LQR again using 
quadratic cost in the transformed 
representation space

Images from Bruder et al, 2019



Convex Approximation – Koopman Representation
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• Use as RL policy



Convex Approximation – Koopman Representation
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• And just neural network inference for policy evaluation



Policy with Robotic Control Structure
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• We usually have a concrete form of manipulator dynamics



Motion Compliance
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• Implicitly control of the interaction force

• Characterize robot behavior as a spring

• Policy learning is to find the right stiffness



Policy with Variable Compliance
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• Implicitly control of the interaction force

• Parameterize compliance and desired 
trajectories for independent joint DOF

• Learning to jump with 100 trials

Images from Theodorou et al, 2010



Policy with Variable Compliance

2022-03-22 36

• Implicitly control of the interaction force

• State-dependent stiffness in the joint/end-effector space

• Neural networks to output positive K

Images from Martin-Martin et al, 2019



Control Guarantees for RL Policy
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• Can we search policies that have some inherent guarantees?

• Having some statements like

• Stability/Convergence/Consensus…



Lyapunov Stability
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For      that steers trajectory of      under 

An equilibrium  is

• Stable if

• Asymptotic stable if …  

• Globally asymptotic stable (G. A. S.) if 



Lyapunov Stability
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For      that steers trajectory of      under 

An equilibrium  is 

• Stable

• Asymptotic stable

• Globally asymptotic stable (G. A. S.)



How to Certify That
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If we can find a scalar function bounded on all sublevel sets and 

An equilibrium  is 

• Stable if 

• Asymptotic stable

• Globally asymptotic stable (G. A. S.)



How to Certify That
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If we can find a scalar function bounded on all sublevel sets and 

An equilibrium  is 

• Stable

• Asymptotic stable

• Globally asymptotic stable (G. A. S.)



Are General (Robotic) Controllers Stable
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Parameterize policy with Energy-Shaping Controllers
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For convex         with a unique minimum

at ,         is G. A. S.

Policy biases a goal-directed behaviour



Parameterize policy with Energy-Shaping Controllers
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• How can we get a convex (neural 
network) energy function

• Input Convex Neural Network 
(ICNN, Amos et al, 2017)

– Additive quadratic for strong 
convexity

– Zero bias for unique minimum at 
origin



How Does It Work
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How Does It Work

2022-03-22 46



Another Way to Gain Stability Guarantees

2022-03-22 47

• Lyapunov analysis is usually easy for linear control & systems

– LQR – Quadratic function

• Can we construct policy parameterization by “non-linearizing” a stable linear 
control/system, with guarantees reserved?



Diffeomorphism via Normalizing-Flow Models
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– Construct non-Gaussian models from 
Gaussians

– Differentiable and invertible neural 
networks – Real NVP (Dinh et al , 
2016)

– Affine composition



Constructing Stable Normalizing-Flow Controller
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• Neural network parameterized

• G. A. S. of under

• Stable variable impedance 
controller comparing to Martin-
Martin, 2019



How Does It Work
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How Does It Work
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From Single Robot to Multiple Robots
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• More dexterity and capacity

– Heterogenous robot teams

– Anthropomorphic robots

• Larger and diverse action/policy space 

Images from NCCR Robotics and Yao et al, 2021



Consensus in Multi-Robot Systems

• N robots



Consensus in Multi-Robot Systems

• N robots

– Communicate with neighbouring robots



Consensus in Multi-Robot Systems

• N robots

– Communicate with neighbouring robots

– Apply distributed control



Consensus in Multi-Robot Systems

• N robots

– Communicate with neighbouring robots

– Apply distributed control

– Reach agreement on communicated 
information

e.g.



Consensus-based Normalizing-Flow Control

• Nonlinear transient behavior

– Allowing to learn complex rendez-vous
trajectories

• Apply normalizing-flow to consensus 
problem: “non-linearize” basic protocol

– N robots with 2nd-order dynamics

– Global consensus stabilization



Symmetry in Consensus

• Translation-invariant

– Control remains when all robots are 
translated by a same vector

– Keep a consistent behavior across entire 
workspace



Translation-invariant Normalizing-Flow Control

– N=2 robots, e.g. dual-arm 

– Global consensus stablization

– Need antipodal-equivariant normalizing-flow



Antipodal-Equivariant Normalizing-Flows



Antipodal-Equivariant Normalizing-Flows

Need to be equivariant

Equivariant

Need to be invariant



Antipodal-Equivariant Normalizing-Flows

Need to be equivariant

Equivariant

Need to be invariant

Construction with even and odd functions



How Does It Work

• Bimanual insertion with a 
clearance of 2mm

– Observation/Action: translational position 
and force

– Fixed stiffness controller for end-effector 
orientations

• PPO

– Stochastic policy with controller adding 
Gaussian noise

– 1e-4 learning rate

– 10^6 environment steps

– Randomized initial positions 
10cmx10cm area

– 10 random seeds



How Does It Work- Training Curves



How Does It Work - Results

Translation-invariant policy (CNF-TI) Basic consensus-based policy (CNF-N)



How Does It Work - Generalization and Failure Case

Generalize to novel positions

Failure case



Closing Notes
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• RL (real) data efficiency gained from prior knowledge

– In form of synthetic simulation data: zero/few-shot sim-to-real

– In form of structured policy design

• Choosing “right” policy

– Optimal control perspectives

– Structure from robotics literature

– Consideration on Guarantees

– Train on real robots

• Design RL system with provable performance guarantees

– Computational tractability

– Efficiency from regulated searching space

– Theory-grounded and certified algorithms



Closing Notes
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• Connection to Chris and Alexis lectures

– RL exploration with provable properties

– Stability does not necessarily mean safety

– Mostly in robot control application: continuous, steady, constraints

– Need more powerful description of desired system behaviours



Supplemental Materials
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• Benjamin Recht – An outsider’s tour of reinforcement learning

– http://www.argmin.net/2018/06/25/outsider-rl/

• Underactuated Robotics

– Course notes (https://underactuated.mit.edu/)

• Dimitri Bertserkas

– Reinforcement Learning and Optimal Control 
(http://web.mit.edu/dimitrib/www/RLbook.html)

– Lessons from AlphaZero for Optimal, Model Predictive, and Adaptive Control
(http://web.mit.edu/dimitrib/www/abstractdp_MIT.html)

http://www.argmin.net/2018/06/25/outsider-rl/
https://underactuated.mit.edu/

