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and how in special casesthey lead to Pl or PID controllers



Figurel: Block diagramof linearfeedbackcontrolsystem

1 Introduction

Previously during the basiccoursein automaticcontrolit is easyto gettheimpressionthat
PID tuningtypically shouldbe performedby trial anderror. Onesystematianethod,based
ononly limited knowledgeabouttheprocessis introducedn Section3.3of GladandLjung.

In thesenoteswe will discussgeneraltuning methodgthattake asaninput atransferfunc-
tion model of the process. Also notice that lead-lagdesignas describedn Chapter5 of
Glad-Ljungcould be regardedas anothersystematianethodto designPID controllers(al-
beitleadingto a seriesform — cf. Section5.6in Glad-Ljung).

2 Direct Synthesis

A typical block diagramfor a feedbackcontrol systemis depictedin Figure1l. The most
straightforvard designapproaclhof all is to directly solve for the controllergivena desired
closed-loopransferfunction.

Basedon theblock diagramwe get

Thensolvingfor F(s) yields

F(s) = 1)

Fromthis it canbe obsered thatif perfectcontrolis desired,i.e. Y(s)/R(s) = 1 it would
requireF (s) = . A commonchoiceis

Y(s) 1

R(S  As+1

@)

which givesa stepresponsexponentiallyapproachinghesetpoint. Thetuningthenconsists
of selectingan appropriatevalueof A. This canbe donevia trial anderror (somerules of
thumbcanusuallybegiven)or by computeisimulationtestsonthemodelbeforeimplement-
ing ontherealprocess.



Example 1 (First order system): Assumethatthe modelis givenby

k
G(s) = —F
(s) s+1

Thenwith the choice(2) the controllerbecomes

_Ts+1 mll _Ts+1

F =
(=1 kphs

1
T As+1
Thisis in facta Pl controller If we compareo the standardorm

F(s =K (1+%S> K (ist+1)

=T S

the controllerobtainedby thedirectsynthesisbviously correspond$o

_ I [
=t K=y T o

Example 2 (Second order system): Assumethatthe processs givenby

_ Kp
~(11s+1) (1254 1)

G(s)
Thendirectapplicationof (1) with the closed-loopsystem(2) gives

(T15+1)(To5+1)  TaT8?+ (T1+T2)s+1

F(s) =
(s KohS kphS
Thisis anideal PID controller
1 Tps+s+1/T
F(s)=K{1+—+TpS)=K| —F—
(s) ( st D) < . )
with N
T1+ T2 T1T2
ko) | =T1+T12 D 1T

As pointedout alreadypreviously in the courseit is, however, impossibleto realizethis
controllerin practice,having a pure dervative action. This problemcan be re-solhed by
usinga secondrderdesiredclosed-loopsystem.For example

Y(9) 1

R(s) (As+1)2

yields
1
F(s) = (1s+1)(125+1) Gtz _ (Tas+1)(12s+1)
Kp 1- m kpAS(As+ 2)
TS + (T1+T2)s+1
2kph(A/25+ 1)
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whichis aPID controllerwith filtered derivative action. Comparingwith the standardorm

1  Tps (Y+To)+ (1+y/T)s+ 1/T|>
F(s=K|1+— =K 3
(s) ( JrT|s+ys—|—1) ( s(ys+1) 3)
gives,aftersomestraightforwardcalculations,
T1+T2—Y 112 A
Dk, TRV bmrme Ty YT

Notice thatwhenchoosingthe modelorderof the desiredclosed-loopsothatthe controller
is realizable,then direct synthesisactually designsthe derivative filter parameteras well
(contraryto mostotherapproachewho useay linkedto Tp, for example,asy = 0.1Tp).

Also obsenre thatthis designof y oftenleadsto larger valuesthanthe above default choice.
For examplet; = 12 = T with thechoiceA = Tt would leadto Tp = 1/6 andy=1/2,i.e.y=
3Tp!

Non-invertible plants

We are confidentmost readers,after some practice, will agreethat the direct synthesis
methodis easyto apply Oncea modelfor the processhasbeenfound, all that needsto
be doneis to decideon a desiredclosed-loopsystemand insertinto (1). If the desired
closed-loopis parametrizedas above, thenregardlessof the processmodel order thereis
only asingleparameten left to fine tunethe speedf the system.

You perhapghenimmediatelyask: Whatis the catch? Are thereno dravbackswith this
very computationallysimpleapproachne,which we will returnto laterin this chapterns
thattheresponsenaybeunnecessarilglow for inputdisturbancesjueto thatthecontroller
cancelgheplant.

The cancellationcausesanothey moreimportantproblem,though. Someprocessesannot
or shouldnot be inverted. An exampleof the first category is processesvith time delay
whereinversioncorrespondso predictingthe input aheadof time. Exampleof processes
thatshouldnot be invertedareoneswith a zeroin theright-half plane,sincethis would cor-
respondo introducinganunstablepolein the controller Eventhoughit would becancelled
in the closed-looptransferfunction it leadsto an internally unstableprocess,.e. infinite
controlsignalswould berequired.

Thereis, however, asolutionto this problem,andit is to notinvertthatpartof thedynamics.
Onewayto dothatis to factorizethe plantas

G(s) = G+ ()G (9)

whereG, (s) containsall the non-irvertible dynamics(andhasG, (0) = 1). ThenG,(s) is
retainedn the desiredclosed-loosystemj.e.
MC)

RS G (9H(9)
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which afterinsertioninto (1) resultsin the controller

fg_ L GieH( _ 1 H(@
¥ G91-6.9H(E ~ 6 (91-G.(9H®

(4)
We will illustratethis by a coupleof examples.
Example 3 (Right-half plane zero): Assumethatwe wantto controlthe process

 kp(—Ps+1)
Gls) = (rlsp+ 1)(T25+ 1)

which hasa zeroin s= —1/f. As pointedout earlier processesvith RHP zerosare fun-
damentallyhardto control sincethe initial responsdo a control actiongoesin the wrong
direction(cf.Section5.8in Glad-Ljung). Think, for example,of a furnacewhereincreasing
thefuel flow mayinitially have a coolingeffect, but of courseeventuallyleadsto anincrease
in temperature.

FactorizingG(s) into

Kp
G (s)= st D) (151 1)’ Gy(s) = —Ps+1
andusing
1
(9= As+1
thenby (4) gives
—Bs+1
F(s) = (11s+D(I2s+1) Hepr  _ (uS+(Ts+1)
% 1- 5B ko(A +B)s
Rewriting F(s) as
F(s) = 1 (T1T252+(T1+T2)S+ 1)
kp(A+B) s

R ( L1 ub s)
~ kp(A+B) (1+T2)s T+T2
This corresponds$o anideal PID controllerwith

T1+T12 T1T2
K=——-: Ti=171+T12;, Tp=
KA +B) TP Pt

Noticethatthis designputsalimit on how muchgaincanbeappliedsince

T1+T2
KpB

whenA — 0. Thisis becauseheclosed-loopsystemwill go unstabldf thegainisincreased
indefinitely. Also obsene thatthelimiting K becomesmallerfor larger 3. The slower the

K—
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RHPzerois (i.e.thecloserit is to theorigin) thelongertheresponsspendgoingthewrong
way, andthereforethe moreseverethelimitation on achiezablecontrol performances!

Thecontrollerdesignedabove is anideal PID controller As hasbeenpointedout morethan
onceby now, in practicewe needto filter the derivative action. To designsucha controller
we shouldinsteadchoosefor example,

1
" Berp
which leadsto the controller
_ S+1
(st 1)(1z5+1) Tet)’ (TSt 1)(Tzs+1)

F p— p—

TToS% + (T1 4+ T2)s+1
Kp(2A +B)S(A2/ (2 +B)s+1)

Thencomparingwith (3) yields, againafter straightforward but somevhattediouscalcula-
tions,
T+ T2—y 1112 A2

K=——"—; Ti=T1+T2—-y, Tp=—""—-Vy, y=
ko(2A 1 B) | 1+T2—Y D S Y. Y A+B

Example 4 (process with deadtime): A numberof plantsin processndustry canbe de-
scribedby afirst orderplusdeadtimemodel,i.e.

—0s
_ kpe

G(s) =
(s s+ 1

Henceit is importantto be ableto quickly designa goodcontrollerfor sucha system.

In orderto usedirectsynthesidor the designwe have two differentoptions.

Rational approximation

To be ableto usestandarctontrollerswe needto approximatee s®. Onecommonapproxi-
mationis the so-calledfirst orderPace approximation

0
o5, —35+1
9s+1

which gives
Kp(—9s+1)
(1s+1)(3s+1)

G(s) ~

We have now obtaineda procesanodelwith a RHP zeroandthe designcanbe carriedout
asdescribedn Example3 above, leadingto a PID controller



Include deadtimein G

Theothermainalternatveis to factorizethe processnto

Kp

G.(s) =e % G_(s) =
+(9) (s ]

Thenapplicationof directsynthesiswith a

_ 1
As+1

H(s)

resultsin thecontroller
_ Ts+ 1 1

F(s) =
(= rsrie®

This controllerwill needto have atime delaybuilt into the controller This can, however,
easilybeachievedwhenimplementinghecontrollerin acomputer(seeChapterl3for more
details).Theclosed-loopsystembecomes

e Os

Y(9) =G (JH(IR(S) = 57

R(s)

Hencewe getthe sameshaperesponsaswithout deadtimeonly delayedd time units. This
is usuallycalleddeadtimecompensatioifor Otto Smith controller— cf. Section7.4in Glad-
Ljung).

Still, the deadtimecompensatingontroller requiresa specialimplementation. Therefore
peoplesometimesselectto approximates—® at this stageby a first order Taylor seriesex-
pansionj.e.

e %x~1-06s
which leadsto ‘1

1S
F(s) =i
(s Ko(A+0)s

Thisis obviously a Pl controllerwith the parameters

T

K=——r7;
kp(A + 6)

Ti=1

Recentlythis hasbeensuggestedsa standardor tuning basiccontrollersin Swedishpulp
andpaperindustry(togethemwith arecommendationn possiblechoicesof A).

3 Internal Mode Control

We will now describea more generalmodel basedframenork for controller designthat
involvesthe direct synthesisas a specialcase. It is basedon the block diagramshown in
Figure2. To emphasize¢hedifferencebetweerthe modelandthetrue processye have here
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icements oo

Figure2: Block diagraminternalmodelcontrol (everythingwithin dashedines belongsto
thecontroller)

introducedthe notationé(s) for the plantmodel. Sincethe controllerexplicitly containsa
modelof the plantthis is usuallyreferredto asinternalmodelcontrolor IMC. Thedesignis
thento choosehetransferfunction Q(s).

Let usstartby comparingthis block diagramto the standardnewe have beenusingup until
now (seee.g.Figurereffig5.2). Theblock diagramgives

U(9) = Q(9)(R(S) — (Y(s) = G(5)U(9))) = Q(5) (R(S) ~ Y(5)) + Q(S)G(5)U (5)

ie.
_ Qs N
VO = 1 ogae RO YO
Hence sincein thestandardhotationU (s) = F(s)(R(s) — Y(s)), IMC obviously corresponds
to
_ Q)
R EEIE ©

This meanghatessentiallyany corventionalcontrollercanbereformulated¢o IMC andvice
versa.Whatis thenthe pointin introducingthe IMC concept?irstly, by searchingover all
stableQ(s) we cover all controllersthatcanstabilizeG(s). Secondlyit turnsout thatusing
the IMC block diagramit is easierto find the closed-loopsystem which simplifiescontrol
design.ldeally, for a perfectmodel(i.e. G(s) = G(s)) andno disturbancesthe signalin the
feedbackpathis zero.Hencethe closed-loopsystemis simply foundas

Y(s) = G(s)Q(s)R(s)

Notice thatnow the closed-loopsystemis linearly dependenbn Q(s), asopposedo F(s)
which canbefoundin bothnumeratomnddenominatoof the closed-loopsystem.

Consequentlyif we wantthe closed-loopsystento be

Y(s) =H(s)R(s)
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thenwe shoulduse

Q9 = g gH
Insertingthis into (5) yields ©
1 H(s

"Og91-HE

whichis the directsynthesisontroller

Thusdirectsynthesigorrespondso thespeciakhoiceof Q(s) obtainedvheninvertingG(s).
The problemof non-invertible plantsis thenwithin IMC dealtwith by using

Q)= 5 HO

leadingto the sameresultasin directsynthesisabove.

The advantagewith IMC, comparedo direct synthesisjs thatit is moregeneral,but also
offersmoreinsightinto the analysisof the system.

As an exampleof the latter, recall the claim above thatdirect synthesismay give too slow
controlfor inputdisturbancesA block diagramwith input disturbances shavn in Figure3.
Ideally we have

Y(s) =H(s)R(s) + (1 - H(s))G(s)D(s)

Then,unless(1-H(s)) cancelgartof G(s), the original dynamicswill still be presenin the
relationshipbetweerD andY. This maybe a majordravbackif theaim is to speedup the

responseomparedo theoriginal one.
icements

A u

+

& —3)

Figure3: Block diagramof internalmodelcontrolwith input disturbance

Another dravback with IMC is that sincea model of the processis run internally to the
controllerit can,without modification,only handleopen-loopstableprocessesThesetwo
drawvbacksmeanthatfor certaincase$MC cannotbe (easily)applied,andwethereforeneed
othermodelbasedapproaches.



4 Pole placement

Oneratherstraightforvardmodelbasedapproachwhichis mentionedseveraltimesin Glad-
Ljung, is to solve for the controllerparameterso geta desiredsetof closed-loopoles.

This methodovercomeshe problemof slow input disturbanceejectionandcaneasilyhan-
dle unstableplants. The dravback, however, is that the designcalculationscanbe rather
complicatedjn particularfor higherorderprocesses.

We will examplify pole placemenby carryingout calculationsfor Pl and PID designof a
tanklevel example.

4.1 Example: tank level control

Considercontrolproblemthatis verycommonin theprocessndustry namelylevel control.
Theproblemis depictedn Figure4.

P

acements

L
=Sl
Qo

Figure4: Level tank.

We have thefollowing differentialaquationfor thevolumeV in thetank

dv

ot = G0 = ()
whereq; andq, aretheinlet andoutletflows, respectrely. Alternatively, if thelevel his the
desiredoutput,assumingconstantross-sectionadreaof thetank A,

AT _ 6i(t) - aot) (6)

dt
Thecontrolis performedoy manipulatingheinlet flow ratevia thevalve. Assumingthatthe
valve immediatelydeliversthe demandediow, we have in the generalnotationu(t) = q;(t)
(andof coursey(t) = h(t)). Themaindisturbancewill bethe outletflow, whichis typically
determinedy othercontrolloopsdownstreamHencewe have d(t) = go(t).
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Laplacetransformatiomow gives

= AU -pE) ="

V(9 =L (U(9-D()

wherekp = 1/A. A blockdiagramof the system(including the controlleryet to be deter
mined)is shavn in Figure5. Notice thatfrom a control theoreticpoint of view the outlet
flow is really aninputdisturbanceFurthermorepbsene thattheprocesslynamicsaregiven
by a pureintegrator contraryto thetanksusedin thelab with freeflowing outlet(which are
veryrarein industry!) leadingto a self-stabilizinglevel dynamics.

In anindustrialcontrol systemthe control signalandlevel outputmay be scaledto be ex-
pressedn 0to 100percent(correspondingo valve fully closedor fully open).Thenknow-
ing A is notenoughto determinethe numeratoiof the processThe easiestvay to dealwith
this problemis by assuming

anddeterminek, from abumptestlike theoneshown in Figure6. Then
_ by
P AuAt
PI control

First studytuningof a Pl controllerontheform

F(s)=K (1—!— %)

Straightforvard calculationspasedon the block diagramin Figure5, yield

(s) = Kkp(s+1/Ti) (s) Kps
PSfragreplacements -~ P4+Kkp(s+1/T) 4+ Kkp(s+1/T)

D(s) (7)
Supposeave wantdoublepolesin s= —1/A, i.e. thedesiredcharacteristidunctionis
(s+1/N)2=54+2/As+1/A*=0

d

\ y
) Fe

0|3

Figure5: Block diagramof tanklevel controlsystem
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Figure6: Bumptestto determineslopekp,.

Comparisorwith (7) thenleadsto thefollowing equations

Kkp/Ti = 1/A?

Thesolutionto thefirst equationabove is obviously
_2
~ kpA

andinsertingthis K into the secondequationyields

K

Ti=2\

Thisis in factquiteagoodway to tunea level controller The numberof tuning parameters
hasnow beenreducedo one,A, with the unit time. This so-called‘A-tuning” resultsin the
closedloop system

2As+1 kpAZs
Y(S)= 5—5———R(S) — ————-D(s
(s) A2+ 2As+1 (s) A2+ 2As+1 (s)
Figure 7 shaws the responseso first a unit setpointstepandthena unit stepin the outlet
flow for A = 50. It canactually be calculatedanalyticallythat A correspondgo the time
whenthe level crosseghe new setpoint(after a stepin r) aswell asthe time betweenthe

disturbancestepandthe following peakerror. This providesa goodbasisfor understanding
suitablevaluesof A in practice.

PID control

Finally we will alsobriefly discusshe potentialbenefitsof PID controlandagainillustrate
onthetanklevel controlproblem.
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Figure7: Stepresponse®| controltanklevel (A = 50, k, = 0.02). Unit stepsin setpointat
t = 100andin outletflow att = 600.

As suggeste@arlierin this chapteranindustrialPID controllertypically hastheform

1 TDS> K((y+Tp)S+ (1+y/T)s+1/T))

Tis T ys+1 s(ys+1)

F(s):K(1+

Again straightforvard calculationgyive

Kkp((y+Tp)S+ (1+Y/T)s+1/T)
(ys+ 1) + Kkp((y+To)2+ (1+y/T)s+1/T)
Kps(ys+1)

(ys+ 1) + Kkp((y+To)+ (L+y/T)s+1/T)

Y(s) R(s) —

D(s)

Hence the characteristiequations foundto be
¥S® + (14 Kkp(y+To))s” + Kkp(L+V/Ti)s+Kkp/Ti = 0

Supposewe want to placeall threepolesin s= —1/A, i.e. we would like to obtain the
characteristiequation

(s+1/A)3=5+3/A+3/A%s+1/A%=0

Dividing thefirst equationby y andcomparingcoeficientsyields

(1+Kkp(y+To))/y = 3/A
Kkp(1+Y/Ti)/y = 3/N?
Kko/(Tiy) = 1/A3

Thefirst thing to noticeis thatwe have four unknovn parametershut only threeequations
(sincethereareonly threepoles).Oneparametehasto befixed. Usingthe standarcthoice
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Figure8: Stepresponsesf tanklevel (A = 50, k, = 0.02). Solid— PID control,dashed- PI
control.

y=aTp (wherea is still to bedeterminedyields (aftersomecalculations)

whereTp is therealvaluedsolutionto the equation

—a(14+ o) T3+ 3N (1+a) T2 -3\ °Tp +A3/a =0

For kp = 0.02,thechoicesA = 50anda = 1.5 leadto the parameters
K=154;, T,=330;, Tp=780; y=117

Figure8 shows a simulationof the tanklevel underPID control,wherealsothe previous Pl
control resultsabove have beenplotted. By addingderivative actionthe outputis brought
backto the setpointafter the disturbancealmosttwice asfast,with a negligible increasen
control effort.

5 Example: distillation column

We will finish this chapterby comparingIMC andpole placemenbn a simplified modelof
adistillation column.Figure9 depictsatypical distillation columnwith the variables
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xr — feedcomposition

F - feedflow rate
yp — distillatecomposition
L - reflux
Xg — bottomcomposition
V - boil-up
yD
L
IL
fragreplacements
YD
\Y

Figure9: A distillation column

A linearized(andsimplified) modelof the columnwith two control signalsL andV looks
like

1
-~ 1s+1

ki1 ki

AXg(S) AV (s)
wherethe gainsk;; usuallyaresuchthatthe correspondingnatrix is closeto singular This
makescontrolling bothyp andxg to desiredsetpointsa very hardcontrol problem. It is in

factpossible though. In this example,andoftenin practice,we will, however, concentrate
on controlof oneoutput;thedistillate.

AYp(S) AL(s)
ko1 koo

Typically thetop left cornerof the systemcanbe

09
~ 200s+1

wherethetime unit (andhencealsothetime constant)s in minutes.

AYp(S) AL(s)

IMC

Directapplicationof directsynthesis/IMCyields

2005+ 1
F9="ans

15



whichis a Pl controllerwith

200 B

= 000 T, =200
For examplethe choiceA = 10 givesK = 22.2.
Pole placement
GiventhePlI controller LT

F(S)ZK(S+ / ')

s
theclosed-loopsystembecomes
Gu(s) = 0.9K(s+1/T))
7 5(2008+4 1) + 0.9K (s+1/T;)

Hence we have the characteristiequation
2005° + (1+0.9K)s+0.9K /Ty = 0
or afterdividing by 200

s?+ (14 0.9K)/200s+ 0.9K /(T;200) = 0

Now assuminghatwe wantpolesin, for example,
s= —0.05+0.05i
givesa desiredcharacteristi@quation
(s+0.05+0.05))(s+0.05— 0.05) = s* + 0.1s+ 0.005

Comparingcoeficientsthengivesthefollowing equations

1+0.9K
= 0.1
200 0
0.9K
T200 0.005

whichis solvedby
K=211,; T, =19

Simulation comparison

Let us now comparethe two solutionsby simulatingstepresponsesAn importantdistur
banceto the systemis varying feed composition which goesthroughessentiallythe same
dynamicsasthereflux,i.e. we have

0.9 Ke

AYo(8) = 550 729 + 50071

AXg(9)
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Figure10: Stepresponsefor distillation column.Solid— IMC, dashed- pole placement.

Figure 10 shaws stepresponsegor the two controllersfor ke = 1, first to a unit stepin

setpointandthento a negative five unit stepin Axe. IMC givesa very goodresponsdo the
setpointstepHowever, sincefor adistillation columnthereis enoughcontrolpowerto speed
up thesystenseveraltimes,it is agoodexampleof a processvherelIMC givestoo sluggish
disturbanceejection.

Pole placementon the other hand handlesthe disturbancemuch betterwithout having to

apply larger peak control signal, but insteadgives a significantovershootto the setpoint
step.If necessarthough,thatis a problemwhich canbe handledseparatelyy filtering the
setpoint.
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