Losningar till Tentamen i Reglerteknik AK
EL1000/EL1100/EL1120 2009-06-10

la. Ansitt: G(s) = H%, b> 0, a > 0. Utsignalen ges av
y(t) = |G(iw)|sin (wt + arg G(iw)), w =2
b
|G (iw)| = T =2
arg G(iw) = argb — arg (iw + a) = — arctan % = —%.
For w =2 fas a = 2 och b = 4v/2. Den statiska forstarkningen blir da
G(0) = 2v2

1b.

1c.

1d.

och systemets pol finns i

s+2=0&s=-2.

Med en P-regulator med forstarkning K blir kretsforstarkningen

10K
G =—.
o(8) = S 10972
Amplitudmarginalen ar
W1
" |G (iwp)|”
dar w, ges av
arg G,(iw,) = —m = w, = 0.1
Vill ha amplitudmarginal A,, = 2, det vill sdga
1
——— =2= K =0.01
G0y -
Systemet med tillstandsaterkoppling &r
z(t) = Az(t)+ Bul(t)
u(t) = —Lz(t)+r(t)
y(t) = Cx(t)
-1 12 1
med A — L 0],3: M’CZ 0 1. L=[n b

Det aterkopplade systemets poler ges av
det (A — (A—BL) =X+ (1+ 1)\ + 1y — 12 =0.
Vill att polerna ska hamna i —2 4+ 44, det vill saga att
A+2+4) (AN +2—4i) = X2 +4)+20 = 0.
Genom att jamfora koefficienter fas I = 3 och Iy = 32.
Linearisering av systemet ger
Ay = —ugAy — yoAu
vilket for den stationdra punkten (1, 1) blir
Ay = —Ay — Au.



2a. The closed loop system
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Figure 1: root locus of problem 2.a

G(s)K K(s+2)

o(8) =1 TG()K  (s+1)2+K(s+2)
has the characteristic equation
(s+1)*+ K(s+2)=0
which gives

P(s) = (s +1) Qs) =s5+2

Starting points <= Zeros of P(s): -1,-1
End points <= Zeros of Q(s): -2

Number of asymptotes: 2 —1=1
Direction: 7w
Intersection point: —1—1+2=0

Real axis: (—oo0, —2] belongs to the root locus

Intersection with the imaginary axis, set s = jw:

(jw+ 1)+ K(jw+2)=0
Im: w2+ K)=0
Re: —w? +1+2K =0

1
:WZO,Kzfi



which does not meet K > 0.
Intersection with the real axis, set s = jw:

(jw+a)? = (jw+1)* + K(jw +2)

This gives the root locus in Figure 1. The system is asymptotically sta-
ble. K = 4 (pole position —3) gives the fastest step response without
fluctuations since it does not have any imaginary parts.

2b. With a similar approach in 2a, the closed loop system

Root Locus
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Figure 2: root locus of problem 2.b
G(s)F
Gots) - CWF()
1+ G(s)F(s)
where F(s) =4+ %, G(s) = (ss_f_rf)g. The characteristic equation is

1+ F(s)G(s) =s(s+1)* +(4s + K;)(s +2) =0
which gives
P(s) =s(s+1)? +4s(s +2) = s(s +3)? Q(s) = Kr(s+2)
e Starting points <= Zeros of P(s): 0,-3,-3
End points <= Zeros of Q(s): -2
e Number of asymptotes: 3 —1 =2
Direction: 7, 37”
Intersection point: 2=353+2 = —2



e Intersection with the imaginary axis, set s = jw:

jw(jw +3)? + K;(jw +2) =0
Im: w(—w? + K;+9)=0

Re: —6w?4+2K; =0

54

:>(w:O,K:O),(w2:K1+9,K1:—Z < —9) : not real

which does not meet K; > 0.

This gives the root locus in Figure 2.b. The system is asymptotically
stable.

Step Response

T
K=4, P—controller
I KP:4, K‘:4, Pl—controller
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Time (sec)

Figure 3: step response of problem 2.a, 2.b

2c. The P-controller of 2.a) gives the faster step response than PI-controller
of 2.b) since the dominant pole [—2,0] is slower than —3. However, there
is stationary error of P-controller, see Figure 3.



3. Systemet G(s) = —2-e~ 2% regleras med en P-regulator med K = 1/1/2.

s+1
Skarfrekvensen w,. ges av

2K
1= |KG(iw,)| = ————= = 4K* = w2 + 1 = w. = V4K2 - 1 = 1.
w?2+1
Fasmarginalen ¢,, ges av
om =7+ arg(KG(iw.)) = ™ — 0.25w, — arctan w, =
m—1

=7 —0.25 —arctanl = ~ 121°.

Vi vill bestdmma en lead-lag-regulator F'(s) som ger dubbla skérfrekvensen
och samma fasmarginal. Vid wc ny = 2 &r fasmarginalen

Omony =T+ arg G(2i) =7 — 0.5 — arctan 2 ~ 88°.
Det innebéar att vi maste hoja fasen med
A, = 121° —88° +6° = 39°,

med 6° for lag-lank. Det ger

1 —sin(Apm) 1
B=-"TIm) g9 rp=— =11
1+ sin(Apm) Weny VB
o . _ 1+47p:
Da har vi Fieqq = 1+5TE;98.
For att fa ratt skarfrekvens bestammer vi ett K’ sa att
, . . , 1 , /1 , , 1
1= K Fieaa(iwe) Gliwe)| = 2K —eee = 2K\ | 72 = 2K" = K' = §
B2y +1) p

Det stationéra felet maste vara mindre &n 0.05 nér referensen ar ett steg.

Vi lagger till en lag-lank Fjqq = i;:?f/, dar 77 = wlo =5 och v bestams
sa att
1 1 2K’
= <0.05=~< =0.05
1+ K Flead(0) Flag (0)G(0) — 1+2K'/5 = TS
Svar
Fls) = 1 14+7ps 1+77s
214 BrpsTrs+y
med

ﬂ:O.Q, TD :1.1, 7‘]:5, ’}/:005,



4a. Kanslighetsfunktionen S(s) ar 6verforingsfunktionen fran storning v(t) till
utsignal y(t), som illustreras i Fig 4. Motsvarande Laplace relationer for

v(t)

Figure 4: Block Diagram in Ex.2.

—~

de tva regulatorerna ar
PL: U(s) = (K, + &) E(s) = Fru(s)E(s)
IP: U(s)=-K,Y(s)+ELE(s) =F,

med K, = K, och K = K.

Studera forst PI regulatorn

_ Fu(s)G(s) 1
1+ FPI(S)G(S)R

Y (s)

vilket medfor att Sp,(s) &r

Senls) = Y (s) _ 1 _ s(s+1)
P V() gm0 1+ Fu(s)G(s) s(s+1)+ Kps+ K

Motsvarande for IP regulatorn:

(Fri(s) — KP)G(S) R 1
14+ Fpi(8)G(s)

Y(s) =

vilket ger Sip(s)

B B 1 B s(s+1)
Sip(s) = Spi(s) = 1+ Fr(s)G(s) (s +0.5)(s + 10.5)
5.25s(1 + s)

(1+5/0.5)(1 + s/10.5)

Detta bor inte vara nagon Gverraskning efter det bara ar en skillnad pa
hur referenssignalen R(s) behandlas. Bada regulatornerna ger

_ 1+ w?
|5 (iw)] = w\/(l + w2/0.5)(1 4+ w?/10.5)

for vilket |S(iw)| < |S(ico)] < 1 Vw. Detta innebér att alla stérningar
undertrycks.

4b. For PI regulatorn:



och

U(s) Fei(s) (10s +21/4)(s+ 1)

Gl = R T TH GG (54 1/2)(s+105)

Nu ar |Gy (iw)| = 1 f6r laga frekvenser och 10 for hoga frekvenser. For
IP regulatorn

Fri(s)

U(s) = Feu(s)E(s) — KpR(s) = <1+FPI(S)G(S) — Kp> R(s),

och

(10s +21/4)(s+ 1)
(s +1/2)(s +10.5)
_ —94.75s — 47.25

"~ (s+0.5)(s+10.5)

—10

Gru(s) = Gru(s) — K, =

Detta innebir att |G,.,(0)| = 9 och lim,,_, |Gy (iw)| = 0.
Vi far mycket ldgre forstdrkning av hoga frekvenser én for PI regulatorn,
men pa bekostnad av hoégre forstarkning av laga frekvenser.



5a. Let H(s) = % denote the nominal part Hy(s), and G(s) be the nominal

5b.

part in the model Gy(s) = G(s)(1+AG(s)). Furthermore, assume that the
nominal characteristic equation for Hy(s) never satisfies 1+ F(s)H (s) = 0,
ie. 1+ gg:g % 0. If the system has to have stability robustness, the
characteristic equation with the uncertain model must not go to zero for

an real frequency and AG. This requirement can be written as

1

1+ F(iw)Ho(iw) #0  — 1+F(iw)G’(iw)(1+AG(iw))

# 0,

which can be rearranged as

<1 + G(iw)) (1+ S(iw)AG(iw)) # 0

where S(iw) = HF% is the sensitivity function for the system Hy(s).
G(iw)

Since the nominal system is stable, i.e. 1+ ggz
and sufficient that

Z; # 0, then it is necessary

|S(ZW)AG(’L(4))‘ <1 hence, |S(zw)\ < m
Comparing the relation Gy(s) = G(s) Sj;"/“M with the first model we have
s+a 1 M
1+ A = — h = M
+ AG(s) S/ ence AGH) a(M—l)(S+a/ )

Using the second model we instead obtain

1 _ s+ta hence 1 _ M
1+A;G(s) s+a/M A;G(s)  a(l — M)

(s +a)

The Bode diagram for both models is characterized by a first order term,
where the breakpoint of the as showed in Fig. 5. The model error ﬁ(s)

has smaller static gain and a lower break point (M times smaller) than

ﬁ(s), thus resulting in a better accuracy at low frequencies.
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Bode diagram in Ex. 5b for a=1 and M=10.
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