ERRATA
EXERCISES 2011 - Modeling of dynamical systems

1.3) The last sentence should read, “[...] and the concentration of nutrition [...]".

1.5) In the solutions, numerical values and expressions are wrong. Correct solution
included with this document.

3.2 d) In the solution, a4 X3 — Xy
dt

5.7 a) In the solution, X; = mi (u(t) — % (](z) + %xl (t) + glm, cos(xz (t))))



1.4

The third observation gives ut that

i(t) = —ksb(d).

The resulting state space equations are

14

The electric circuit gives us the following equations:

u(t) = Ryi(t) + ve, (Kirchoff’s voltage law)
Cioc, (t) =ic,

i(t) =ic, + % (Kirchoff’s current law),
2

which implies that

vc, (t)
Ry

Ry <chl (t) + ) + e, = ult).

Energy balance gives us the following equations:

Putting it all together, the resulting state space system is:

icy(t) = I )+ )
T(0) = 12, () + 5 (To(t) = T(0)
y(1) = T(1)

1.5

a) Denote the volume inflow wj;,. Let the area of the holes at a, b, and ¢ be «. The
volume flow through hole a is w, = a+/2g(h; — h3) and the flow through hole ¢

1S w. = an/2ghs.



1.5

When hy = 10 cm, then the outflow is 40 cm®/s. This gives

we 4.107°
o = =
V2g(ha)  V2-9.81-0.1

~ 2.86 - 10°m?

The mass in the tank is pV = pAh, and therefore the change in mass in the tank is
pV = pAh. Mass balance for the tanks yields

pAhl = pwin — Wq = pwin — par/2g(h1 — h3)
pAhy = pwy — pwe = par/2g(hy — hs) — par/2ghs

which can be simplified to

i = 5 (wi — av/2g0n — hs))

hg = % (Oé\/2g(h1 — hg) — Oé\/2g(h2)) .

b) Find an equilibrium point (A, hY,w? ) and linearize around this point. The
equilibrium pump flow wion is found by setting the derivatives to zero. It is given
that 1Y = 30 cm and kY = 10 cm. The resulting equilibrium point is

wd, = ay/2g(h) — hs) = ay/2gh = 4-107°m3 /s

hY — hy = K9

Linearization is based on Taylor series expansion, where higher order terms are
neglected

&= f(x) = f(xo) + V()T (x —z0),
where f(xo) always is zero in our case, since z is an equilibrium point.
Define new variables as
Ahy = hy — kY
Ahg = hy — h

0
Awiy = Win — Wy,

Note that Ahl = hl etc and that %k\/x —a=-—F We have f1(h1, he, wiy,) =

. _ Vo
hy and fa(hi, ho, win) = ho and
oh a9 Oh _, 0h 1
8}11 \@A\/ hl — h37 ahQ ’ Gwin A
ofs ay/g 0fs ayg  Ofs

92 o9 Ok _ L2y
Oh1  2A\hi — hs Ohs V2A\/hy Owin



1.5

Setd = vl then the resulting linear system is

V2A/R0—hs fAﬁ’

(i%) - <_dd _Od> @Z;) + (1/OA> Ay,

The transfer functions are

AHi(s) = T AWi(9)
AH(s) = A () = L0 AW6)
It is given that Y = 30 cm and hJ = 10 cm, thus d ~ 0.071 and 1/A4 ~ 360. Thus
AHy(s) = mAVﬂn(s)
Ay (s) = 5 G A (s) = g s ATV (a).

¢) Mass balance for the tanks yields
pAhy = pwiy, — wp = pwin — parr/2g(h1 — ho)
pAhy = pwy — pw, = parn/2g(hy — ha) — par/2gha

which can be simplified to

i = (e — /29 = a))
hy = % (a\/Qg (h1 — ha) — a\/2g(h2)) .

The equilibrium point is
1
hY = §h? = 10cm

wl) = a\/2g(RY — 1Y) = a\/2ghY = 410 °m?/s

The resulting linearized system (see b) for details) is

A\ (—e e\ (Al 1/A .
(Ahg) N < e —2e> <Ah2> * < 0 AW,
with e = ay/2g(h{ — hY) = a+/2ghY ~ 0.071. The transfer function from the
pump flow to hy is

am =0 ("1 ) (14" awnts) =

—e s+ 2e

- (5+€)(S:—26) —e2 (0 1) <S—22€ s—ie) <1{)A) AWin(s) =

e/A 26
= Y AWL(s) ~
s2 + 3es + €2 (5) ~ 3 021s +0.0051

AWm(S)
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