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〈X,Y 〉 = ❊{XY }
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〈X,Y 〉 = ❊{XY }

✶✳ ▲✐♥❡❛&✐)② 〈αX + βY, Z〉 = α〈X,Z〉+ β〈Y, Z〉

✷✳ ❙②♠♠❡)&② ✭&❡✢❡①✐✈✐)②✮ 〈X,Y 〉 = 〈Y,X〉∗

✸✳ ◆♦♥✲❞❡❣❡♥❡&❛❝② 〈X,X〉
△
= ‖X‖2 ≥ 0✳

〈X,X〉 = 0 ✐✛ X = 0✳
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▲❡) )❤❡ ✐♥♥❡& ♣&♦❞✉❝) ❜❡ ❞❡✜♥❡❞ ❜②

〈X,Y 〉 = ❊{XY ∗}

✇❤❡&❡

(·)∗ ✕ )&❛♥!♣♦!❡ ♦❢ ❛  ❡❛❧ ✈❛❧✉❡❞ ✈❡❝)♦&

(·)∗ ✕ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛)❡ )&❛♥!♣♦!❡ ✭❍❡&♠✐)✐❛♥ )&❛♥!♣♦!❡✮

❢♦& ❝♦♠♣❧❡① ✈❛❧✉❡❞ ✈❡❝)♦&!

✶✳ ❙❡!I✉✐❧✐♥❡❛&✐)②✿ 〈αX + βY, Z〉 = α〈X,Z〉+ β〈Y, Z〉

〈X,αY + βZ〉 = α∗〈X,Y 〉+ β∗〈X,Z〉

✷✳ ❙②♠♠❡)&② ✭&❡✢❡①✐✈✐)②✮ 〈X,Y 〉 = 〈Y,X〉∗

✸✳ ◆♦♥✲❞❡❣❡♥❡&❛❝② 〈X,X〉 > 0✱ ✐✳❡✳✱ ♣♦!✐)✐✈❡ ❞❡✜♥✐)❡✱

〈X,X〉 = 0✱ ✐✛ X = 0✳
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❋✐♥❞ ❛ ✈❡❝$♦% X̂ ✐♥ $❤❡ ❧✐♥❡❛% 8✉❜8♣❛❝❡ 8♣❛♥♥❡❞ ❜② Y1, . . . , YN
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$❤❡ ♣%♦❥❡❝$✐♦♥ ♦❢ X ♦♥ $♦ $❤❡ 8✉❜8♣❛❝❡ 8♣❛♥♥❡❞ ❜② $❤❡ ♦❜8❡%✈❛$✐♦♥8

{Yi}✳
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X̂ = hY

X − hY ⊥ Yi

=⇒ 〈X − hY, Y 〉

= ❊{(X − hY )Y ∗} = 0

Σxy = hΣyy =⇒ h = ΣxyΣ
−1
yy

X̂ = ΣxyΣ
−1
yy Y

❆8 ❜❡❢♦%❡✦
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❚❤❡ ❣❡♦♠❡&'✐❝ ✐♥&❡'♣'❡&❛&✐♦♥ ✐- ✈❡'② ❤❡❧♣❢✉❧ ❡-♣❡❝✐❛❧❧② ❢♦' ❝♦♥#✐♥✉♦✉&

&✐♠❡ '❛♥❞♦♠ ♣'♦❝❡--❡-✳

❈♦♥-✐❞❡' ❢♦'♠✐♥❣ ❛ ▲▲❙❊ ♦❢ X ❢'♦♠ ♦❜-❡'✈❛&✐♦♥- ♦❢ ❛ '❛♥❞♦♠ ♣'♦❝❡--

{Y (τ), a ≤ τ ≤ b}

❚❤❡ ♦♣&✐♠❛❧ ❡-&✐♠❛&♦' ✐- ✉♥✐:✉❡❧② ❞❡✜♥❡❞ ❜② &❤❡ ♦'&❤♦❣♦♥❛❧✐&②

❝♦♥❞✐&✐♦♥-✱

X̂ =

∫ b

a

h(τ)Y (τ)dτ ❧✐♥❡❛' ❡-&✐♠❛&❡

(

X −

∫ b

a

h(τ)Y (τ)dτ

)

⊥ Y (t) a ≤ t ≤ b ♦'&❤✳ ❝♦♥❞✳
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=⇒ ❊{XY ∗(t)} =

∫ b

a

h(τ)❊{Y (τ)Y ∗(t)}dτ

=⇒ Σxy(t) =

∫ b

a

h(τ)Σyy(τ, t)dτ
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<!❡❞✐❝1✐♦♥ ♦❢ ❛✐!♣❧❛♥❡ 1!❛❥❡❝1♦!✐❡- ❢♦! 1❤❡ ❝♦♥1!♦❧ ♦❢ ❛♥1✐✲❛✐!❝!❛❢1 ❣✉♥-✳

▲❡1 x(·) ❛♥❞ y(·) ❜❡ 1✇♦ ③❡!♦ ♠❡❛♥ ❥♦✐♥1❧② ✇✐❞❡ -❡♥-❡ -1❛1✐♦♥❛!② ✭✇--✮

!❛♥❞♦♠ ♣!♦❝❡--❡- ✇✐1❤ ❦♥♦✇♥ ❝♦✈❛!✐❛♥❝❡ ❢✉♥❝1✐♦♥-✱ ry(t) ❛♥❞ rxy(t)✳

●✐✈❡♥ ♦❜-❡!✈❛1✐♦♥- {y(τ),∞ < τ ≤ t} ✜♥❞ 1❤❡ ▲▲❙❊ ♦❢ x(t+ λ)✳

x(t) ✕ ♣♦-✐1✐♦♥ ❛1 1✐♠❡ t ❛♥❞ y(t) ♠❛② ❜❡ ♥♦✐-② !❛♥❣❡ ❛♥❞ ✈❡❧♦❝✐1②

♠❡❛-✉!❡♠❡♥1- ❛1 1✐♠❡ t✳

x̂(t+ λ) =

∫ t

−∞

h(t, τ)y(τ)dτ ✭✶✮

♠✐♥✐♠✐③❡

❊{(x(t+ λ)− x̂(t+ λ))2} ✭❙❝❛❧❛! ❝❛-❡ ❢♦! -✐♠♣❧✐❝✐1②✮
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❖!"❤♦❣♦♥❛❧✐"② ❝♦♥❞✐"✐♦♥

(x(t+ λ)− x̂(t+ λ)) ⊥ y(σ) −∞ < σ ≤ t

✇❤✐❝❤ ②✐❡❧❞-

❊{x(t+ λ)y(σ)} =

∫ t

−∞

h(t, τ)❊{y(τ)y(σ)}dτ −∞ < σ ≤ t

=⇒ . . . =⇒

h(t, τ) ♦❢ 1❤❡ ❢♦!♠ h(t, τ) = h(t− τ) ❛♥❞

rxy(t+ λ) =

∫ ∞

0

h(τ)ry(t− τ)dτ t ≥ 0
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▲❡" h(t) ❜❡ ❝❛✉'❛❧✱ h(t) = 0✱ t < 0✳

x̂(t+ λ) =

∫ ∞

−∞

h(t− τ)y(τ)dτ = h(t) ∗ y(t) ✭✶✬✮

❲❤❡1❡ h(t) ❢✉❧✜❧❧' "❤❡✱ '♦✲❝❛❧❧❡❞✱ ❲✐❡♥❡$✲❍♦♣❢ ❡*✉❛-✐♦♥

rxy(t+ λ) =
∞∫

−∞

h(τ)ry(t− τ)dτ t ≥ 0

▲♦♦❦' ❧✐❦❡ ✐" ✐' '♦❧✈❛❜❧❡ ❜② ▲❛♣❧❛❝❡ ❚1❛♥'❢♦1♠' ❜✉" "❤✐' ❞♦❡/ ♥♦- ✇♦$❦

❜❡❝❛✉'❡ ♦❢ "❤❡ ❝♦♥'"1❛✐♥" t ≥ 0✦
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❙-❊❈■❆▲ ❈❆❙❊❙

❊①❛♠♣❧❡ ✶✳ ❲❤✐-❡ ♥♦✐/❡

▲❡" y(·) ❜❡ ✇❤✐"❡ ♥♦✐'❡✱ ✐✳❡✳✱ ry(t) = δ(t)✳ ❲❡ ❤❛✈❡

rxy(t+ λ) =

∞∫

−∞

h(τ)ry(t− τ)dτ = h(t) t ≥ 0

■❢ x(t+ λ) = y(t+ λ)✱ ✐✳❡✳✱ ❛ ♣1❡❞✐❝"✐♦♥ ♣1♦❜❧❡♠ ✇❡ ❤❛✈❡

rxy(t+ λ) = ry(t+ λ) = δ(t+ λ)

✇❡ ❣❡"

h(t) = δ(t+ λ) t ≥ 0

❇✉" λ > 0 =⇒ h(t) = 0✳

❲❤✐"❡ ♥♦✐'❡ ✐' ♦❢ ❝♦✉1'❡ ♣1❡❞✐❝"❡❞ ❜② ✐"' ♠❡❛♥✱ ŷ(t+ λ) = 0✳ ✷
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❊①❛♠♣❧❡ ✷✳ ❙♠♦♦#❤✐♥❣ ✭♦) ♥♦♥✲❝❛✉.❛❧ ❲✐❡♥❡) ✜❧#❡)✮

❖❜"❡$✈❡ y(τ)✱ −∞ < τ < ∞ ❛♥❞ ❡"*✐♠❛*❡ x(t)✳ ❚❤✐" ❣✐✈❡"

rxy(t) =

∞∫

−∞

h(τ)ry(t− τ)dτ

L✲*$❛♥"❢♦$♠ ❣✐✈❡"

Sxy(s) = H(s)Sy(s) =⇒ h(t) = L−1

{
Sxy(s)

Sy(s)

}

x̂(t) =

∫ ∞

−∞

h(t− τ)y(τ)dτ

◆♦* $❡❛❧✐③❛❜❧❡ ❛" ❛ ❝❛✉"❛❧ ✜❧*❡$ ❜✉* ✐* ♠❛② ❜❡ ❛♣♣$♦①✐♠❛*❡❞ ❜②

*$✉♥❝❛*✐♥❣ *❤❡ ✐♠♣✉❧"❡ $❡"♣♦♥"❡✳ ✷

❇❥"#♥ ❖&&❡#(&❡♥✱ ▼❛&( ❇❡♥❣&((♦♥ ✶✸ ❖♣&✐♠❛❧ ❋✐❧&❡#✐♥❣

❙!❊❈❚❘❆▲ ❋❆❈❚❖❘■❩❆❚■❖◆

■♥ ♦$❞❡$ *♦ ♣$♦❝❡❡❞ ✇✐*❤ *❤❡ "♦❧✉*✐♦♥ *♦ *❤❡ ❲✐❡♥❡$✲❍♦♣❢ ❡A✉❛*✐♦♥ ✇❡

♥❡❡❞ *♦ ✐♥*$♦❞✉❝❡ *❤❡ ❝♦♥❝❡♣* ♦❢ ❙♣❡❝#)❛❧ ❋❛❝#♦)✐③❛#✐♦♥✳

❚✐♠❡ ❝♦♥.✐♥✉♦✉0

▲❡* Sy(s) ❜❡ ❛ "♣❡❝*$❛❧ ❞❡♥"✐*② (Sy(iω) > 0) ✇❤✐❝❤ ✐" $❛*✐♦♥❛❧ ✐♥ s✱

*❤❡♥ Sy(s) ♠❛② ❜❡ ❢❛❝*♦$❡❞

Sy(s) = H(s)
︸ ︷︷ ︸

S+
y (s)

H∗(−s∗)
︸ ︷︷ ︸

S−

y (s)

✇❤❡$❡ H(s) ✐" "*❛❜❧❡ ❛♥❞ ♠✐♥✐♠✉♠ ♣❤❛"❡ ✭✐✳❡✳ ③❡$♦" ❛♥❞ ♣♦❧❡" "*$✐❝*❧②

✐♥ *❤❡ ▲❍D✮✳

❇❥"#♥ ❖&&❡#(&❡♥✱ ▼❛&( ❇❡♥❣&((♦♥ ✶✹ ❖♣&✐♠❛❧ ❋✐❧&❡#✐♥❣
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❚❤✉#✱ Sy(s) ❝❛♥ ❜❡ ✇+✐--❡♥ ❛#

Sy(s) = R
Πm

i=1(s− βi)(−s− β∗
i )

Πn
i=1(s− αi)(−s− α∗

i )
+❡❛❧(βi), +❡❛❧(αi) < 0, R > 0

❚❤❡ #♣❡❝-+❛❧ ❢❛❝-♦+ ✐#

S+
y (s) = R1/2Π

m
i=1(s− βi)

Πn
i=1(s− αi)

❘❡♠❛$❦&✿ ■♥ -❤❡ -❡①- ❜♦♦❦ ▲✐♥❡❛% ❊'(✐♠❛(✐♦♥✱

Sy(s) = L(s)RL∗(−s∗)✱ R > 0✱ ✇❤❡+❡ L(∞) = 1✳

❲❤❡♥ L(s) ✐# -❤❡ -+❛♥#❢❡+ ❢✉♥❝-✐♦♥ ♦❢ ❛ %❡❛❧ #②#-❡♠✱

L∗(−s∗) = L(−s)✳

❇❥"#♥ ❖&&❡#(&❡♥✱ ▼❛&( ❇❡♥❣&((♦♥ ✶✺ ❖♣&✐♠❛❧ ❋✐❧&❡#✐♥❣

❆❉❉■❚■❱❊ ❉❊❈❖▼!❖❙■❚■❖◆

H(s) = L{h(t)} =

∫ ∞

−∞

h(t)e−stdt

=

❛♥&✐✲❝❛✉(❛❧

︷ ︸︸ ︷
∫ 0−

−∞

h(t)e−stdt

︸ ︷︷ ︸

{H(s)}
−

+

❝❛✉(❛❧

︷ ︸︸ ︷
∫ ∞

0−
h(t)e−stdt

︸ ︷︷ ︸

{H(s)}+

❲❤❡♥ H(s) ✐# +❛-✐♦♥❛❧ ✐♥ s✱ ✐- ❝❛♥ ❜❡ #❤♦✇♥ -❤❛-

❈❛✉#❛❧ ♣❛+- {H(s)}+ ❤❛# ▲❍< ♣♦❧❡#

❆♥-✐✲❝❛✉#❛❧ ♣❛+- {H(s)}− ❤❛# ❘❍< ♣♦❧❡#

❇❥"#♥ ❖&&❡#(&❡♥✱ ▼❛&( ❇❡♥❣&((♦♥ ✶✻ ❖♣&✐♠❛❧ ❋✐❧&❡#✐♥❣
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❇❛❝❦ $♦ $❤❡ ❲✐❡♥❡+ ,♦❧✉$✐♦♥ ✭♦❢ $❤❡ ❲✐❡♥❡+✲❍♦♣❢ ❡4✉❛$✐♦♥✮✳

●✐✈❡♥

rxy(t+ λ) =

∫ ∞

0

h(τ)ry(t− τ)dτ t ≥ 0

h(t) = 0 t < 0

Sxy(s) =

∫ ∞

−∞

rxy(t)e
−stdt Sy(s) =

∫ ∞

−∞

ry(t)e
−stdt

Sxy(s)e
sλ =

∫ ∞

−∞

rxy(t)e
−s(t−λ)dt =

∫ ∞

−∞

rxy(t+ λ)e−stdt

❚❤❡♥

H(s) = 1
S+
y (s)

{
Sxy(s)e

sλ

S−

y (s)

}

+

❇❥"#♥ ❖&&❡#(&❡♥✱ ▼❛&( ❇❡♥❣&((♦♥ ✶✼ ❖♣&✐♠❛❧ ❋✐❧&❡#✐♥❣
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▲❡$

g(t) = rxy(t+ λ)−

∫ ∞

0

h(τ)ry(t− τ)dτ t ≥ 0

$❤❡♥

g(t) =







0 t ≥ 0

? t < 0

❚❛❦❡ $❤❡ ▲❛♣❧❛❝❡ $+❛♥,❢♦+♠

G(s)
︸︷︷︸

❛♥"✐✲❝❛✉'❛❧ '✐♥❝❡

g(t) = 0, t ≥ 0

= Sxy(s)e
sλ −H(s)Sy(s)

❇❥"#♥ ❖&&❡#(&❡♥✱ ▼❛&( ❇❡♥❣&((♦♥ ✶✽ ❖♣&✐♠❛❧ ❋✐❧&❡#✐♥❣
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❋❛❝#♦%✐③❡

Sy(s) = S+
y (s) S−

y (s)
︸ ︷︷ ︸

♥♦ ③❡$♦% ✐♥ ▲❍)

G(s)

S−
y (s)
︸ ︷︷ ︸

❆♥"✐❝❛✉'❛❧✦

❆♥"✐✲❝❛✉'❛❧ ✏'✐❣♥❛❧✑

✜❧"❡0❡❞ "❤0♦✉❣❤

❛♥"✐✲❝❛✉'❛❧ ✜❧"❡0

=
Sxy(s)e

sλ

S−
y (s)

− H(s)S+
y (s)

︸ ︷︷ ︸

❈❛✉'❛❧✦

❈❛✉'❛❧ ✏'✐❣♥❛❧✑ ✜❧"❡0❡❞

"❤0♦✉❣❤ ❝❛✉'❛❧ ✜❧"❡0
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H(s)S+
y (s) =

{
Sxy(s)e

sλ

S−
y (s)

}

+

❈❛✉+❛❧ ❲✐❡♥❡% ✜❧#❡% +♦❧✉#✐♦♥ ❢♦% ❝♦♥#✐♥✉♦✉+ #✐♠❡

H(s) = 1
S+
y (s)

{
Sxy(s)e

sλ

S−

y (s)

}

+
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