1. Repetition — probability theory and transforms

Ex. 1.1.
S — time to get out of the prison
E(S) =?
3
E(S) = E(S|door i)P(door i)
i=1
P(door i) = !
3
E(S|door 1) =0
E(S|door 2) = 1+ E(S)
E(S|door 3) = 3 + E(S)
_ 1 _ - 4 2~
E(S) = —(1+E(S))+7(3+E(S)) = - +5E(S)
3 3 3 3
E(S)=4
Ex. 1.2.
A1 =01, A2 =0.02, a=02b=0.8
1 1
— 4 b— =42
N AQ
2
v + b)\—% = 4040
a-dy+b-dy =42
a-di+b-d3 = 4040
0.2-d; +0.8-dy =42
0.2-d3 +0.8-d3 = 4040
42 -0.8-do\”
0.2 <082) +0.8-d2 = 4040
0.2
d3—84-dy+1195=0 =  dy;; = 65.85,
42-08-dy 42-0.8-18.15
dy = 09 = 09 =137.41
Ex. 1.3.
a)
) o] ak 0 ak
ZPk:Z—!e_“ze_aZﬁ =e %=1
k=0 k=0 k=0
b)
o0 k oo k
_ L@ —a __ _—a (Za) _ _—a_az
P(z)—Zz e =e Z e e
k=0 k=0
c)

E{X(X—l)-...-(X—r+1)}:ikz(kz—l)-...-

freedom

dy/y = 18.15

3 days



- ak —a T _—a S a(k_’r‘) T _—a_a ks
:Zk(k‘—l) (k‘—r—l—l)ﬁe =a'e Z(k—r)':ae e’ =a (r=1,2
k=0 k=0
EX)=a

d"P(z) & k—r
o =Y k(k—1)-...- (k=7 +1)Pzk"

k=0

. dP

E{X(X ~=1)-...- (X —r+1)} = lim szZ) (r=1,2,...)
d"P(z) _ d" [ _aq-) —a(1-2)

— @ [epma-2)) _ jro—a(i-z =0,1,...
dz" dzr{e } @e (r L)
. d"P(z) B
;1311 o (r=0,1,...)
E(X)=a

E{X(X-1)}=d* Var(X)=a; BE{X(X-1)-...-X—-r+1D}=a" (r=12...

. 1.4.

Ple)= B{eX} = 3P0 = k) = B0} 2 p (o) =
k=0
oo 00 a.k
E {ZX7} = szP(Xl = k‘) = szﬁe—ai — e—ai(l—z) (’I“ _ 1727 g )
k=0 k=0
P(z) = e—01(1=2)  g—ax(l=2) —an(l-2) _ j—a(l-2)
Ifa= Z a;, X is Poisson distributed with parameter a.

i=1

. 1.5.

F*(s) = E(e™*X) = /OOO e Tae”dr = - (Re(s) > —a)



(o) (o)
EB{X*} = / Fae™dx = (2F) — 7" go + k:/ P ey =
0 0

k
=0+0+-EX*1  (k=1,2,..)
a

E{X’f}:g@-...-ézg (k=0,1,...)

E{X} = %; 02 = Var(X) = E(X?) - B(X)? = a% - a% - aiQ
a:¢%ﬁﬁ:% C:%:l

F*(s) = B(e™X) = /0 e f ) dki *k(s) = (~1)* /O " e f () da
B{X*} = (-1)" lim dki*f) (k=0,1,...)

EB{X"} = (-1D)* . (-1)*. 5—; = f—; (k=0,1,...)

B{X} = %; o? = Var(X) = E(X?) - E(X)* = a%

a:\/Var(X)zé; C:%zl

Ex. 1.6.

a)
Fx(x)=P(X >z)=P{X,Xo,..., X, >} =P{X; >0, Xo >2,..., X, >} =
= {because X; are independent} = P{X; >z} - P{Xz2 >z} ... - P{X,, > 2} =

n n
_ 1
= H Fx,(z) = H e = 7" = X is exponentially distributed with mean —
na
i=1

Fx(z)=P(X<z)=1—e "% (x >0)

b)
Fx(x) = P(X <z) = P{max(X;,Xs,..., X)) <z} =P{X; <z, Xo<uxz,..., X, <z} =
= {because X; are independent} = P{X; <z} -P{Xs <z} -...-P{X, <z} =
= ﬁsz(x) =(1—e )"
i=1
Fx(@)=PX>z)=1-(1-e%)" (x >0)
Ex. 1.7

F*(s) = B(e™*¥) = /O N e f(z)da = B{e st Xat Xy =

= {because X; are independent} = E{e **1}. E{e~%2} .. .. E{e %"} =

-¢ v e :( > ) (r=1,2,...; Re(s) > —a)

s+ a s+a. S+ a s+ a

We recognize that the above expression is the Laplace transform of the Erlang-r distribution:

ce (x>0;,r=1,2,...)



e () e

( @ (r—3)!
(02) ™ _ar (a2 (az)! _ [

— axr axr . axr and —
G-0¢ Tt Tt o ae
r—1 j

— (a’m) e—al (fL' < 0)

; J!
7=0
r—1 0o
al (ax)J —ax (CL:L’)] —ax
Fz)=1-F(z)=1— e => e (z <0)
7=0 j=r
dF*(s) a \" —a
- - _1 - _1 : -
m = B{X} s50 ds 550 {T (s+a> (s+a)2}
d?F*(s) d r a \'!
2 — | R - =

E{X7) a 52 _gl—%{ds a (s+a>

_ r(r+1) a \"\ _rir+1)

520 a? s+a a2

9 r(r+1) 12 T W
o®=Var(X) = e i = 0_7
o 1
Lo =12
Alternative method
m:E(X)f/ :z:f(x)da:zz/ a(a:z:) eodr=".1="
0 a Jo 7l a a
> +1) (az)™*1 _ (r+1)
E X2 — 2 _ (T / aTd
(X%) /0 v f(z)d a? 0 a(r+1)!e a?
2_ T VTl L
o= pok o= P C = 7
Ex. 1.8.

The memoryless property of the exponential distribution

PE<t)y=1—e™  t>0

Pltg <t <t+ty] Plt<t+t)]—Plt<to]

P <t+tylt >ty) = - = =
(t<tttolt > to) P[E > to] P[E > to]
1— e—)\(t-‘rto) _ (1 _ e—)\to)

= =1
1— (1— ) ¢

—At




2. Poisson process

Ex. 2.1.

Poisson arrival process = exponential inter-arrival times

At)F
Poisson:  Py(t) = ( k:') e M, E>0,t>0

Inter-arrival time 7: P(1<t)=1-P(r>t)=1-Py(t)=1—e

Ex. 2.2.

Multiplexer. The inter-arrival time for the combined flow:

k k
Pr<ty=1-[[P(ri>t)=1-[[e ™ =1-eZimXt
i=1 i=1
k
= the inter-arrival time is exponential with A = Z Ai
i=1

= the arrival process is Poisson with A

Ex. 2.3.

Ai(t) =1—P(t; > t); t; = inter-arrival time for stream i
P(t; > t) = P(0 arrivals in main stream in t)+
oo
+ Z P(k arrivals in main stream and substream i not picked)
k=1

P,; = P(n arrivals in main stream in time ¢ and substream 4 not picked)
()" - (A8)”

—At n Ing _ —At AN
e M1—p)", Pli>t)=) e — o 1-pi)

Pni = |
n 0
n=

P(t; >t)=e ity Aj(t) =1—e ity q(t) = A\pie it

This is a Poisson process with parameter Ap;!

Ex. 2.4.
A = 1000 2eckets
a)
—At -3 1
Po(t)=e  R(1077%) = -
€
b)

N\ P00
F(s) = < A) (500 stage Erlang)

VA
+

— d 1 501 500
B(T) = —EFm(s)‘s:O = —\%9%(—500) ( > | = -

5+ A
o d? d 1\ 500 - 501 -
E(T)=—F = —\09(— — = T
(T7) = 35 Fe(9)] g = A" (=500) (8 - A) - o Var()

500
Tz



n<k

P(Sy=k)=>» P(Sy=kN=n)P(N=n); PN=n)=
n=k

P(Sy = k) = (pA\)ke™? (a Poisson process with parameter \p)

Ex. 2.6.

7An
nl

) = { (M)pF(1—p)"* n>k (binomial probability law)
0

67)\

For simplicity, let us assume that the packet transmission time is unity (one unit of measure).
Let us further assume that the number of nodes is very large and can be taken as infinity, then
the new packet arrivals per unity time is a Poisson random variable with rate A. If the collisions
of packets, and hence retransmissions are fairly random, we can approximate the combined arrival
process of the retransmissions and new packets generated by other nodes as a Poisson process with

parameter G > A. Hence, the throughput is given by

S = G - P[a sucessuful transmission] = G - Psycc

Now, it remains for us to calculate the probability of a successful transmission. If we examine the
figure, we see that a packet that is generated by other nodes during t4 = 1 will collide with packet
A. And the time gap ¢, between two packets has to be at least equal to the packet transmission

time for a packet generated during ¢, not to collide with packet B.

Packet A Packet B

[ / L A

<ty —> time
0.2
Therefore, to have a successful transmission, 0.15"
there should be no packet generated within 2
time units. The probability of this is given by S
0.1r
GO
Psucc W6_2G = €_2G
’ 0.05¢
Therefore S = Ge 2¢
% o2

Ex. 2.7.

Ag(t) : arriving customer at time ¢ sees k customers in the queue

Py (t) : state probability

P(N(t) =k, arrival at time t)

k(t) (N(?) | arrival at time ¢) P(arrival at time t)

P(arrival at time ¢t|N(t) = k) - P(N(t) = k)

P(arrival at time t)



Since the interarrival time is memoryless, we know that the arrivals are independent of N(¢), so
that:

P(arrival at time t|N(t) = k) = P(arrival at time ¢)
Hence:
Ap(t) = P(N(t) = k) = Py(t)

When t — oco: A = Py.



3. Balance equations, birth-death processes and
continuous time Markov chains

Ex. 3.1.
Pure birth process
dP(t
;t( o AR AR, >
dPy(t)
= — P =

Pk(o):{é Z;g

Po(t) = 6_)\t
dP;(t
Cit( ) _ “AP(t) + de M = Pi(t) = Me ™M
CHLY . .
Py(t) = X e ", k>0,t>0 = Poisson distribution!
Ex. 3.2.

Suppose that we just arrived to a state. Time until the next birth, X, is exponentially distributed
with distribution function Fx () = 1 — e~* and time to the next death, Y, is also exponentially
distributed with distribution function Fy (t) = 1 — e™#t. If Z is the time that we spend in a state,
then Z = min(X,Y). If Fz(t) is the distribution function for Z, we get:

Fz(t) = P(Z <t)=Pmin(X,Y)<t)=1—Pmin(X,Y)>t)=1—-P(X >t,Y >t) =
1-P(X>t)P(Y >t)=1—(1-P(X <t))(1—P(Y <t)) =1— (1 — Fx(t))(1 - Fy(t)) =

=1—eMeHt =1 — g~ AW

1

which is the distribution function of an exponentially distributed r.v. with mean e

Ex. 3.3.

T: conversation time

PT<t)=1—e ™, fo(t) = pe "

X: number of calls

Atk
P(X = k|T =t) = P(arriving calls during a conversation of length ¢ = k) = ( k:') e M
= L (A)kt 2 (At)k
E(X|T=t)= e = xge My =AMe MY =)t
| 2 ‘ kz;: k-1~ ¢ kzz% !

E(X) :/ OE(X|T:t)fT(t)dt:/ O)\t/le_ﬂtdt:)\fe_“tzo—‘,—
t= —

/ e Mt =
t=0

A

t oo
= ——e_u
W

A

o u




Ex. 3.4.

X size of message type 1

X5 size of message type 2

S: service time

— bit - bit - X - X
X = 3002 Xp=150—2, S =2t §=22
msg msg R R
a)
S = E(S) = E(S|msg type 1) - P(msg type 1) + E(S|msg type 2) - P(msg type 2) =
300 1 150 1
= — . = _— e - ) 47
1800 2 " aso0 2 M
2 q2
cz=% -5
S S
52 = E(5?%) = E(S?|msg type 1) - P(msg type 1) + E(S%msg type 2) - P(msg type 2) =
1 300 \° 150 \* 5
=2 =) o[- ) | =282
2 (4800) + (4800) 1 322°
20 v 20
Ci=" = (Cg=-"—
579 S
b)
u1:16m39, 2:32msg
sec sec
N2 N2 N2
o W ]
Typel Em Type?2 Type 2 is served,
isserved Pty isserved Type 2is queued
A=10, p1=16, s =32
A
(1) Ps=5—F A2
P. P,
2 (3) P 122 0
A
(2) P1=%Po (4) Po+P+P+P3=1
Py~ 0.670, P, ~0.105, P,~0.016, P~ 0.209
1
E(Ty) = — = 62.5ms
M1
1 1 1 1
Elh))y=——— (P - —+P | —+— = 35.9ms
(T2) P0+P1< o 1(#2 u2>)
c)

Pr(loss type 1) = Pr(not in state 0) = 1 — 0.67 ~ 0.33
Pr(loss type 2) = Pr(in state 2 or 3) = Py + P3 ~ 0.225



a)
_ljb_job A6
- Tsec’ 6 sec’ u 7
(1) APo=pP1 = Pi=ph 1 1 3
(4) =APy=upP; = Py=_pP3=—p'P
2 2 8
1
(2) APL=pP, = P,=pP=/p’h (5) i)\p4zup5 - p5:3%p5p0
(3) NPy =Py = Py=>pp,=35R (6) iP4—1
4 2 = [I73 3—4P 2—40 0 2 i =
= 1 ~ 0.30
R NP Y I I
3-3 4-3 5-3
N=03- 20+ —=pP+ —pt+ =")p%) ~ 143
0.3-(p+20" + —=p" + —=p" + 55-0°)
b)
Jobs served in 100 sec: p- (1 — FPp) - 100 ~ 11.66
Ex. 3.6.

A(congt. )

p=AeffZ, T=E(x1)+ E(x2) =60ms, Aegf= g = I;PO = %%7 — %i
(1) Phb=1-p=06 P10:2(1+:)P0

(2) PoA=Pup \

(3) Pro(A+p) =P+ Pap Py = ;Po

(4) Pu(A+p) = Prop o B 2 ) B

(5) Paop = ProA o (.U) ( +.U> PO

O P 2 P Py = (A>2P0+<A>2(1+A> Py
(7) Py+Pio+ Pii+ P+ Por =1 1% % %

10



1 A
Py = 5 =06 = —~0.2229
A A A 1%
1+2E+4(ﬁ) +2<E)
Pip =0.1636, P;; =0.1337, Py =0.0365, Py =0.0663
N 0-Py+1-(Po+P 2. (Pyy+ P.
Little: T = _ 0Pt (Pot 19 +2 (P Pot) o gy
off p/T
Ex. 3.7.
A P, 1 2
P0'7:P1 = P0:70 = P():*, P ==
a) M 2 3 3 o
Number of arrivals in time ¢ is Py - ag + P - a1

b)

_ A(ef(wru)t_l)

A+u
)\+#e*(%+u)i

2,2 343 pre” Ot
Qt _ Qi @t _ T
e =T+ Qt+ 51 + o 4= _“(ef(xwxft_l)
PR
o AT e
wmn = [ 0= R e

Pt)=[1 0] e

= B(l + 2¢73) %(1 — e3t)]

11

P



4. Queuing systems

Ex. 4.1.
Kendall notation: A/B/X/Y/Z

A: arrival process

B: service process

X: number of servers

Y: system capacity (servers + buffers)

7: customer population
a) b) c)
M/M/1 M/D/1/1+N M/G/1/1
Ex. 4.2. a) b)

M/M/C/C M/M/C/C+c

Ex. 4.3.

There are only 5 customers. They cannot utilize 10 servers and 2 buffers.
Ex. 4.4.

See 4.3.
Ex. 4.5.

a) b)

Offered load = Arrival rate x Service time = Offered load 45

300 g - 4.5 = 45 Erlang. Utilization = rec 0 _ 22 g5

Number of servers 90

Ex. 4.6.

We use Little’s theorem to solve the problem.

a) b)

W:&:@:ZS /\eff:>\(1—Ploss):28~51/S
A 30

Ny =T A =0.25-28.5 = 7.125
N=T Ajj=4-285=114
N, =N — N, =114 — 7.125 = 106.875

N, _ 106.875
Aefr 285

T=W+x=2+025=2255s

W = =3.7s

12



5. M/M/1 queuing systems

Ex. 5.1.

The service time (transmission time in the channel) is exponentially distributed with mean L/p bits _

C bits/s —

M% s. The load p = u% has to be < 1 in order for the system to be stable.
Let T be the total time in the system, W the waiting time and S the service time, we have

E(e™*T) = E(e7*W+9) = {independence} = E(e*V)E(e™*%)

uC
s+ puC

E(efss) =

A (1= p)(s+ pc)

E(e")=1- 1—p
(c ) P )—i—,uC A s+puC—A

Therefore
_ uC — A
E sTy
€)= o R
which means that T is exponentially distributed with mean #Cil_A sec.
a)
1 14 AT; 14+ AT} bit
<Ty, & (C> 2+ Ao = smallest value for C is C = + Ao bits
uC — A wlp wly s

Let T be the total time in the system for a message. Then P(T > t) = e~ #*C~N¢, With the C
given above, we get

P(T > 3Tp) = e =~ 0.05
b)

At — In(p)

P(T>t)=e WOV <p  (uC—Nt>-In(p), C> ut

At—In(p)

The smallest value of C'is C' = ;i

o)

1
P(T>t)=e W N <y o —(uC-Nt<In(p) & )\SMC—F@
Hence, the biggest value of A is A = uC + @ (which is < pC).
Ex. 5.2.
a)
1 Ry 1
T = ETk P, = Pk kJrl = — kPkJr Pk = NJrl <+1)
b)
1 1 11,1 1 1 1 1 1
T=PFP—+(1-PF)(- /\—7+A(/\f—)— =)= =P—+1-F)(—+-— ¥) =
1 o pp’ [ 1 poopl=2
1 1 1 1
) I p(l=p)  pd—p) pl-p)
c

13



Using Little’s law

N=X = T-= % )\(1'0_ P M(ll— ) (regardless of service strategy)
d)
N~Geom(p) Py =p"(1—-p)
Gr(D) = Y Pu 2" = 3 " (1= )" = (1= ) 309" = 1=, =2
n=0 n=0 n=0
E(N) =Gy(1)
B(N?) = Gy(1) +GN(1)
l p(l — P)
N( ) - (1 _ pZ)2
" 2p?(1 —
e =
2p° p_ p(L+p)
PO = YT T i p
2
Var(N) = E(N2) - E(N)? = fflfp)pﬁ - (1 - p) o7

P(leave immediately) =1 — e~

y W=
a)

aw E

A VR =uP, = Po=pe*TUER
Pk — pke—% Efgol Z4P0
b)

If\—> o0 = two-state machine
)\P():/J,.Pl = Plzppo

1
P+P =1 = Ph=-—,

p =t 0 G
1+p 1+p
N:plzi

1+p

14



Ex. 5.4.

a)
A A A A A A
n i ur i i i
b)
P(z):Zszk
k=0
o) A"
AP =Ep = Pk:P“:r’H.<> Py fork>0
r I I
oo Az k A oo Az k—1
P(z) =Py + rk1~( )PP 1+ =2 (r) =
(2) =P ; L) ho="1 M; .
Az 1
o Az(1—2) =&
:Po<1+ HW>:H)( L _E )
I T
P
P(l)zl = PO_A_A:H
c)
~ .. OP
N=n o
]
P —=)=FP|X|l-=-)—-%
By n (e -2) )
oP I 1 . .
5 ()\z - ;) + P(2)A = Py (1 - r) /llﬁml(left and right)
1
N(A—“)+A:POA(1_>
— PA(1-31)-2x
N=—T—% —
Substitute r = 1. What do you get?
d)

Since the arrivals are Poisson, the probabilities are equal (due to the PASTA property):

M Foa—t
p* 2] k—1 r
TR (,L) A A

15



Ex. 5.5.
M/M/1 system

a)
b)
APy = pbPy
WPy = N Py—1 + Py_2), k>1, P.1=0
c)
“Z Pyt = )\ZPk_lzk + AZPk_gzk
k=1 k=1 k=2
w(P(2) — Py) = AzP(z) + A\22P(z)
pPo
Plz)= — Mo
2) w—Az(1+ 2)
P1) =1 mh L = -2
2\ Ko = f
=2
P
= Pz w—Az(1+ 2)
d)
Plz)jp—Az(1+2)] =p—2X
N = lim OP(z)
z—1 az
OP(z . .
o [w—Az(1+2)]+ P(z)[-AX1+2)—Az] =0 hml(left and right)
zZ—
— 3A
N =
= w—2X\
Simple M/M/1: N=-f_ A
P ' S l-p p—2A
Ex. 5.6

k
p p P P A
k=gl k-1= 170= 7t0 p P
k oo
Pk—&P07 (k:1727 ) ZP]C_17 POepzl = PO:e—p
k! =

16



pk
Pk:ﬁeip, (k':l,2,)

0 Xk S
N: ]{jP = k‘— e - = PP =

Ex. 5.7.

Ag = 75 jobs/h

)\1 =>\2 :)\3 Z)\4 =175 jObS/hz)\
Z =0.5 min, pu =120 jobs/h

a)
M/M/1/4
b)
State probabilities from global balance equations:
Py=0.564, P, =0.141, P,=0.132, P;=0.105, P, =0.059
4 4
Ny=> (i—-1)-P;=0519, N=Y i -P;=0954
i=1 i=1
o , .
p=N—-Ng, Aepsr=pp, = W:)\ = 0.59 min
eff
c)
P(full) = Py
P(G1 blocked) = Py P(G3 blocked) = Py + P34+ P,
P(G2 blocked) = Py + P3 P(G4 blocked) =1 - P,
d)
, Aetf
P(blocking of customers) =1 — - = 0.3018
P(blocking of groups) = 0.25P; + 0.5P, + 0.75P; + Py = 0.235
e)
Py . P .
=0 Py) 4+ —1 P,) =
Ws Pt P Ws(arriving in Py) + i P Ws(arriving in P;)
P 0+05+1 Py 0.5+1—+—1.5_06min
PR+ Py 3 Py+ Py 3 -

17



6. M/M/m/m loss systems

Ex. 6.1.

P(first m — 1 servers busy)=P(first m — 1 servers busy and m-th server idle)+P(first m — 1 servers
busy and m-th server busy). Since servers are selected in strict order, the first m — 1 servers are an
M/M/m-1/m-1 loss system. Therefore the left hand side is E,,—1(p). The second term of the right
hand side is E,,(p), and thus the expected part of time that the first m — 1 servers are busy and
m-th is idle is E,,—1(p) — Em(p).

Ex. 6.2.
A
p = —_- = 2
W
a) b)
Time blocking:  F5(2) = 0.210526 \- E5(2) - 3600 = 757.9
c)

Offered load: p=2, blocked: pE5(2), served: p(1 — E3(2))

Ex. 6.3
a)
ActAnoe  Anct Ao Apoc Ao
OO OO,
n 2u o 0p
b)

M/M/10/10:  A=175 calls/hour=2.92 calls/min, p = % = 52 = 5.8
From Erlang table E10(5.8) = 0.037

c)
One reserved channel:

Anoe A0 Ahoc Ahoc
P = 10p 9!p® _ 104 _ 104
10 = RS A9 Mnoe A0 {1ALAZ 29 - 1 Xnoe
1+ W + pam ot 9u® + 107 90 AT T NI 4 Ahoe Eo(p) + 104
X 104
9l

A 0.83
~ hoc Eg(p) —
104 10-0.5

Two reserved channels:

- Eo(5.8) = 1.1%

18



A2 0.832
Py = hoe_py = - E5(5.8) = 0.2
0 10u90 % T 90405 5(5-8) %

Two reserved channels are needed for blocking probability of handover calls below 1%.

Blocking probability for new calls is Ps + Py + Pig = 11%.

Ex. 6.4.
my
P = ﬁ p1L=3
mo
p2 = ﬁ p2 =06
ms
p1+p2  — ﬁ p3=p1+p2=9
a)
En(p) Z"%ﬂ m D
i=0 7] 2)
P(blocking) = E,,(p) < 0.001 3)
b)

In an M/M/m/m system:

P(k) = ; m(p) - S
Dt b b
Hence:

my =10 F0(3) = 0.000810

my =15  Ey5(6) = 0.000892
ms =20 Es0(9) = 0.000617

- m TTL' m Pk m' m pk71 m' m—1 pk
N = k-Pk)=FE,(p)-—- k-—=FE,, —p- E,.(p)— p- —
> k-P(k) () 2 >k (0)—=-p-> T (o) 20 > T
k=1 k=1 k=1 k=0
m—1 e
= En(p)- m =t _ Em(p) m! D Pt Ew(p) _ Tepreii
" pm Em-1(p) Ep-1(p) p™ (m —1)! Em-1(p) ('m.mi;;
1+p+...+%
=p(1 = En(p))
1) m =10 N=~3 2) mo=15 N=x6 3) m3=20 N~=~9
c)
N, 1-FE,
Average utilization = = o (p)
m m
1) 0.3 2) 04 3) 045
d)
P(max. two servers idle) = Py, + Py—1 + P2
-1
Pm Em(p) mel = %Pm Pm72 = ( )Mpmfl



1) 001161  2) 0.008325  3) 0.004883

Ex. 6.5.

M/M/m/m loss system, Erlang system

& A
Pk_ T,]: 79 k:07 -, M, p=—
2o T p
a)
il
Blocking probability = P, = 7::‘7' = FEn(p)
2o T
180 - 110
= ———— =5.5Erl
3600 rans
Py = E19(5.5) = (Erlang tables) = 0.02926
b)
R = number of attempted calls rejected per hour
R =\ Pyocking = A - Pio = 5.27 calls/hour
c)
p 9.5
Traffic load per server = — = 10 = 0.55 Erlang
m
d)
Pblocking =0.02 = PlO = ElO(p)
= Erlang tables p =5 = pmaz
Pmaz = n; = )\maac =5 Hn = 163 calls/hour
Ex. 6.6.
a)

Let X () be the number of machines up at time ¢. It is easily seen that X(¢) is a birth and death
process with birth and death rates given by A\, = g for k = 0,1,..., K — 1, A\, =0 for k > K
and pp = k-« for k=1,2,..., K, respectively. We notice that X (¢) has the same behavior as the
queue-length process of an M/M/K/K queue! Hence:

(&)

"o

fori=0,1,..., K, where:

K ai
C(K,a) :Zﬂ

=0

20



The overall failure rate A, is given by:

c)

o8

K
M= D) P0) = e 2

Utilization p is given by

AN s )
EET R S S ) N N G el S R

PTB B o D) & oKD & ) C(K, 2)

e)

Number of required computers N is calculated from the condition:

1
P(0) =
C(K, %) B C(N-12) N
@

N
;i-P(i)ZK = OB

21



7. M/M/m queuing systems

Ex. 7.1.
a)
T o=
(&
o
. .1 )
a; = prob. of choosing counter i = 3 (i=1,2,--+)
From 3.2:
A
)\1 = )\0&17 /\2 = /\042, )\3 = )\043, /\1 = g (Z = 1,2, )
Each queue is M/M/1 system:
- N A 1
T=", N=- ,=21_ )z z=-=45s
A1 L—p 1 p
T=—""_ —7714s (make sure all units match!)
1-— )\1{17

22



k
L (A) Py k<m
m
P, = ) Y
oo Pouy s (;) Py k>m
0 m—1 p m -1 m—1 -1
m A
Yh=1 = PR=|Y Z4? P .=t
Kl m!lm—p ! J
k=0 k=0 k=0
P m
P, =D,,(p) = 0P ™M (Erlang-C formula)

m!l m—p

For M/M/3 one can compute P, easily, but for larger m computation is more difficult, so we use
Erlang tables in general:

m

mE,,(p) o
Dy (p) = . Enlp) =
m — p(1 = En(p)) Dk 0%
_ P - N D (p)
N=p+D T="==
p+ m(p)mﬂ)’ = 3 u+u(m7p)
From table:

F3(1.38) =0.119180 = D3(1.38) =0.201 = T =56.16sec

Ex. 7.2.

a)

Little: N =)\T T = 2.5 sec

=0.5

N:  M/M/1: N:kak:?pp, p=

T >
==

T = 2.5 sec A=16

23



N=0IN+A=176 T =4.17s  Increase 67%

1 — 1 D
T=-+W=- 2(7)
I o pu(2=p)
2E5(p) 2
D = 2p I E p_ ?
=i me)y P T I,
:>T:42 1z 2.5 sec

N =01x+X=1.704 T =3.65s Increase 46%

f)
W=T-—15s
i
_ A .
N,=p=2=1549, Utilization = —° = £ — 77.45%
W m 2
_ 2. By(p) 2.0.32
P(wait) = P, = Dy(p) = - = 67.65
(wait) = Fo = Da(p) = 5= = F,0)) = 2= 1.549(1 — 0.32)) %
Ex. 7.3.

The waiting time for our customer is W = X; + X5 4+ X3, where X7 is the time elapsed since
the arrival of the customer until the first service event (departure), X5 is the time from the first
departure until the second departure and X3 is the time from the second until the third departure.
At the third departure, our customer starts to be served and its waiting time ends. Because of the
memoryless property of the exponential distribution and the independence of all service times, we
conclude that inter-departure times X7, X5, and X3 are also independent.

The inter-departure time distribution is:

P(X; > t)=P(min. of 3 independent exp. dist. variables > t) = e # . e #l . e7Hl = =31t

where % =1.25 (i =1,2,3). Therefore, inter-departure times are exponentially distributed and
departure process is Poisson with rate 3u :

P(W > t) = P(max. two events in a Poisson process with intensity 3y in interval ¢) =

— Bt | 3ype3ut | (?w;t)2 o—3ut

With i = 1.25 and ¢ = 1.25, we obtain P(W > 1.25) = ¢™3 + 373 + 4.5¢ 73 = 8.5¢ 73 ~ 0.42.

24



Ex. 7.4.

23

A
A= A1+ A2+ Ag, P:;

a)
. A A A 7y A A A
n 2u (k-1) ku (k+1) mu mu mu
b)

APy =kpPy,  k<m

APi_1 = muPx, k>m

Pk:? e = —%Pm E<m
A A k—m k 1 k—m
P= 2P, = () Pm”<> Py,  k>m
mpu mu m! \'m
" p k<
Po=< A0 "
m—1 i oo k k—m -1
_ _ P P (1 _
k=0 k=m
m—1 pk pm oo P kem -1 m—1 ,Ok pm m -1
:[ it 2 () 1 —l w'm_]
k=0 k=m k=0 P
c)
o m m [e’e) m m m—1 p e’} m k—m
N=Sokn=RmY ok en 3 K (2 =Ry S Ben Y K (2)
k=0 k=0 k=m+1 meAm k=0 k=m+1 m
m—1 pk o) s} m—1 pk
P S+ Y Pe=1, > Pi=Dulp) = PRpY, “7=p—pDulp)
k=0 k=m k=m k=0
. pm e p k—m
N=p=pDun(p)+Po"—= > k (—)
k=m+1
PP N (PN p P > (k p k- A
25 Y 1(B) R S Gem (B) e > (8)) -
k=m+1 " lk=m+1 k=m+1




_p PN () 2% L p
- [k () s (8)'] - [ ]
k=1 k=1 m m
— m m m
=N =p— pDulp) + P | -7 5+ P
m! [(m—p)2  m—p
™ m
Du(p) = P -
mlm—p
~ P P
:N:p_po(p)""_iDm(p)"‘rpo( ):p+7Dm(p)
m — m
E
m — p(1 — En(p))
1 1
M=3—, A=2—1\ A3=1—o1 p=01—
min min mi sec
m— 9 :§:A1+)\2+>\3_1
ju I
S B1)=02 = D=1 o No14i 4
AT A T 373
d) e)
\ ) Little’s law
LD VD VT W 3 N = AT = AT + AW
— N-»p 1 i1 1
W = = Dp.(p) =3 = — mi
N T mmopy ) =g = g min

f) Common queue = waiting time does not depend on job type

— = 1
leW:Emin

Ex. 7.5.

k!
k
_ P
Pk = %l (&
a) b) o
Served traffic = p. Mean waiting time W = 0 (mean time in the system = i)
c) d)
oF o0 Xk . el |
P:iip 7: f— —7p: *P: -p —_— = 7PP:
TR N ;kpk 1; K€ I;p(k—n!e pe ];)k! pe e =p



Ex. 7.6.

a)
A A
M/M/2 2u
A= 2n
p=3 A
pzﬁzl A
u u
b)
A
Por-A=Pi1-p = P11=P01';
P11()\+M)=P01-)\+P21'M+P22‘2/1«
A A A
PoOA+p)=Pu-A =  Pu=Py-— =Py
21( M) 11 21 11 Mt 01 LAt
20+ A
Poa(2A + ) = Psa - 2 = P3y = Pas - M2,u
A A A A
Py -2u=Py - A =  Pup=Py =Py 2.
22 * 4 21 22 21 9 01 ©2u A tp
1 ; .
Po-A=P12-2u = Pi2:P32'2i73'P1_37 (1>3)
oo oo p’L 1
)SpOIIETIED ST (3 RS
i g i=3 i=0 2
2 1 1 3 ;
Php==, Pi==, Py-= Pyy=—, Py=—, Pyp=Pyp—"2p3 (i>
= 01 ) 1= 2= 5 2= 10 32 = 58 2 325i—3F (1 >3)
c)
N,I:P21~1+P32-1+P42-2+...:P21+P32~Z(i+1)<g) -
i=0
e AN 1 3 6 4
e S0 S Q)]s
21 + 32 ; 5 +;z 5 7+14+28 7
oo .
P 2 1 1 3
N,=Pjy -1+ Py -1+ Py-2+42- Ps- (7): S 422
111+ For - 14 FPog-2+ 32 iz:; 9 7+7+ 14+ 11
d)
Erlang (i-2) distributed with mean (i — 2)%
e)

After the next arrival or service finishes, the waiting time is the minimum of exp(\) and exp(u),
and thus it is exp(A 4 u), i.e. exponentially distributed with parameter A + u = 6.



8. M/M/m with limited system capacity and
finite customer population (M/M/n/S and M/M/m/*/C)

Ex. 8.1.
For M/M/1/K:

k
Pt (L —p) A
P = =2 k=(01,... K

k l—pK—"_l’ P ‘uv (Oav ) )

_ 1y op—pX PR -p)
T 1 - pkHl K7 = K+l

APy = P APy = 2uPs; APy = 2uP3

k=0
2 3
p P 4
P, = pPy; Py, = = Py; Py ==Py; Py =
1 = pro; 2 5 105 3 40 0 Atdp1202 13
1 45 3 32
A = 2 arrivals/min; M = %0 min; p=5 0= 113

Probability that a customer has to wait = P, = m ~ 0.252
Probability that a customer leaves the system = P3 = % ~ 0.189

Probability that a customer has to wait longer than ¢ sec:

3
P(W >t)=> P(W > t|k)P, = P(W > t|2)P, = P(min(X1, X3) > t)P; =
k=0

2ut 2p°e 21
=P(X1 >t)P(Xo > t)Py = e ' Py = , t>0
(X2 >)P(X2 > )P, = e 2T A+ dp+202+ 3 (t=20)
Ex. 8.3.
a)
M/M/m
A A A
2n 21 21
b)
APy = uPy, k=12 APy 1 = 2uPy,  k=3,...
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> pP=1

A 2 oo A k—2 P 1
=  P+ZP+P <> > (2> =1 = b= Gy
k=2 o 1+ m + ﬁiﬁ
1 2—p k. _2-p L=0.1
= 0= T = ) P, = Pt o
L+ p+ 15 24+p+p {pk-zklzzfpfpz k=2.3,...
d)
oo
Ns=Pi+P,+2) Po=Pi+P+2(1-Py— P, —P)=2(1-P) — (P + P) =
k=3
=2(1—Py) = (pPo+p*Po) =2 Po2+p+p’)=2—(2—p) =p
Ex. 8.4.
a)
b)
4 3
P = %PO =5P, Py = fpl =10P, Py = ﬁpg =15P,
2u 2u
2/ 4
P, = ==P; = 15P,
e > h=
k=0
1 5 10 15 15
Py=— =— P, = =
= LT LTS 27 46 3716 1746
Average number of customers in the queue
_ 45
Nq:0~P0+0'P1+0'P2+1-P3+2-P4:Z6 ~ 45
W=-—% =053
85 Aeff 85
Aeff =5BPy+ 48P, +38P, +28P; = e
c)
Time blocking probability = Py = % ~ 0.326
d)
26 ~ 0.15.

Call blocking probability = P} = s3p—m3m 3551255755,

29



The time blocking and the call blocking probability are not equal, since the arrival process is
not a homogeneous Poisson process.

Ex. 8.5.
a)
A blocking system with finite number of users: Engset case (not Erlang!)

(Y o™

Call blocking: Tm — —m M-I\
Yo (M ad

1 call 4
8= $ = — calls/hour
75 minutes
1 call
W « =4 calls/hour

- 15 minutes

1
M=8 ry,=002 a8 o o=l
n

m=3: r3 = 0.080 > 0.02
m=4: rqs = 0.016 < 0.02 Four links are enough!

b)
i) Erlang case (M >> m)

80 calls/hour

E =0.02 = =
m(p) = 0.0 4 calls/hour

Enm(20)<0.02 = m=281links (<< M =300!)
ii)

P(W <y) = 1= Dp(p)e "0

eﬂ(mp)y] e _ Dm p)
0 M

= [~ B _ Ooefp(mfp)y — -
W 7/0 [1-P(W <y)ldy Dm(ﬂ)/o dy = Dunlp) [ p(m — p) (m —p)

mE,,(p)
m — p(1 — En(p))

Di(p) =

28 -0.019

= =0.063
28 — 20(1 — 0.019)

— 0.063
W=——"<-~Ts
428 —20) '
Ex. 8.6.
M/M/2/5/8 system
Let us denote p = % =05 _05

a)

State probabilities:

30



_ _4p. — 52 5 T 4y o, 105
7 9 9 56 5 7 5 5 105
P2 B 8p PO 28p P() 390 P5 2 B 3 B 8[) 0 Op 0 390
7 84 1 8
Py=3.--8p°Py =84p°Py = — Py = =
3=30 g o =80 =545 T T a7+ L+ I T 390
b)
Mean waiting time of the student:
609
W = Ny Ny=0-Pp+0-Pi+0-Po+1-P3+2-Py+3-Ps=——
Aeff 390
609 732
W = Tag = 0.83 h Aepf = 8aPy + TaPy + 6P + 5aPs + 4a Py = 390
c) d)
Time blocking probability: Call blocking probability:
105
Ps=—=027
77 390 P — Saks = 0.177
8aPy + TaP; + 6aPy + baPs; + 4aPy + 3aPs

e)
The service rate seen by a customer in the queue is 25 = 2.

P(W > 2h) = P(W > 2h | arrives in state 2)-P(arrives in state 2) +
P(W > 2h | arrives in state 3)-P(arrives in state 3) +

P(W > 2h | arrives in state 4)-P(arrives in state 4)

P(W > 2h | arrives in state 2) = %e‘wt =e 1 =0.0183

@50° | (260° . o=26t — (1 4 4). e~ = 0.0916

P(W > 2h | arrives in state 3) = (

P(W > 2h | arrives in state 4) = (200° 4 (2607 4 @O0%) . =26t — (1 4 44 8).¢~* = 0.2381

. . _ 6Py _
P(arrives in state 2) = g prmap roapr iapiap t3ar — 0-188
P(arrives in state 3) = Saly = 0.236

8aPy+T7aP+6aPs+5aPs+4aPy+3aPs :
el =0.236

P(arrives in state 4) = g p7apoars aPTIaPiT5al

P(W > 2h) = 0.0812
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9. Stage method - the Erlang and Hyperexponential distributions

Ex. 9.1.

M/Er/1/1

a) b)
APy = rpP P(occupied) =1— Py = A

At p

ruP) =ruPs
ruP. = APy
-~ pP="p. P =pP=..P

k=0
I A
Php=—; P =
LRTNEDY VTSI
Ex. 9.2.
M/H,/1/1
H1 = 2p0n

p2 =2p(1 — o)
a)

)\Oélpo = 2/,60(1]31

)\(1 — Oll)PO = 2/14(1 — Oél)PQ

22X+ p At
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a)
— 1 1
Wi=—+—=2min
poop
— 1
Wyg=—=1min
W
b)
P(wrong decision) = P(Wy > W) = / P(Wy > Wh|Wy = t) fw, (t)dt
0
Wi =X+ X, Xi,Xo™ Exp(p) = W1 ™~ Erlang,(p)
fw (8) = pPte™
P(W2 > W1|W1 = t) =M
e 1
PWy > W) = / plte Mt Mt = 1
0
c)
P(Wy> Wi Wy =t)=e 7
* g, t,— 4t 4
PWy>Wq) = wrte He 2dt:§
0
Ex. 9.4.
A=3msg/hour; At=2h
a)
P(message will wait for more than 2 h)=P(no. of messages arriving in 2h < 4)
AAL)™
P(N =n)= #e*)‘m (Poisson process)
n!
AAL)3 AAL)? AL
P(N < 4) — ( 3') ef)\At+ ( 2') €7>\At+ ( T )efAAt+ef)\At =0.15
b)

E[T] = expected time per message

E[T] = E[T|short message] P(short message) + E[T |long message] P(long message) =
_ 1000 3, 10000 1
1200 4 1200 4
E[N] = expected number of messages per day
E[N] = X-10 = 30 msg/day
E[N] msg/day
5 msg/connection

= 2.708 sec

Per day one requires = 6 connections/day

Time per connection (5 messages) is 5 -2.708 + 7 = 20.54 sec/connection
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10-20

Expected cost is  20.54 sec/connection - 6 connections/day - SEK/sec = 21 SEK/day

60
Ex. 9.5.
The pdf of the Erlang-r distribution is: f(z) = (px) " tpe Hre
We look for the value of « for which df/dx = 0.
F/(@) = () (r = 1)(rpa)™ 26~ — (rpa)?(rpa) e =
= e ) (1) o)
-1 1 1
From f’(a) = 0 we get r — 1 = rua. Therefore: a="_ =——- —
W g TR
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10. M/G/1 queues

Ex. 10.1.
o
pl
A
_—
pePX
a)
S:P§1+(1—p)§2=p-0+(1—p)f:%
52—p5’2+(1—p)522:p-0+(1—p)22:2(11;}9)
o 1—p2
Var(S) =02 =52 - 5% = p2p
b)
_x? . _A1-p) AR,
v 2(1—p)’ pEM=T - W72(1—L1"’)) p(1 = p)
T = “8Sal(1 o) P _p(s+])
§"(s) = Ble™] = Elelp+ Ele™?/(1 =p) =p+ (1 =p) 0 = =
sy sA=p)  (1=p)(s+tp)
W(S)is—)\—&—)\S*(s)i s+ p(l-p)
c)
wo dWs) . [stp(l—p)—(s+p) ___Pr
V=g =0 ){ [s+p(1—p)? }s—o p(1—p)
cq . A=p)s+p) p(1—p)
wie) = s+p(l—p) L - )
fw () = L7HW ()] = (1= p)d(t) + p- (1 = p)e P17
Fy(t) = /t fw(@)dt = 1= p+ p(1 — e P17 = 1 — pemPU=0)t
0
d)

1-p)(1-2) 1—-2)A+1
“ ()_1 Sy == )(1—§)>\+1
o _dGN(E)|  _ 1=p(l=p)
N= dz lz=1 p(1—p)
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M/M/1:
¥ W p P’
Ny=N-Ns=y' —p=1"— = p=09
a)
M/Es/1
A e
OO - O
M M m
1 1
5251+52++S5, 51:77 V[Sz]z—z
7 7
— 5 — _ 5
i=1 K
° 5
visi= Vil = Visl=-3
i=1
VIS 1
CL?_ £2 =z
g 5
— 14+C2%2 p?
N = = = 5.
pt—g o, =576
If the number of stages r — oo, C? — 0, M/E,/1 - M/D/1
b)

M/H, /1

— 1 1

g_1_p _ 180
nwoooA 0.9

— 1 — 1

51:77 52_*
M1 w

— 1 1 1 2 .
14 1251 2 251 2
0.2 0.8 1800
=G

1 U2 0.9
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1+C2% p?
2 1-p

2|

1-p
= C52:27p(N—p)—1:2.4815

Q2
C? = S——1—24815 = 52—34815<09>
5

1800
— 2 0.2 038
§?= sa+ — ( a)=2(2+2>

5] Hz 1253 125}
02 08 34815/ 0.9 \?
22~ "5 \1800 (2)
pi ooy 1800

From (1) and (2) we obtain:

1 = 735.3 pkt/sec, s = 3508 pkt/sec

Ex. 10.3.
a)
1000
A= —— 130 pkt/sec

T = E[z1]) + E[z2] + E[z3] = 90 msec

1
Php=1-p=1—-Az=-
0 P T 1
b)
— 1+C2 , 02
= 3 2=z
3
’ 3 " 12 1
X*(s) = (2 = z=-X*s)| =2, Z=X"(s)| =, =1
S+ u s=0 ) s=o ,u2 3
- 1+C2 3
N,=N—-p=p? ==
Ex. 10.4.
a)
P(N = n) = P(msg requires n transmissions) = (1 —p)p"~' = N~ Geom(1l — p)
Fn(n) = P(N <n) ZP —p"
b)

Service time is equal to the number of retransmissions S = N. We model the system as M/G/1
with service time distribution given in a).
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2(1-p) g
_ 1 >, L+p
S:N: s S2: nQPN:
1—p nz:% ( ) (1—-p)?
1 A 14+p
= T = +
l1-p 2(1-p)(1-p)3?
c)
_ A
p=AS<1l = ﬂ<1 = A<1l-p
Ex. 10.5.
()
o L
A
M/Hs/1 _—
* m
NV
a)
pZ(1+ C}) - Z=—B*(s)
1/1/277 :)\:E s=
21-p) = ° B
() = Qo w0,
S+ 1 S+ U2 *
2 2
o _0p _ w2 . 350
Cb_f2_i‘2 1_156 1=1.24 _5 50
= W=- —-
5 8 4
T = 12.5 sec; pz)\f=§
b)
1— 1-—
W*(S):s S)x(—&-)\g)*(s): ! )
_ aip asp
S— A+ |2t 4 a2
3 9
W*(s)=(1—-p) [1+—L5 +—2 ]
=00 145y e
3 9 27
:£—lw* _76 s, 3Y Z e 2Y >0
w(y) W(s)] = go(y) + gge™ 2V + 5572y

38
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11. M/G/1 queues with vacation and priorities

Ex. 11.1.

A1 = 0.4 msg/slot A2 = 0.2 msg/slot

length of one frame T, = 2 slots

= =0
<S4,
— )

—> —> IO

<S>
The equivalent queuing system for any of the two users
leTga <T(>

<—Tc—>

—=>T () ]

a)
T,: average time between a message arrival to the beginning of a new frame
. = T.
Ty ~ Uniform(0,7,) = Tg1=T4o= 5= 1 slot
T,: average queuing time for an M/D/1, S; = S5 = T.
- \iS2 - - - 2
7 = 2(17_’/”, pi=NS; = Tg1=4slots, Tyo= 3 slots
T,: message transmission time, Tt,l = Tt’g =1 slot
E— — — — — 8
Ti=T4;+Tqs+T:; = T1=06slots, Ty= 3 slots
b)
0.4 2
P1 = PT(msg from user 1) = m = g
0.2 1
P, = P, (msg b er2) = ———— =
) (msg from user 2) 04102 "3
— 2 1 8 44
T = (delay of a randomly chosen msg) = 3 6+ 3'3=9 "~ 5 slots
Ex. 11.2.
a)
T: slot time in A
AT(10-T)  10-T 1.2AT(1.2-T) 12T
Ds=T Dp=12-T
a=ttsa o T B Toasian T2

39



Bisbetterthan Aif Dp <Dy = X< %

b)
Stable system: 1 1
<1 =MT <1 = A — -
P pA al < A<T7 PB<1.2_T
Ex. 11.3.
Aa = 100 pkt/sec, L4 = 20 bits
Ap = 20 pkt/sec, Lp = 100 bits C = 10000 bits/sec
s _ 20 3 G _ —6
SA_10_103_2 10 S% =4-10
_ 100 — —2
Sp=———=10-10"3 52 =2.8,=200-10"°
%7 10103 B B
pa = 0.2, pp = 0.2 = p=02
— 1 — 1 ,
== \S2=2(400-10"% +4000-10"%) =2.2.1073
R=5 ) A7 =5(400-107° +4000 - 10~°) 0
a)
A > B:
— 2.2.1073 S
A=17M=2.75-10—3 sec Ta=8S4a+Wa=475-10"3 sec
— 2.2.1073 _
Wg= =4.58.1073 T = =14.58-1073
B A=02)(1=04) 58 - 1077 sec =S+ Wpg 58 - 1077 sec
A < B:
Was=458-10"2sec T4 =6.58-1072 sec
Wg=275-10"2sec Tp=1275-10"2 sec
b)
A > B:
R4=200-10"% Rpy=R=22-10"3
Wai=025-103sec Ta=8S4+Wu=225-10"3 sec
Wp=458-10"3sec Tp=28,+Wp=17.08-10"2 sec
. Sg 101073 _
S, = = =125-10"°
B 1—ps 1-02
Ex. 11.4.
a)
Cj, = 1000 * 800 = 800kbits/s
Clmaz = 2Mbit/s—800kbits/s = 1.2Mbit/s Amaz = Clmaz /L1 = 600packet/s
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xp = 0.4%103s 7, = 10735
xp2 =0.16 % 107 %5 22, = 2% 107 %
R -3
If X\ =X,maz then: Wp = =...=113%10""s
L—pn

If A\ =0, then M/G/1: W, =0.13%103s

A1 = 300pkts/s

R

=2.11%1073s
(1 —=pr)(L = pn — p1)

W, =

If the low priority buffer is never empty, like in part (b), then the high priory service can be
modeled as M/G/1 with vacations.

Ex. 11.5.

A1 = 60 jobs/s A2 = 40 jobs/s
S1=12x10"s Sy=6x10"%s Vi=2x10""s

a)
S M 52 5 g6x107%s p=(+X) xS =096
A1+ A ! AL+ Ao 2 ' ! 2 '
— with probability p, the server is busy: Eq,‘busy =0
— with probability 1 — p, the server is in maintenance: §U|maintename =V=2x10"3
Ev = pﬁv\busy + (]- - p)ﬁwmaintenance =80 ps
Ryjempty =V =2 x 107" s (memoryless of Exp)
b)
= AS2 V2
21 —p) 2V
Fo_ M @ Mm@ 6y (255) + 0.4 x (253) = 201.6 x 10~°
Al + )\2 1 )\1 + )\2 2 . 1 . 2 .

VZ—9V —8x10°°

- = T2

o MtA)S? V2o
21—p) 2V
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12. Queuing networks

Ex. 12.1.
%) o5
N o / . /
> /  =>(w / O
2o 23
a)
)\in
pPi =
i
11 1/8 bits 1 o
wi p C bits/sec  BC see - Hi = B¢
A
p1L= 3C
()\ + )\2)(1 — 012)
P2 3C
_ (AF22)(1 —az) +A3)(1 — 3)
sC
b)
Every node is an M/M/1-system = N,; = T2
c)
Tit =T1+T>+T;
— N; 1 1
T, = — = = Little’s law
Ai o pi(l=pi))  BC(L—pi) ( )
3
— 1 1
Tiot = —
tot = 36 ; 1=
Ex. 12.2.
MEME10 MMi10
ST 3= OO
System 10 System 20
p1 = pe = pC

Tto¢ time in the whole system Tt =T1+ T2 = Sp.(s)=57(s)+ 55(s)
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T=T+1T

T*(s) = T7 (s)T5(s)
b= A

For M/M/1:  Tj(s) = Pry— (see note 1)
oo BCO=X )
() = (+60>\>
fr(t) = (BC = N)? -t em (P!
b)
CdTB)| a2 —2 2
E(T) N ds s=0 N (BC >\) (5 + ﬂC - )\)3 s=0 N ﬂC - A
d*T(s) 6 6
2y _ _ 2 _
B(T7) = ds? ls=0 (BC =) (s +BC — Ntls=0  (BC —\)2
2
_ 2\ _ 2 _
V(T) = E(T?) — E(T)? = BT
c)
t t
P(T>t)=1-P(T<t)=1- / fr(z)de =1— / (BC = N\)? -z e PO N2y =
0 0
1w 80— a2l [ a0y e (BO-Na gy —
—1 [x(ﬁc A) e ]0 /0(50 A)-e do =
=14t (BC —\)-eBO=Nt _ [1 - e*WC**)t} = e~ (BC=NE[1 4 (BC — M)
Note 1:

T*(s) for a M/M/1 system:
If customer k + 1 finds k customers in the system: Ty11 = Zf:ll X;

k+1
= T (s|k customers in the system) = < H >

S+
Py =(1-p)p"
§ 00 . M k+1 1 00 A k
T =320 o (=) :<1‘p>s+ﬂ§)(s+u) -
= (1-p)—L e

s+u'1—ﬁ s+p—A

Note 2:
Partial integral: Jwvde =uv — [wv'dz

Ex. 12.3.
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Xty

MiMg 10

System 20
B Yy

1-B

System 10 Xi,

MitMi20

System 30

A = 4 jobs/min, z1 = 10 sec, To = 30 sec, T3 = 20 sec, 5=0.2
a)
A2 = A3 = 0.8 jobs/min A3 = M1 — ) = 3.2 jobs/min
b)
— p1 AZy = P2 A2T2 2
! ].—p1 ].—>\£E1 2 ]._p2 l—)\sz2 3
c)

Rejected jobs/min=A3E,,(ps).

P3 = A\3T3 = /\(1 — 6).%3 = 1.067; E2(1.0) = 0.200000 Eg(l.l) = 0.223660

Interpolation: E5(1.067) = 0.215852.
Rejected jobs/min=A3F5(1.067) = 0.67/min.

d)
== A3 Xy —
T=T1+—— To+—>—-T-
DV VS VN Vi
— x — T — ’
p=—, s=—2—,  Ty=13  A3=A(1-B)(1— Enlps))
1—p1 1—p2
T = 30 sec, Ty = 50 sec, T4 = 20 sec, )\;):2.51:> T = 57.5 sec
e)
. 23 _
W=T, -0+ ——— (T2 —T2) =248
1 m1+)\ﬁ+)\3 (To — o) sec
Ex. 12.4.
o
A
— O

1
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a) b)
Service time distribution: jobs leave the system
with intensity (1 — «).

. 1
T=—"-
N n(l—a)
— O
H(1-0)

c)
. A k
M/M/1 with p = = P,=p"(1-p)
(1-a)
d) e)
N=-L_ WeT-z=—F" 7" -/
L—p (1—p)A 1—p 1—p
Ex. 12.5.
a)
alz)\ a5:O.5~/\—|—/\=1.5-)\
a3 =05-a5+X+05-a3 = a3 =3.5-\.
1 1
aQ:a4+§a6 a4:0.5~/\+§a6, ag = a9
= ax=15-\ as=X\, ag=15-X
b)
1 3 7 _1 3 3
p1*4v p2*8a p3*8a p4*47 p5*8’ p6*8
P! =(1—pj)p} Pliy, iy, i3, 14,45, 16) = [ [ P/
j=1
c)
el e2 €6
N4 N2 N6 —
€2 = €4 + €g, 64:0.5'66, € = €2 = 62:(36:2,
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State  G3(3) -

o

state) P(state)
1

300 (i)?’ L
210 ()3 %
201 (1)) b
ti () b
2o (B)EF) 4
0 2 1 (i)g 5
03 0 (5)3 5
01 2 (5)3 L3
00 3 (5)3 &
o (E) 4

1+2+2+44+44+8+8+8+8+4 49
G3(3): /143 :E
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Solutions of exam problems

Pioss = Pry1 = pK+1(1 - ,0) =103

A 36 103
P T 30108
1073 In 10
Kl — 1072 K+1=-2. =43.4 K =43
p 1-09 = * In 0.9 -
b)
K+1
p (1 —p) -
M/M/l/K HOSS:PKﬁ»l:W:lO 3
K+1 _ 107° (1 — p+2)
1-0.9
pET(1+1072.0.9) = 1072
102
K+1= =43.6
TS T 102 0.9) I 0.9
K =143.6] —1=43
Ratio of state probabilities for K+1:
K+1
P (1-p) _ K+2
gy i<l
l_pK+2
thus, the approximation underestimates the loss probability.
Ex. 2
a)
P(X<a?)—1—(g)b a,b>0 x>a
- x b b
d d a\® bab
— P <o) = (1-(2) ) =T
/(@) dz ( ?) dz < x > b+l
_ > > ba® y [T1 ba® 1]~ ba
C'x:/a f(x)deA xﬁdfzbal xbdff}:b_l|:xb_1:|a :b—l
250-8 1 0.375
= T = 1 . =
pEAT =100 oG T T o
b)
AT
W =
2(1-p)
a\?® bab
o= gre<m = (- (5)) = om
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a —2C2
10
8,
T 6
A oa? 1 b(b — 1) =
a _
W= " =0.73 ,
C2b—22(1-p) b= 139 1 = 4
2,
% 25 3
c)
N2 Hino
A Co
N2
LOn

3 3
Median file size = P(X <z)=05 = (ﬂ) =05 = z=a2"/%= E bytes
x

Distribution of high priority packets:

_ 3
P(X1<x1)=A(1—(z)> a <z <a2t/?

A=2 (since it is half the original distribution)

a2'/3 3 a
3 1
CT = 2/ 22 dz = 3° [ 2] — 3a(1 —27%/%) = L.11a = 277 bytes
a T I | 40173
a2l/3 3 a
— 3 1
C%r? = 2/ x2i4dx = 6a® [ } = 6a%(1 —271/%) = 1.2442
a X X a2l/3

Distribution of low priority packets:

_ 3
P(X2<x2)=2<1—<z>) a2'? <z < oo

a21/3

e e] 3 1
CTy = 2/ x3i4dx = 3a® [2} = 3a27%/% = 1.89a = 472 bytes
a21/3 T T | o
1 (121/3
C?z} = 6a° [m} = 6a2271/% = 4.76a>
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R R

Wy = Wy =
L—p1 (1= p1)(1 = p1—p2)
1. = 1, = A 1500
R= 5/\19@ + §A2x§ =AM =X= 5) = m(1.24a'4’ +4.76a%) = 141 ps
141
Wi=————5=5 =178 us
1—750 - 3558
141
Wy = —=5=— = 406 us
0.79(0.79 — 1304728
Ex. 3.
M/M/o0 birth-death
a) | P = p—fe_p by = %I:e_p
b) | N=p N=p
c) [ T=1 T=21
“ MN —14e "
d) | W=0 W= =55
Ny=N-N,=p—1+e"
N,=1-Py=1—e"
e) | P(wait) =0 P(wait)=1—-FPy=1—e?
f) | offered load=p = % offered load=Ny =1 —e~"

N
]
O==4
k Nl
1
)\2

]

Random: each stream Poisson with VarX =
Round-robin: each stream FE,-distributed with VarX = ﬁ —0asr — o0

Round-robin is the most efficient since traffic gets less and less random as the number of paths
increases.

b)
Undispersed system
Total time =T = —2 A = 100 pkt/sec, p=AT
Al =p) :
200 - 8 T = 003 = 40 ms
r=——_=8ms 100(1 — 100 -8-10—3)
200 - 103

Dispersed system

,_ 2008
A = 20 pkt/sec T = s = 40 ms
20 - 40
- =200
20(1 — 20 - 40 - 10-9) e
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The undispersed system is more efficient (compared to random dispersion).

<)
10
A

R
M/M/k system
A = 100 pkt/ _ 40100 o kt,/
= pkt/sec M= 5008 — 20 Pkt/sec
1 D,, 1
T= W s, 10y
po p(m—p) 25
mE,,(p) 5-0.199
D = E5(4)=0.199 = Ds4)=
Ds(4
T =40+40- 5_(4) =40- (14 0.55) = 62 ms
This system is less efficient than the undispersed system.
Ex. 5.
A = 800 pkt/sec p=At=2800-10"%=0.8
8 - 250 bytes 4
T=—""" _1 M/M/1 queue = N=-—=4
YT 9100 bits/sec e M/La 1—p
a)
P(X<x)
Truncated exponential distribution 1
| B(l—e ™) z<2ms
F(z) = { 1 > 2ms !
\
|
2ms X
0o 2 1
Find pu : / flx)dz=1 = Bu/ ez =1 = l-e = B = B =1.1565
0 0
14+C2 o2
N = 2 Y=z 2=z
2 —pz 0
z= B/ zpe Mdr = B (ux + 1)‘2 = 1.1565(1 — 0.4) = 0.694
0
Note that  cannot be 1 ms as stated above due to the truncation!
2 2
_ 2 2\ [0
x? = B/ 22 pe M dy = e H® (x + % + 3> ’ = 1.1565(2 — 1.36) = 0.75
0 poop?opd) e
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=2
= 0.5571

x i‘Q
p =A% =2800-0.694-1073 = 0.56

_ 14 0.5571
N =0.56 05627—112
* 2(1 — 0.56)

The queue length is drastically reduced.

b)
2
— 1
x :/ fodx:§ f)
o 2 6
8 1
c2=°_1=- |
p=Az=2800-1-10"%=0.8 1

~ 1+1/3 1ms 2ms
N=0.8 0827:2.93
RS T Y)
Uniform distribution of packet lengths gives shorter queue then exp. dist. at equal loads.

Ex. 6.
M/E2/1/2, A=1 job/min, u=1.5 job/min
a)
Arrival: Poisson
Service: two stage Erlang with 7 = exponential service time

System capacity: one server, one buﬂ%r space

A
Por = P2 Pr="Pog)
= AA+2
2 2
P32u = P+ Py2u P, =P, A n AN A+ 2
21 21 21
P42/,L = PQ/\ 9
A A+2
Po+P+P+Ps+P=1 P4=P0<) + =
2u 2u
27 3 12 7 4
753 U590 TPT590 7T 590 Tt 59
b)
. . 11
P(blocking) = P(system in states 3 or 4) = Ps + Py = 9
. L 1 1 2
T'(blocking) = T'(service time) = — + — = — = — min

2u 2 p 8
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Poisson arrival with const. A = call blocking = time blocking
T (non-blocking) =?

T'(blocking)

96
T(non-blocking) = - mi
(blocking) + T(non-blocking) | (won-blocking) = 55 min

P(blocking) = T

T'(mean time a job spends in the system)="
Job is accepted in states 1,2, and 3.

In state 0: Tp = ﬁ + ﬁ = % (the job’s own service time)
In state 1: 71 = 2% + 2% + 2% = 2% (the second stage of the previous job +7p)
In state 2: Th =4 - ﬁ = % (two stages of the previous job +Tp)
1 1 3 2 43
T=————|\P-—+P-—+P-— | =— se
Py + P+ P ( 0 T g T2 u) 48
Ex. 7.
M/M/2/3:  A=60 calls/min, Z = %:1.5 sec = p=2Erlang
a)
A A A
u 2n 2n
b)
APy =pPy = Pr=pF AP, =2uP; = P3=
02
AP1:2MP2 = P2:5P0
1 1
Ph+P+P+P;=1 = P():—Qs:f
l+p+&+5 7
. 2
P(wait) = P, = =
c)

W =WoPy+ WPy +WoPy, + W3P3 = W5 Py
where W, is the average waiting time when k customers are in the system.
1 2

2
Wo=—, Po=- = W=
2 o0 2= 5 7SGC

1
Mean blocking time = o = 1 sec
I
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Ex. 8.

A (Erlang) B (Engset)
m=2 m=2
p:%-6:4Erlang a:%:O.l

4n 3

4)\P0:/LP1 = Pr=04-PF
3\P; = 2MP2 = P>, =0.06- F,

Po = 1535 = 0685, P, =0.274
a) a)
P(blocking)=B(2,4)=(table)=0.615 P(blocking)=P>=0.041

: 2\P,

Call blOCklng=R2 = m = 0.02256
b) b)
Mean blocking time:% = 3 sec Mean blocking time:% = 3 sec

m n

¢) c)
Mean time w/o blocking* = % = | Mean time w/o blocking* = 3(1%2132) =70 sec
= 1.875 sec
d) d)

m = 8 servers (6 extra)

*Mean time w/o blocking =

m = 8 servers (6 extra)

(Mean time w/o blocking)

(Mean time with blocking)+(Mean time w/o blocking)

Ex. 9.
P(L=40B) =065  P(L=0595B)=0.20,
A = 10* pkt/sec, C' = 34 Mbitjs/sec
a)
A2
Average waiting time : W = Q(Tx,\g—;)
_ L 6
L=3710B = x:5:87-10 sec

40-8 \? 595 - 8
E[z%] = 0.65 - ( ) +0.20 - (34_106

34106
= W = 0.846 msec
b)

2
)—1—0

34 - 106

The transform function for the service time distribution:

B*(s) =0.65-¢" ™" 4+0.20-e"™° +0.15- 773

- Ll L2

T = — =940 psec; T = —= = 0.14 psec;

C c

L

73 = — = 0.85 pusec

C

P(L = 1500 B) = 0.15

1500 - 8\
15 - ( ) =0.022-107% sec

The transform function for the distribution of the number of packets in the node:

G(2) = B*(A— \2) - W

B*(A = X2) = 0.65- e A7) 1020 . e (A7) L 15 g2 (AA2)
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p= Az =0.87
c)
For exponentially distributed packet length (M/M/1):

Z = 871079 sec T = % — 0.669 - 102 sec
—p

p=Ar =087 W =T—7 = (0.669—0.087) msec = 0.582 msec
The waiting time is lower in the exponential case because the second moment of the service
time is lower (E[z?] =2-7% = 0.015-107° sec).

Ex. 10.

M/M/1/S,  p=05 S=K+1

a)
_ 1—p 0.55+1(1 — p)
_ _ S _
P(blocking) = Ps = p [ 5~ 1 _ 05K
0.55*1(1 - p) 4 Kmi 2 4 Komi
0.55Kmin — g = z =0.5%—-05% = z = 0.235294 = Koin =3
b)
For M/M/1 system:
S = 1 1—p°t!
P(N>S)= > pfi—p)=(1=p) | D =D p|=01-p - =
k=S+1 0 0 L=p L=p

= p5*t1 =0.5° = 0.03125
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