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KTH Electrical Engineering

Exam in EG2080 Monte Carlo Methods in Engineering,
21 December 2011, 14:00-18:00, large conference room

Instructions

The answer to each problem must begin on a new sheet, but answers to different parts of the same
problem (a, b, c, etc.) can be written on the same sheet. The fields Nawn (Name), Blad nr (Sheet
number) and Uppgift nr (Problem number) must be filled out on every sheet.

Solutions should include sufficient detail that the argument and calculations can be easily followed.

The exam can yield 40 points in total. The examinee is guaranteed to pass if the score is at least
33 points. There will be a possibility to complement for passing the exam if the result is at least 31
points.

Allowed aids

The following aids are allowed in this exam:
¢ Calculator without information relevant to the course.
¢ Formulae sheet.



Problem 1 (8 p)

Y, and Y, are two correlated random variables. The joint frequency function is given by

0.3 ifx; =1,%x, =1,
0.2 ifx; =1,%x, = 2,
fy(Xy, X,) =4 0.2 ifX; =2,%, = 1,
0.3 if X, =2,%X, = 2,
0 all other (X4, X,).

Generate random values of Y; and Y,. You may use any of the U(0, 1)-distributed random num-
bers provided in table 1.

Table 1 List of random values for problem 1.

Number 1 2 3 4
Value 0.82 0.13 0.63 0.28

Problem 2 (8 p)

The following results have been obtained from a Monte Carlo simulation using simple sampling:

500 500
3 x; =248, 3 xZ =252,
i=1 i=1

a) (2 p) Calculate the estimated expectation value of X.
b) (4 p) Calculate the coefficient of variation.

c) (2 p) Assume that the coefficient of variation is used in the stopping criteria, and that the rel-
ative tolerance level is set to 0.01. Should more samples be generated or can the simulation be
stopped at this point? Do not forget to motivate your answet!



Problem 3 (8 p)

Consider a system X = g(Y;, Y,). The inputs Y, and Y, are independent and there are six possible
states for this system, as listed in the table below.

Y1 Y2 fy1() fy,(%) a(y1. Yy)
1 0 0.2 0.01 5

1 2 0.2 0.99 1

2 0 0.6 0.01 10

2 2 0.6 0.99 2

3 0 0.2 0.01 15

3 2 0.2 0.99 7

The system is to be simulated using importance sampling. The following importance sampling
functions have been suggested for the two inputs:

0.1 X =1,

0.5 X =2
f,.(X) = ’
2 0.4 X =3,

0 otherwise.

0.1 x =0,
f5o(x) =10.9 X =2,

0 otherwise.

Which of the following three alternatives is most efficient: to apply only the importance sampling
function for input 1, to apply only the importance sampling function for input 2, or to apply the
importance sampling functions for both inputs?

Problem 4 (8 p)

Consider the same system as in problem 3. Assume that this system is simulated using stratified
sampling. Two strata have been defined so that all scenarios where Y, = 0 belong to stratum 1 and
all scenarios where Y, = 2 belongs to stratum 2. Moreover, assume that n/2 scenarios will be gener-
ated in stratum 1 and n/2 scenarios in stratum 2.

a) (7 p) Is this application of stratified sampling more efficient than simple sampling with n
samples?

b) (1 p) Can the efficiency of stratified sampling be improved further? If that is the case, what
should be done? (A brief explanation is sufficient—no calculations are required.)



Problem 5 (8 p)

N -

Consider the system above. In its original configuration it has five components. Now it is consid-
ered to add some extra redundancy to the system, by adding a backup component for components
3-5. Fach component has a reliability of 90% and the state of each component is an input to the
system. The inputs are equal to 1 if the corresponding component is operational, and 0 otherwise.
The output is equal to 1 if the system is working, and 0 if it is not. Thus, for the original configura-
tion we get the model

1 i (Y, +Y,)(YaY, +Ye)>0,
X1=91(Y)={ 1t 1) (Vg Y5

0 otherwise.
Similarly, for the second model we get

1 if (Yy+Y,)(YgY,+Ys+Ye)>0,
Xy =0o(Y) = {

0 otherwise.

The improved reliability of the system is to be estimated using correlated sampling and impor-
tance sampling. The importance sampling function is set up so that the probability of components
3-5 being operational is set to 50% each, whereas the other components still each have 90% prob-
ability of working, i.e.,

0.5 x =0,
f1(X) = fy1(X), F1o(X) = fy5(X), f15(X) = f4(X) =f,5(x) = < 0.5 X =1,
0 otherwise,

and f5(x) = fys(X).

Table shows ten scenarios generated using these importance sampling functions. Based on these
scenarios, what is the estimated increase in reliability by adding the sixth component?

Table 2 Ten scenarios from the Monte Carlo simulation in problem 5.

Scenario Component | Component | Component | Component | Component | Component

1 2 3 4 5 6

1 1 1 0 1 1 1
2 1 1 0 1 1 1
3 1 0 1 1 1 1
4 1 1 1 0 1 0
5 1 0 0 1 1 1
6 1 0 0 0 1 1
7 1 1 0 1 1 1
8 1 1 1 0 0 1
9 1 1 1 0 1 1
10 1 1 1 1 1 1
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