
Exam in EG2050 System Planning,
16 March 2011, 14:00–19:00, E35, E51-53

Allowed aids

In this exam in you are allowed to use the following aids:
• Calculator without information relevant to the course.
• One handwritten, single-sided A4-page with your own notes (original, not a copy),

which should be handed in together with the answer sheet.
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PART I (MANDATORY)
Write all answers on the answer sheet provided. Motivations and calculations do not have to be
presented.
Part I can yield 40 points in total. The examinee is guaranteed to pass if the score is at least
33 points. If the result in part I is at least 31 points, then there will be a possibility to complement
for passing the exam with the grade E.

Problem 1 (4 p)
Answer the following theoretical questions by choosing one alternative, which you find correct. 

a) (2 p) In a modern, restructured (“deregulated”) electricity market, the system operator is re-
sponsible for the short-term balance between generation and consumption. This means that I)  The
system operator has to ensure that the frequency is kept within given limits, II) If the system oper-
ator does not ensure that the system in every moment is supplied as much power as is consumed,
then the system operator will have to pay a penalty fee to the balance responsible players, III) If the
system operator does not ensure that the system in every trading period (for example an hour) is
supplied as much energy as is consumed, then the system operator will have to pay a penalty fee to
the balance responsible players.

1. None of the statements is true.
2. Only I is true.
3. Only II is true.
4. Only III is true.
5. I and II are true but not III.

b) (2 p) The consumers in a vertically integrated electricity market has the following choices:
I) They can choose which system operator they want, II) They can choose which retailer they want,
III) The can choose which player should manage their balance responsibility.

1. None of the statements is true.
2. Only I is true.
3. Only III is true.
4. I and II are true but not III.
5. II and III are true but not I.



3

Problem 2 (6 p)

a) (3 p) The figures below shows the supply and demand curves of a certain electricity market.
What will the electricity price become in this electricity market if we assume perfect competition,
perfect information and that there are neither transmission, reservoir nor capacity limitations?

b) (2 p) Consider the common electricity market of the two countries Rike and Maa. Assume
that there is perfect competition and that all players have perfect information. The power systems
of Rike and Maa are connected by an HVDC line, which can transfer at most 1 000 MW. The fig-
ure below shows the electricity prices in Rike and Maa during a day. During how many hours will
Rike export to Maa?

c) (1 p) How large is the net trading between the two countries, i.e., which country will export
most energy during the day and how large is the total export minus the total import for this coun-
try?
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Problem 3 (6 p)
Consider a power system divided in five areas. At a certain occasion there is balance between pro-
duction and consumption in the system and the frequency is exactly equal to 50 Hz. Data for the
primary control in the system are given in table 1. Data for the transmission lines between the
countries are shown in table 2. Each transmission line is equipped with a protection system which
after a short time delay disconnects the line if the power flow exceeds the maximal capacity of the
line. The power flow on the HVDC line are not affected by the frequency of the system, but can
only be controlled manually.. 

a) (3 p) At this occasion, the generation is increased by 150 MW in a thermal power plant in
area A. The power plant is not part of the primary control. What will the frequency be in area A
when the primary control has restored the balance between generation and consumption?

b) (1 p) What will the frequency be in area B after the event in area A?

c) (1 p) What will the frequency be in area C after the event in area A?

d) (1 p) What will the frequency be in area D after the event in area A?

Table 1 Data for the primary control.

Area
Gain

(available between 49.9 and 50.1 Hz)
[MW/Hz]

A 2 000
B 2 000
C 1 000
D 500
E 500

Table 2 Data for the interconnections.

Connection Type Current transmission [MW] Maximal 
capacity [MW]

A ↔ B Alternating current 1 000 MW from A to B 2 000
A ↔ C Direct current (HVDC) 600 MW from A to C 600
A ↔ D Direct current (HVDC) 400 MW from A to D 400
A ↔ E Alternating current 1 000 MW from A to E 1 500
B ↔ D Alternating current 500 MW from B to D 1 200
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Problem 4 (12 p)

a) (5 p) AB Vattenkraft owns five hydro power plant located as in the figure above. Notice that
Berg is an underground power plant and that water that is discharged through the turbine is flow-
ing to Fallet, whereas spillage ends up in Forsen. The following symbols have been introduced in a
short-term planning problem for these hydro power plants:
Indices for the power plants: Berg - 1, Sele - 2, Forsen - 3, Fallet - 4, By - 5.

γi = expected future production equivalent for water stored in reservoir i, 
1, …, 5, 

λt = expected electricity price hour t, t = 1, …, 24,
λ25 = expected electricity price after the end of the planning period,

Mi, 0 = contents of reservoir i at the beginning of the planning period,1, …, 5, 
Mi, t = contents of reservoir i at the end of hour t, i = 1, …, 5, t = 1, …, 24,
μi, j = marginal production equivalent in power plant i, segment j, 

i = 1, …, 5, j = 1, 2,
Qi, j, t = discharge in power plant i, segment j, during hour t, 

1, …, 5, j = 1, 2, t = 1, …, 24,
Si, t = spillage from reservoir i during hour t, i = 1, …, 5, t = 1, …, 24,
Vi, t = local inflow to reservoir i during hour t, i = 1, …, 5, t = 1, …, 24.

Formulate the objective function if the purpose of the planning is to maximise the income of gen-
erated hydro power plus the value of stored water. Use the symbols defined above.

b) (3 p) The hydro power plant Språnget has a maximal discharge of 240 m3/s. The best effi-
ciency is obtained for the discharge 180 m3/s. At maximal discharge the power plants generates its
installed capacity, which is 153 MW. At best efficiency the power plant generates 117 MW. 

Assume that we need a piecewise linear model of electricity generation as function of the dis-
charge in Språnget. The model should have two segments and the breakpoint between them
should be located at the best efficiency. Calculate the following parameters:

μj = marginal production equivalent in Språnget, segment j,
= maximal discharge in Språnget, segment j.

Berg (reservoir)

Forsen 
Fallet

By

Berg 
(power plant)

Sele

Qj
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c) (4 p) Consider a thermal power plant, where the unit commitment is modelled using the fol-
lowing variables:

= start-up of the power plant in the beginning of hour t, 
ut = unit commitment of the power plant during hour t, t = 1, …, 24.

Formulate the constraint that sets the relation between ut, ut – 1 and  for hour t. Notice that the
constraint must be formulated without using any additional optimisation variables!

Problem 5 (12 p)

a) (2 p) Assume that the electricity market in Land has been simulated with data for next year
(i.e., the availabilities and operation costs of the power plants, and the load duration curve) and that
the resulting ETOC is equal to 1 000 k¤/h. How large will the total operation cost become in Land
next year?

1. The total operation cost will be exactly 1 000 M¤ during the year.
2. The total operation cost will be less than or equal to 8 760 M¤ during the year.
3. The total operation cost will be exactly 8 760 M¤ during the year.
4. The total operation cost will be larger than or equal to 8 760 M¤ during the year.
5. It is not possible to exactly predict the total operation cost next year, but it is likely 

that it will be around 8 760 M¤.

b) (2 p) Consider an electricity market with three power plants. The following values of the un-
served energy has been obtained from a probabilistic production cost simulation:

EENS0 = 500 MWh/h, EENS1 = 290 MWh/h, 
EENS2 = 120 MWh/h, EENS3 = 2 MWh/h.

What is the ETOC of the system if the variable costs of the power plants are 10 ¤/MWh,
15 ¤/MWh and 20 ¤/MWh respectively?

c) (3 p) The figure below shows the equivalent load duration curve of a system, where the total
installed capacity is 900 MW. Assume that a wind farm is added to the system, and that the availa-
ble generation capacity of the wind farm can be estimated by the model in table 3. What is the risk
of power deficit for this system?

Hint: The convolution formula for a multi-state model reads 

 

d) (4 p) Assume that a power system is simulated using stratified sampling and complementary
random numbers. A pilot study is performed in order to decide how to distribute the samples
between the strata. In this pilot study, 100 scenarios and 100 complementary scenarios are gener-
ated for each stratum. The results of the pilot study are shown in table 4. Which estimate of ETOC

Table 3 Model of the wind farm in problem 5c.

Available generation 
capacity [MW] Probability [%]

0 50
50 40
100 10

st
+

st
+
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is obtained after the pilot study?

e) (1 p) Assume that a batch of 1 000 scenarios is simulated after the pilot study in part d, and
that the samples are distributed as close to the Neyman allocation as possible. What estimate of
ETOC will be obtained after this batch? The true value of the expected total operation cost of the
system is 12 200 ¤/h.

1. The result will be worse, i.e., the new estimate will be further away from the true 
value compared to the estimate from part d.

2. The result will be improved, i.e., the new estimate will be closer to the true value 
compared to the estimate from part d.

3. It is likely that the result will be improved, but it is also possible that the result is 
worse.

Table 4 Results from a Monte Carlo simulation of the power system in problem 5d.

Stratum, 
h

Stratum 
weight, ωh

Total operation cost in 
the original scenarios,

 

[¤/h]

Total operation cost in the 
complementary scenarios,

 

[¤/h]

1 0.95 900 000 1 100 000
2 0.01 1 500 000 1 400 000
3 0.04 4 010 000 3 990 000

0.2
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PART II (FOR HIGHER GRADES)
All introduced symbols must be defined. Solutions should include sufficient detail that the argu-
ment and calculations can be easily followed.
The answer to each problem must begin on a new sheet, but answers to different parts of the same
problem (a, b, c, etc.) can be written on the same sheet. The fields Namn (Name), Blad nr (Sheet
number) and Uppgift nr (Problem number) must be filled out on every sheet.
Part II gives a total of 60 points, but this part will only be marked if the candidate has obtained at
least 33 points in part I. Then the results of parts I and II and the bonus points will be added to-
gether to determine the examination grade (A, B, C, D, E).

Problem 6 (10 p)
Consider a simplified model of the electricity market in Land, where it is assumed that there is per-
fect competition, that all players have access to perfect information and that there are neither
transmission nor reservoir limitations. However, generation capacity as well as demand are varying
during the year. To get a rough estimate of the electricity price in Land, the year can be divided in
peak load periods (60 hours per year), winter time (5 700 hours per year) and summer time (3 000
hours per year). Data for the electricity generation are given in table 5. The variable operation
costs are assumed to be linear within the intervals, i.e., the production is zero if the price is on the
lower price level and the production is maximal at the higher price level. The demand is presented
in the figure below. 

a) (6 p) Calculate how the electricity price is varying over the year in the electricity market of
Land.

Table 5 Generation capacity in the electricity market of Land.

Power source
Production capability [MWh/h] Variable costs 

[¤/MWh]Peak load Winter time Summer time

Hydro 5 000 4 500 3 000 5

Nuclear 4 000 4 000 3 000 80–120

Fossil fuels 2 500 2 500 2 500 300–550

MWh/h

demand

4 0002 000

¤/MWh price

1 000

800

600

200

400

10 0008 0006 000 12 000

Peak loadWinter timeSummer time
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b) (4 p) Would it be profitable to invest in a gas turbine with a production capacity of
125 MWh/h, variable costs 800 ¤/MWh and fixed costs of 42 M¤/year?

Problem 7 (10 p)
The power system in Rike is divided in three price areas. There is a lot of hydro power in the
northern part of the system, but most of the load is located in the central and southern parts of
the country. There are several parallel AC transmission lines between the three areas. Table 6
shows the maximal flow on these lines (if this limit is exceeded, the power system becomes unsta-
ble and there is a risk that there will be extensive blackouts in the entire or parts of the power sys-
tem) and the trading capacity (the part of the maximal transmission capacity that have been as-
signed to the market, i.e., the maximal planned flow when the frequency is exactly 50 Hz).

The primary control of Rike is divided in a normal operation reserve and a disturbance reserve.
Riksnät, who is the system operator in Rike, does not own any power plants of its own, but are
forced to buy primary control capacity. The purchase is composed of a mix of long-term and
short-term contracts, because the need for gain varies depending on which power plants that are
available and what the demand is. Table  7 shows an overview of the current long-term contracts.
Before next week, Riksnät needs to purchase additional disturbance reserves to guarantee that the
system can manage an outage of 1 000 MW in southern Rike without the frequency dropping
below 49.5 Hz and without overloading any interconnection. This requirement must be fulfilled
even in a situation when the normal operation reserve is exhausted (i.e., when the frequency is
49.9 Hz).Which bids should Riksnät accept if they want to minimise the costs of the increased dis-
turbance reserve?  

Table 6 Interconnections between the price areas in Rike.

Interconnection Maximal transmission 
capacity [MW] Trading capacity MW]

North ↔ Central 4 000 3 500
Central ↔ South 2 500 1 700

Table 7 Primary control capacity according to long-term contracts.

Price area
Gain [MW/Hz]

Normal operation 
reserve Disturbance reserve

North 1 500 750
Central 300 550
South 200 700

Table 8 Bids to the disturbance reserve in Rike.

Bid Gain [MW/Hz] Frequency range 
[Hz] Price area Price 

[¤/((MW/Hz)· week)]

1 125 49.5–49.9 North 120
2 125 49.5–49.9 Central 125
3 125 49.5–49.9 North 130
4 125 49.5–49.9 South 135
5 125 49.5–49.9 Central 140
6 125 49.5–49.9 South 145
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Problem 8 (20 p)

AB Vattenkraft owns three hydro power plants, located as shown in the figure above. The Envi-
ronment Court has decided a minimal flow downstream each power plant, which means that the
corresponding discharge or spillage must be released every hour. Data for the power plants are
given in table 9. The electricity produced by the company is sold to the local power exchange,
ElKräng. The company has during Wednesday morning submitted bids for every hour of the fol-
lowing Thursday and at two pm. ElKräng has notified which bids that have been accepted (see
table 10). Future generation is assumed to be sold for 500 SEK/MWh and stored water is as-
sumed to be used for electricity generation at average production equivalent, i.e, installed capacity
in MW divided by maximal discharge in HE. The water delay time between the power plants can
be neglected.

Rainy weather is expected to pass the power plants of AB Vattenkraft during the first hours on
Thursday. This rainy weather is expected to result in a significant increase of the local inflow dur-
ing a couple of hours. Forecasts for the local inflow are shown in table 11.

a) (12 p) Assume that the original forecast of the local inflow during Thursday is valid. Formu-
late the planning problem of AB Vattenkraft as an LP problem. Use the notation in table 12 for
the parameters (it is however permitted to add further symbols if you consider it necessary).

NOTICE! The following is required to get full score for this problem:
• The symbols for the optimisation variables must be clearly defined.
• The optimisation problem should be formulated so that it is easy to determine what

the objective function is, which constraints there are and which limits there are.
• The possible values for all indices should be clearly stated for each equation.

b) (8 p) The forecast of the local inflow is quite certain considering the amount of increased
inflow in connection with the rain. However, there is some uncertainty concerning when the rainy
weather will pass. Assume that there is a 25% probability that it will arrive one hour earlier (alter-
native forecast 1) than in the original forecast, and 25% probability that it will arrive one hour later
(alternative forecast 2). AB Vattenkraft want to set a plan for the discharge and spillage already on
Wednesday afternoon, in order to be certain that the contracted sales to ElKräng can be delivered
and that the decision of the Environment Court concerning minimal flows can be maintained.
Discharge and spillage should thus not depend on the local inflow—there should be one decision
on discharge and spillage for each power plant and for each hour. This means that the reservoir
levels must be allowed to vary as a consequence of discharge, spillage and local inflow, i.e., there
will be different reservoir levels for the three possible alternatives for the local inflow. depending

Språnget

Strömmen

Fallet
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on the local inflow. How must the planning problem of AB Vattenkraft be reformulated if the
objective is to maximise the value of the expected reservoir content? Do not forget to define all
new variables and parameters that you introduce!

Hint: Introduce separate reservoir contents variables for the three alternatives for local inflow, i.e., 
Mi,t,p = contents of reservoir i at the end of hour t if forecast p occurs, 

i = 1, 2, 3, t = 1, …, 24, p = 1, 2, 3.

Table 9 Data for the hydro power plants of AB Vattenkraft.

Power plant

Start 
contents of 
reservoir 

[HE]

Maximal 
contents of 
reservoir

[HE]

Marginal production 
equivalents [MWh/HE] Maximal discharge [HE] Minimal flow 

downstream the 
power plant 

[HE]Segment 1 Segment 2 Segment 1 Segment 2

Språnget 850 1 000 0.68 0.60 100 40 25
Fallet 1 100 1 400 0.70 0.62 80 40 20

Strömmen 750 800 0.40 0.35 150 80 50

Table 10 The sales of AB Vattenkraft to ElKräng during Thursday.

Hour 0-1 1-2 2-3 3-4 4-5 5-6 6-7 7-8 8-9 9-10 10-11 11-12
Accepted bids [MWh] 184 142 142 162 128.4 170.4 212 212 267 267 236.8 212
Hour 12-13 13-14 14-15 15-16 16-17 17-18 18-19 19-20 20-21 21-22 22-23 23-24
Accepted bids [MWh] 212 212 198 184 184 184 212 212 184 184 55 51

Table 11 Forecast concerning local inflow during Thursday.

Time 0-1 1-2 2-3 3-4 4-5 5-24
Local inflow according to original forecast [HE]

Språnget
Fallet

Strömmen

80
60
10

80
60
10

200
150
30

200
150
30

80
60
10

80
60
10

Local inflow according to alternative forecast 1 [HE]
Språnget

Fallet
Strömmen

80
60
10

200
150
30

200
150
30

80
60
10

80
60
10

80
60
10

Local inflow according to alternative forecast 1 [HE]
Språnget

Fallet
Strömmen

80
60
10

80
60
10

80
60
10

200
150
30

200
150
30

80
60
10

Table 12 Notation for the planning problem of AB Vattenkraft.

Symbol Explanation Value

Mi, 0 Start contents of reservoir i See table 9
Maximal contents of reservoir i See table 9

μi, j Marginal production equivalent in power plant i, segment j See table 9
Maximal discharge in power plant i, segment j See table 9
Minimal flow downstream of power plant i See table 9

Dt Sales to ElKräng hour t See table 10
Vi, t, 1 Expected local inflow to reservoir i during hour t according to original forecast See table 11
Vi, t, 2 Expected local inflow to reservoir i during hour t according to alternative forecast 1 See table 11
Vi, t, 3 Expected local inflow to reservoir i during hour t according to alternative forecast 1 See table 11
λf Expected future electricity price 500

Mi

Qi j,

Qi
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Problem 9 (20 p)
Öarna is an autonomous group of islands in the Atlantic Ocean. The power system of Öarna is
not large enough to make it meaningful to restructure the electricity market and introduce compe-
tition; therefore, Öarna still has a vertically integrated electricity market, where a government
owned utility operates all generation, transmission and distribution. All consumers pay an electric-
ity price of 150 ¤/MWh.

The generation on Öarna is based on hydro power and wind power, located in the sparsely pop-
ulated coastal area Berg. The total installed capacity is 160 MW and the variable operation cost in
these power plants is negligible. A duration curve for the total available generation capacity,

 is shown on the next page. The major part of the load is located in the two larger villages,
Hamn and Vik. The total load duration curve of the system,  is also shown on the next
page. Hamn constitutes between 60 and 80% of the total load and the remainder is in Vik.

In order to simulate the power system on Öarna, one can use a model with three areas: Berg,
Hamn and Vik. The interconnection between Berg and Hamn is composed by two parallel over-
head lines. Each line has a capacity of 100 MW and the losses on each line can be expressed as L =
5·10–4P2, where L is the losses on the line and P is the power injected into the line. For normal
weather, the available transmission capacity on these two lines is practically independent, but dur-
ing storms there is a risk that both lines are disconnected simultaneously. In average, there are
storms during 8.76 h per year on Öarna. A model of the available transmission capacity on these
two lines are given in table 13. The interconnection between Hamn and Vik is a submarine cable,
which has a capacity of 50 MW and which can be assumed to have the loss function L = 8·10–4P2.
The risk of outages on the submarine cable is negligible.   

a) (8 p) The figure on next page shows the equivalent load duration curve,  of Öarna
(transmission losses have not been included in the equivalent load) and table 14 provides some
random numbers from different distributions. Suggest a simulation method for the electricity mar-
ket on Öarna. Describe briefly which assumptions you do and which computations that are neces-
sary. Describe how you do to obtain a result that is as accurate as possible considering the limited

Table 13 Model of the interconnection between Berg and Hamn.

Available 
transmission 

capacity [MW]

Probability [%]

Normal weather Storm

0 Negligible 10
100 0.2 20
200 99.8 70

Table 14 Random numbers.

Probability distribution Value

Total generation capacity, 
152 154 141 155 147 141 143 145 157 158
142 158 157 145 151 141 144 155 151 158

Total load. 
74 71 92 94 60 77 75 86 89 92
65 88 86 59 57 78 130 69 82 62

U(0, 1), 

0.35 0.83 0.59 0.55 0.92 0.11 0.08 0.18 0.55 0.40

0.29 0.76 0.75 0.38 0.57 0.96 0.40 0.26 0.14 0.08

0.08 0.05 0.53 0.78 0.93 0.00 0.26 0.15 0.85 0.24

0.13 0.57 0.47 0.01 0.34 0.77 0.80 0.14 0.62 0.12

0.16 0.79 0.31 0.53 0.17 0.82 0.43 0.87 0.35 0.18

0.60 0.26 0.65 0.69 0.75 0.87 0.91 0.58 0.51 0.24

F̃W x( ),
F̃D x( ),

F̃W

F̃D

F̃U x( )
1

1 x–
0⎩

⎪
⎨
⎪
⎧ if x 0,<

if 0 x 1,≤ ≤
if 1 x.<

=

F̃E x( ),
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data given above and the limited time you have at disposal. 

b) (4 p) Use the simulation method you have suggested to determine an estimate of the risk of
power deficit on Öarna.

c) (8 p) Assume that the social cost of disconnected load is1 000 ¤/MWh. Would it be benefi-
cial for the society to make an investment in a diesel generator set in Hamn that costs
1.2 M¤/year? The new unit would have the installed capacity 2.5 MW, availability 90% and a varia-
ble cost of 100 ¤/MWh.

0.2

MW

x

200

F̃W

1

0.8

18016014012010080604020

0.6

0.4

220

0.2

MW

x

200

F̃D

1

0.8

18016014012010080604020

0.6

0.4

220

0.2

MW

x

200

F̃E

1

0.8

18016014012010080604020

0.6

0.4

220

170150 160140 MW

x

F̃E

0.1

0.05



Answer sheet for part I

Name: ................................................................................................................

Personal number: .................................................................................................

Problem 1

a) Alternative ..........................  is correct.

b) Alternative ..........................  is correct.

Problem 2

a) .........................................  ¤/MWh b) ..........................................  hours 

c) .........................................  will export ..........................................  MWh

3

a) .........................................  Hz b) ..........................................  Hz

c) .........................................  Hz d) ..........................................  Hz

Problem 4

a) ......................................................................................................................

......................................................................................................................

b)μ1 .....................................  MWh/HE μ2 .........................................  MWh/HE

.....................................  HE  ........................................  HE

c) ......................................................................................................................

Problem 5

a) Alternative ..........................  is correct.

b) .........................................  ¤/h c) ..........................................  %

d) .........................................  ¤/h

e) Alternative ..........................  is correct.

Q1 Q2
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