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The Shortest Path Problem s

condition hu.u of part . )
jel. part (2) that wecannot have d; < co upon termination, so
We show now that # ; q
. oralljel o
distance & . 7 € I, upon termination, dy i
part (a) HRMHW 1 Mo 7 and Eq. (2.4) bolds. Indeed noﬁ&ﬁom%m the shortest
ply that upon termination we have forallic ] (i) and (i) of

.?u. ..Hm,wg.mymoﬂwi deBEmammu gmﬁ upon termination for allj with: "

e m._.__w%ﬁag@? Fag)y HIF

fj=1
d; < di 4 ag, ¥ 7 such that (4,]) € A, (2.5)

while d; i

m & I, muwmﬁ WMMMWMW wwwmwwﬂw ww.dw from 1 to 4, denoted B;. Fix a node
2.5) o om 1 to . By addin "
Mqﬁww Mm%%oowawm OM,HN we sce that the length of .vumm no Hmmmm Mw,m condition
node labels are B@ﬁ t0 dm (we have di £ 0, since initially d mlb%s oA
om 1 10 m mouoﬁoEn@:% nonincreasing). Hence P, is u,wl and all
5 = i+ 033 Mpmmam%w@wmwg&mmd distance is dp.- mxﬁﬁm%aﬁoaw m.dmﬁmmd @ﬁ&
wHD...@wuﬁmb.m. dHH....m.d d: = ﬁuunD&.. for all arcs ﬁs.._ .u. u on the shortest Hum..n“_w 5 .ﬁ@.@&ﬂ”&b&u\
dy = 7 ing, syea{di + ais} for all j aths P, m € I,
;..W‘ O. 7 .w & H §.ﬁHH .u_ Wm Hu ﬂ«gm

%M.M.W M&Wmmﬁ%ﬁhwww WMMMMJ%MNHW mMEm label om_.. must decrease strictly

S o 0 il

W%me NM %MUWMMM@ Mbw Mw MWMMMUMMmWOM M,Wm ﬂﬂ%%mmﬂmwmmwmwwﬂm
; ? j i i

.mmMMdMMMM %W Mwmmﬂwmwwﬂ HMWMd wﬁMonm QWQWOMMMMNMMWMMQWMMMWWWQ

aths from 1 to 7 with mHU#Hme%%mHMHmﬂmHMMMW.mH of times, one can ow&m%

v .G‘mHDm Hum.w\n AOU we hav

S ) ¢ that the algori . .

ere is a l gorithm will terminate i .

e oo e . o
s & ovclo ith 1 only if there i - Thus,

ode 1 and cont a cycle with negative Hmﬁmﬂw .Hm No m@mwp that starts at

den,bmHEonu dﬁoﬂ."dm%mﬁoﬁ we ,bmam &uﬂ oo um mﬁ&ou.q wm. ;
KR - there is mo path from 1 %0 Gooi ASHENRE P .
m_@.“.__.Hm.__.gm..mpmou.,mdg_@omm not- ﬂ.m%@www. apmu, there exists some ,pom.ﬁ .
oj-and '3, SeqUence “of paths that start; at 1, end at: and bave -
(d}: The algorithm term jates if and only if there 15 5o path that -

starts ot 1 and contalns & Ve with negative length: - -

an

Proof: (a) We prove 1 by induction on the iteration count. Indeed, (i)
holds at the end of the frst iteration since the nodes J 1 with dj <
are those for which (1,5) is an arc and their labels are d; = 013 while for
the origin 1, we have dy = 0, which by convention. is viewed as the length
of the trivial “path” from 1 0 Mmmm. Suppose that (i) holds at the start
of some iteration a% which the mode removed fromm Vi3 i. Then di <
(which is true for oIl nodes of V' by the rules of the algorithm), and (by the
induction hypothesis) di s the length of some path P starting at 1 and
ending at <. When a label d; changes as a result of the iteration, dj 18 set
to di + 0ij» which is the length of the path consisting of Fi followed by arc:
(i,3). Thus property (i) holds at the end of the iteration, completing the

induction proof.
To prove (i)
condition dj < & + i

algorithm. Up to the next enftrance
ye A cannot increase,

the labels d; for all J ag%_\\\\\\l\)

the condition dj < di + Gig-
(b) We first introduce the sets

note that for .mﬁ% i, each time i is removed from. V', the
s satisfied for all (,5) € AbY the rules of the
of 1 into V, di stays constant, whil

thereby preserving Vhen some arc lengths are negative, Prop. 2.2 points to
_ a way to

tect exdst
wmwa?m mMMM.M a Wmap oﬁ%mﬁ starts at the origin 1 and contains a cycl
culve lengt Wgo H m%H a path exists, it can be shown under Wmm
) e abel of wﬁymmmw one node will diverge to — ¢
. can thus monitor whether for some j we have o (eee

I = {i}di < 0oUpOR termination},
T {4 Jpp— 5 3 R..._.Acfwlu_. min a:q
T = {i | di = 0o UpOD termination}, . ‘ ) v aij.
his-conditi ; '

 Yrop, N.ommm mwmamp,.nmu the path from 1 to j whose length is equal b
Id. corisist of at most szm& contain a negative cycle [if it were simple .M
“1)ming, jyea Gig; IJW.MMomg and its length could not be mgmbMH
g it ooﬁg.%m% 4 @ similar argument would apply if it w

ed only cycles of nonnegative length] ere not

and we show that we have J € 7 if and only if there is no path from. 1 to
nerefore dj < oo for all j such th

Indeed, if 4 € I, we have di <& and t

(4,4) is an arc in view of condition (i) of part (a), so that jel. It follo
that there is nO path from
any node of 7. Conversely,



