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ẏ
+
y
−
y
3
=

a
si
n
(ω

t)

0
5

10
15

20
25

30
-0

.50

0.
5 0

5
10

15
20

25
30

-1

-0
.50

0.
51

Ti
m

e
t

Ti
m

e
t

y asinωt

Le
ct

ur
e

1
21

E
L2

62
0

20
12

N
on

lin
ea

r
D

iff
er

en
tia

lE
qu

at
io

ns

D
efi

ni
tio

n:
A

so
lu

tio
n

to

ẋ
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1
=

x
2

ẋ
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ré

m
ap

s

Le
ct

ur
e

3
2

E
L2

62
0

20
12

Lo
ca

lS
ta

bi
lit

y
C

on
si

de
rẋ
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(ẋ

1
,ẋ
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tẋ
=

f
(x
),
f
(0
)
=

0,
an

d
0
∈
Ω
⊂

R
n

.
If

th
er

e
ex

is
ts

a
C

1
fu

nc
tio

n
V

:
Ω
→

R
su

ch
th

at

(1
)
V
(0
)
=

0

(2
)
V
(x
)
>

0
fo

ra
ll
x
∈
Ω

,x
6=

0

(3
)
V̇
(x
)
≤

0
fo

ra
ll
x
∈
Ω

th
en

x
=

0
is

lo
ca

lly
st

ab
le

.
Fu

rt
he

rm
or

e,
if

(4
)
V̇
(x
)
<

0
fo

ra
ll
x
∈
Ω

,x
6=

0

th
en

x
=

0
is

lo
ca

lly
as

ym
pt

ot
ic

al
ly

st
ab

le
.

Th
e

re
su

lt
is

ca
lle

d
Ly

ap
un

ov
’s

D
ire

ct
M

et
ho

d

Le
ct

ur
e

4
6

E
L2

62
0

20
12

Ly
ap

un
ov

Fu
nc

tio
n

A
fu

nc
tio

n
V

th
at

fu
lfi

lls
(1

)–
(3

)i
s

ca
lle

d
a

Ly
ap

un
ov

fu
nc

tio
n.

C
on

di
tio

n
(3

)m
ea

ns
th

at
V

is
no

n-
in

cr
ea

si
ng

al
on

g
al

lt
ra

je
ct

or
ie

s
in
Ω

:

V̇
(x
)
=

d d
tV

(x
)
=

∂
V ∂
x
ẋ
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ẋ
=

f
(x
).

Le
tV

:
R

n
→

R
be

a
C

1
fu

nc
tio

n
su

ch
th

at
V̇
(x
)
≤

0
fo

rx
∈
Ω

.
Le

tE
be

th
e

se
to

fp
oi

nt
s

in
Ω

w
he

re
V̇
(x
)
=

0.
If
M

is
th

e
la

rg
es

ti
nv

ar
ia

nt
se

ti
n
E

,t
he

n
ev

er
y

so
lu

tio
n

w
ith

x
(0
)
∈
Ω

ap
pr

oa
ch

es
M

as
t
→

∞
.

Ω
E

M

V̇
(x
)

E
M

x

N
ot

e
th

at
V

do
es

no
th

av
e

to
be

a
po

si
tiv

e
de

fin
ite

fu
nc

tio
n.

Le
ct

ur
e

4
30

E
L2

62
0

20
12

E
xa

m
pl

e—
P

er
io

di
c

O
rb

it

S
ho

w
th

at
x
(t
)

ap
pr

oa
ch

es
{x

:
‖x

‖
=

1}
∪
{0
}f

or

ẋ
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ẋ
2
=

x
1
+
x
2
−
x
2
(x

2 1
+
x
2 2
)

It
is

po
ss

ib
le

to
sh

ow
th

at
Ω
=

{‖
x
‖
≤

R
}i

s
in

va
ria

nt
fo

rs
uf

fic
ie

nt
ly

la
rg

e
R

>
0.

Le
tV

(x
)
=

(x
2 1
+
x
2 2
−
1)

2
.

V̇
(x
)
=

∂
V ∂
x
f
(x
)
=

2(
x
2 1
+
x
2 2
−
1)

d d
t(
x
2 1
+
x
2 2
−
1)

=
−
2(
x
2 1
+
x
2 2
−
1)

2
(x

2 1
+
x
2 2
)
≤

0,
∀x

∈
Ω

Le
ct

ur
e

4
31

E
L2

62
0

20
12

E
=

{x
∈
Ω
:
V̇
(x
)
=

0}
=

{x
:
‖x

‖
=

1}
∪
{0
}

Th
e

la
rg

es
ti

nv
ar

ia
nt

se
to

fE
is
M

=
E

be
ca

us
e

d d
t(
x
2 1
+
x
2 2
−
1)

=
−
2(
x
2 1
+
x
2 2
−
1)
(x

2 1
+
x
2 2
)
=

0
fo

rx
∈
M

Le
ct

ur
e

4
32



E
L2

62
0

20
12

E
L2

62
0

N
on

lin
ea

r
C

on
tr

ol

Le
ct

ur
e

5

•I
np

ut
–o

ut
pu

ts
ta

bi
lit

y

u
y

S

Le
ct

ur
e

5
1

E
L2

62
0

20
12

To
da

y’
s

G
oa

l

Yo
u

sh
ou

ld
be

ab
le

to

•
de

riv
e

th
e

ga
in

of
a

sy
st

em

•
an

al
yz

e
st

ab
ili

ty
us

in
g

–
S

m
al

lG
ai

n
Th

eo
re

m

–
C

irc
le

C
rit

er
io

n

–
P

as
si

vi
ty

Le
ct

ur
e

5
2

E
L2

62
0

20
12

H
is

to
ry

−
r

y
G
(s
)

f
(·)

y

f
(y
)

Fo
rw

ha
tG

(s
)

an
d
f
(·)

is
th

e
cl

os
ed

-lo
op

sy
st

em
st

ab
le

?

•
Lu

ré
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ẋ
=

A
x
+
B
u

u
=

−
sg
n
σ
(x
)
=

−
sg
n
(C

x
)

A
ss

um
e
C
B

>
0.

Th
e

sl
id

in
g

su
rfa

ce
S
=

{x
:
C
x
=

0}
so

0
=

σ̇
(x
)
=

d
σ d
x

( f
(x
)
+
g
(x
)u

)
=

C
( A

x
+
B
u

eq

)

gi
ve

s
u

eq
=

−
C
A
x
/C

B
.

E
xa

m
pl

e
(c

on
t’d

):
Fo

rt
he

ex
am

pl
e:

u
eq
=

−
C
A
x
/C

B
=

−
( 1

−
1) x

=
−
x
1
,

be
ca

us
e
σ
(x
)
=

x
2
=

0.
(S

am
e

re
su

lt
as

be
fo

re
.)

Le
ct

ur
e

9
23

E
L2

62
0

20
12

S
lid

in
g

D
yn

am
ic

s

Th
e

dy
na

m
ic

s
on

S
=

{x
:
C
x
=

0}
is

gi
ve

n
by

ẋ
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ẋ
1
=

a
si
n
x
2

ẋ
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ẋ
=

f
(x
,u
)

•
Fi

nd
st

ab
ili

zi
ng

st
at

e
fe

ed
ba

ck
u
=

u
(x
)

•
Ve

rif
y

st
ab

ili
ty

th
ro

ug
h

C
on

tro
lL

ya
pu

no
v

fu
nc

tio
n

•
M

et
ho

ds
de

pe
nd

on
st

ru
ct

ur
e

of
f

H
er

e
w

e
lim

it
di

sc
us

si
on

to
B

ac
k-

st
ep

pi
ng

co
nt

ro
ld

es
ig

n,
w

hi
ch

re
qu

ire
ce

rt
ai

n
f

di
sc

us
se

d
la

te
r.

Le
ct

ur
e

10
19

E
L2

62
0

20
12

A
si

m
pl

e
in

tr
od

uc
to

ry
ex

am
pl

e

C
on

si
de

r
ẋ
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ẋ
2
=

f 2
(x

1
,x

2
)
+

g 2
(x

1
,x

2
)x

3

ẋ
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ẋ
2
=

−
g l
si
n
x
1
−

k m
x
2

V
(x
)
=

g l
(1

−
co
s
x
1
)
+

1 2
x
2 2

⇒
V̇

=
−

k m
x
2 2

•
W

e
ca

n
no

tp
ro

ve
gl

ob
al

as
ym

pt
ot

ic
st

ab
ili

ty
;w

hy
?

•
Th

e
se

tE
=

{(
x
1
,x

2
)|V̇

=
0}

is
E

=
{(
x
1
,x

2
)|x

2
=

0}
•

Th
e

in
va

ria
nt

po
in

ts
in

E
ar

e
gi

ve
n

by
ẋ
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ẋ
2
=

f 2
(x

1
,x

2
)
+

g 2
(x

1
,x

2
)x

3

ẋ
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ê

u

f
(u
)

ê
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