SYSTEM ESTIMATION METHODS II: STRUCTURED ESTIMATION

Mathematical Models can be derived from
e Physical Modeling (Analytic approach)
e Identification (Experimental approach)

CLASSIFICATION OF MODELS
SISO v/s MIMO
Linear v/s Nonlinear
Parametric v/s Nonparametric
Time invariant v/s Time variant
Time domain v/s Frequency domain
Discrete time v/s Continuous time
Deterministic v/s Stochastic
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GENERAL LTI-SISO MODEL STRUCTURE (BOX-JENKINS)
Y, =G(q;:0)u, + H(g;0)w,

G(q@) — B(Q) _ blq—nk 4.4 ban_nk—nb+1
o A(q) 1+ alq_l +..-+ anaq—na

C(q) l+cqg ' +-+c g™
H(q;0)= Dl — “d
(@) 1+dgq +--+a q

where {w } is white noise of variance A°, {u,} is the input, and

6=[a - a b - b ¢ - ¢ d - d '

nc 1

e Timedelay n, 21 = G(;0)=0 (also, H(e0;0)=1)
e H'(q;0) and H '(q;0)G(q;0) are asymptotically stable

Often, H(q;0) 1s also required to be asymptotically stable
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TIME SERIES MODELS (WITHOUT CONTROLLABLE INPUT)

AR A(q)y, =w,
MA v, =C(gq)w,
ARMA A(q)y, = C(g)w,

BASIC MODELS FOR CONTROL

ARX A(q)y, = B(q)u, +w,

ARMAX  A(q)y, = B(q)u, +C(q)w,

FIR vy, =B(q)u, +w,

OE y, = B(g) u +w,
A(q)

e Sclection of model structure depends on prior knowledge and estimation method
e Preferable: model structure contains true system (no undermodeling)
e Preferable: different models predict different results (identifiability)
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STATE SPACE MODELS

x,,, =A@)x, + B(O)u, +w,
vy, =C(0)x, + D(O)u, +v,

Advantages:
e Physical Insight (physical parameters)
e Natural extension to MIMO systems

Problem: Over-parameterization

X, =TAOT™'X, +TB(O)u, +Tw,
y, =C(OT'X, +D(O)u, +v,

gives the same input-output relation!
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PREDICTION ERROR FORMULATION
v, =f.,U, t0)+¢
where Y_ =1y _,....y,}, U, =1u,...,u} and {€,} is an innovations sequence, i.e.

Ele, |Y_,U,} =0

Important Case: LTI models with wide-sense stationary disturbances

¥, =G(q;0)u,+ H(q;0)w,
=[I-H (¢:0)ly, + H (4:6)G(q;0)u, + w,

o

j}t\t—l (0)=E{ylY,_;.U_} &
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DETAILS: OPTIMAL ONE-STEP AHEAD PREDICTOR FOR LTI SYSTEMS
y,=G(qu, + H(q)w,=G(q)u, +[H(q)—I]w, +w,

G(gq)u, depends on u,_,, ..., so it can be computed at time ¢ —1
Notice that the elements of H(q)—/ have relative degree >0, so [H(g)—I]w,
depends on past values of w,. This term can be computed by noting that

w,=H " (9)ly, —G(q)u,]

Note that w, depends on y,y, ,... and u_ ,u ., SO it cannot be computed at time

=122
t—1.But w_,,... can be computed at time 7 —1

Therefore:

v, =G(q:;0)u, +[H(q;0)— I1{H " (¢:0)[y, — G(q;0)u, 1} + w,
=[—H (¢:0)y, + H (¢:0)G(q;0)u, + v,

|\

~
.)’}t‘[_l(e)::E{yAY[_l aUl_l} 8[

FEL 3201 System Estimation Methods II: Structured Estimation - 6



INNOVATIONS FORM

The system

v, =G(Qu + H@w =[G(q) H@-1N| * |+w

W,

where H(q) is stable and minimum phase, can be written in innovations form

X, = Axt + But + sz

Y, = Cxt+Dut+Wt

K : Kalman gain
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ML ESTIMATION FOR THE PREDICTION ERROR FORMULATION

If {¢,} are 1.1.d. Gaussian with (known) covariance %, the ML estimator is

oy

N
— — : T -1
0,, =arg max [(0)=arg min ;:1 E (O)X €(0)

Interpretation:

laN

6, tries to make the prediction errors “small”

= Prediction Error Methods (PEM):

N

Oppy = arg Igli(gl ASCAIING

N N
Typical cost functions: ﬁ Z £2(0) (SISO) or det {% 2 £(0)e' (9)} (MIMO)
t=1 t=1
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DETAILS: ML ESTIMATION OF LTI MODELS

To compute the MLE of & given U, =1{u,,...,u;} and Y, ={y,,...,»,}, we need
P{Y, |U, ,6}. By Bayes’ Theorem,

N
P, U600 =]]Pr,17..U,;6)
t=1
Now, by the rule for transforming random variables:

P{yt|Yt—l’Ut;H}:})€{€t|K—19Ut;6}| ‘

&=y,—f(Y,,U,.t;0)

t

det(ggt ] =F.{,(0);6}

where £,(0) =y, - f(Y_,U,,t;0), and P.{-;6} is the conditional density for &, given
Y _, and U,, and may depend on 8. Thus,

P, |U,.6 =[] P.te,0):6)
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DETAILS: ML ESTIMATION OF LTI MODELS (CONT.)

When {g,} are i.1.d. Gaussian with covariance X,

P{Y, |U,.6} = ﬂ({(zn)m det =] exp {—%efw)zlet(e)}]

t=1

=[(27)" det =] exp {— % i () (6’)}

Hence the log likelihood function is

N
[(0)=InP{Y, |U, 0} = —%m 27z—§ln detZ—%ZetT (6)'¢,(6)
t=1

Therefore, the MLE 1is

N
N _ . T -1
0 =arg max [(0) =arg min get (O)X €,(0)
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LINEAR REGRESSION

For some model structures (e.g. ARX, FIR), the predictor is linear in 6:
j>t|t—1 — @TH

Then, the PEM cost function is a least-squares (LS) criterion:

1 & -
Vye(6) = EZ[% -, 6]

t=1

The minimizer of ¥V, (@) has an explicit expression:

" 15 N I (e
HLS ‘_ argm;nVN(e) _|:N§¢z¢z :| N;(otyt
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LINEAR REGRESSION (CONT.)
Properties:

If y, =@ 6, +w, and the signals are quasi-stationary, then

A 1 & . T L
HLS _90 :|:N;¢z¢z :| Nt;wzwz Nd-j-oo >[R ] f
where

R =E{pg"y, [ =E{pw)

Therefore, LS 1s consistent if:
e R’ is nonsingular (persistence of excitation and identifiability)
e /" =0,ie., {w} is uncorrelated with {@,} (e.g. if {w,} is white noise, or for FIR)
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LINEAR REGRESSION (CONT.)

Example: ARX

AQ)y, =B(@u+w, =y, =[l-A@ly,+B(qu,

Then’ q)t = [ _yt—l o _yt—na ut—l o ut—nb ]T
and 6=[a - a b - b T
: .. 1
What happens if the noise is colored, e.g. A(q)y, = B(q)u, + m w,?
q

One possibility: High-order ARX model
A(qQ)D(q)y, = B(¢)D(q)u, +w,
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THE CORRELATION APPROACH (INSTRUMENTAL VARIABLES)
: N T n
InLS: 2O~ 6,51=0
t=1

There 1s a problem when {@,} 1s correlated with {w, }

Idea: Instrumental Variables

1 < TA A | & T B ] &
— -0 06 _1=0 = 6 =|— —
N;Ct[yt ¢t ]V] ViZ |:Ntzlgt(pt :| N;Ctyt

where for consistency:

e {( } highly correlated with {u, } (E{{ ¢} nonsingular)
e {{ } uncorrelated with {w,} (E{ w_}=0 forall 7)

Good choices: past inputs, noiseless outputs (from LS estimation)
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FREQUENCY DOMAIN IDENTIFICATION

The ML estimator of 6 can be computed from frequency domain data:

Ung‘iue_iwkt YzLEye_iwkt w:2_7rk k=0,...,.N—1
CINET T P INET T N

Due to the invariance principle, the ML estimate should be exactly the same if we
compute it in the time or frequency domain... however, for some time researchers
claimed that these estimates differ!

Reason for discrepancy: treatment of initial (and final) conditions!

Time domain: Frequency domain:

l.x,=0 lLa=x-x,=0

2. x, deterministic (parameter) 2. o deterministic (parameter)
3. x, ~ N( u, ,2,) 3. ¢ hidden random variable
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FREQUENCY DOMAIN IDENTIFICATION (CONT.)

Time domain ML: (state-space, innovations form)

t—1 t—1
v, =F(q)6x,+G(q)u +H(q)w, = CA'x, + [2 CAH_lBul } + Du, + [2 CAt_l_leI } +w

[=0 [=0

For x, ~ N(,LLXO,ZO): I(Q,uXO,ZO) = —%[Nln(Zﬂ)+ lndetZYN +(Y, — U, )TZ;(YN — i, )]

where: p, =AU, +Tu , X, =TLI" +0,Q0Q"

o || 0 D 0
r| “ oo K As| B D
- cAM | CA"K CA"K I | | CA"B CA"B D

The other 2 assumptions on x, follow easily from this expression (exercise!)
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FREQUENCY DOMAIN IDENTIFICATION (CONT.)

Frequency domain ML.:

Difficulty: U, ,Y_are complex for k # 0O,N/2 !

( T p-1
exp{ (1/2N)z P Z}, 7 real
Z~N(0,P) means p(Z)=- \/(27r) det P
__ 7T p-1
eXp1 NZ F Z}, Z complex
" det P

Taking the DFT of the state space equations gives

lCOk

e

I

Y =CX,+ DU, +W,

e X, + (x, —x,)=AX, +BU, + KW,
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FREQUENCY DOMAIN IDENTIFICATION (CONT.)
Equivalence:

Due to the invariance principle, and that the DFT is a linear transformation, it can be
shown that the time- and frequency-domain ML are identical. In particular, if

(04 ‘I,La zoc zocWN

w, 0 > o’l

ocWN

then for different choices of y , X and X, the ML estimator gives the same result

as for the 3 time-domain and 2 remaining frequency domain assumptions

For details, see (Agtiero, Yuz, Goodwin & Delgado, 2010).
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