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SYSTEM ESTIMATION METHODS II: STRUCTURED ESTIMATION 
 
 

Mathematical Models can be derived from  
• Physical Modeling  (Analytic approach) 
• Identification   (Experimental approach) 
 

CLASSIFICATION OF MODELS 
• SISO v/s MIMO 
• Linear v/s Nonlinear 
• Parametric v/s Nonparametric 
• Time invariant v/s Time variant 
• Time domain v/s Frequency domain 
• Discrete time v/s Continuous time 
• Deterministic v/s Stochastic 
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GENERAL LTI-SISO MODEL STRUCTURE (BOX-JENKINS) 
 

( ; ) ( ; )t t ty G q u H q wθ θ= +  
 

   
G(q;θ ) = B(q)

A(q)
=

b1q
−nk ++ bnbq

−nk−nb+1

1+ a1q
−1 ++ anaq

−na  

   
H (q;θ ) = C(q)

D(q)
=

1+ c1q
−1 ++ cncq

−nc

1+ d1q
−1 ++ andq−nd  

 
where { }tw  is white noise of variance 2λ , { }tu  is the input, and 

 

   
θ = [ a1  ana b1  bnb c1  cnc d1  dnd ]T  

 
• Time delay 1 ( ; ) 0kn G θ≥ ⇒ ∞ =  (also, ( ; ) 1H θ∞ = ) 
• 1( ; )H q θ−  and 1( ; ) ( ; )H q G qθ θ−  are asymptotically stable 

 
Often, ( ; )H q θ  is also required to be asymptotically stable 
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TIME SERIES MODELS (WITHOUT CONTROLLABLE INPUT) 
 

     AR   ( ) t tA q y w=  
     MA     ( )t ty C q w=  
     ARMA  ( ) ( )t tA q y C q w=  

 
BASIC MODELS FOR CONTROL 

 
     ARX  ( ) ( )t t tA q y B q u w= +  
     ARMAX ( ) ( ) ( )t t tA q y B q u C q w= +  
     FIR     ( )t t ty B q u w= +  

     OE     ( )
( )t t t
B qy u w
A q

= +  
 

• Selection of model structure depends on prior knowledge and estimation method 
• Preferable: model structure contains true system  (no undermodeling) 
• Preferable: different models predict different results (identifiability) 
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STATE SPACE MODELS 
 

1 ( ) ( )
( ) ( )

t t t t

t t t t

x A x B u w
y C x D u v

θ θ
θ θ

+ = + +
= + +

 

 
 

Advantages: 
• Physical Insight (physical parameters) 
• Natural extension to MIMO systems 

 
Problem: Over-parameterization 
 

1
1

1

( ) ( )

( ) ( )
t t t t

t t t t

x TA T x TB u Tw

y C T x D u v

θ θ
θ θ

−
+

−

= + +

= + +
 

 
gives the same input-output relation! 

 



 

FEL 3201 System Estimation Methods II: Structured Estimation - 5 
 

PREDICTION ERROR FORMULATION 
 

1( , , ; )t t t ty f Y U t θ ε−= +  
 

where    Yt−1 :={yt−1,…, y1},    Ut :={ut ,…,u1} and { }tε  is an innovations sequence, i.e. 
 

1{ | , } 0t t tE Y Uε − =  
 
 

Important Case: LTI models with wide-sense stationary disturbances 
 

   

yt = G(q;θ )ut + H (q;θ )wt

= [I − H −1(q;θ )]yt + H −1(q;θ )G(q;θ )ut

ŷt|t−1(θ ):=E{ yt |Yt−1,Ut−1}
  

+ wt

εt


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DETAILS: OPTIMAL ONE-STEP AHEAD PREDICTOR FOR LTI SYSTEMS 
 

  yt = G(q)ut + H (q)wt = G(q)ut + [H (q)− I ]wt + wt  
 
( ) tG q u  depends on 1tu − , ..., so it can be computed at time 1t −  

Notice that the elements of   H (q)− I  have relative degree 0> , so   [H (q)− I ]wt  
depends on past values of tw . This term can be computed by noting that 
 

1( )[ ( ) ]t t tw H q y G q u−= −  
 
Note that tw  depends on    yt , yt−1,… and    ut−1,ut−2 ,…, so it cannot be computed at time 
1t − . But    wt−1,… can be computed at time 1t −  

 
Therefore: 
 

   

yt = G(q;θ )ut + [H (q;θ )− I ]{H −1(q;θ )[yt −G(q;θ )ut ]}+ wt

= [I − H −1(q;θ )]yt + H −1(q;θ )G(q;θ )ut

ŷt|t−1(θ ):=E{ yt |Yt−1,Ut−1}
  

+ wt

εt


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INNOVATIONS FORM 
 

The system 
 

  
yt = G(q)ut + H (q)wt = [G(q) H (q)− I ]

ut

wt

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+ wt  

 
where   H (q)  is stable and minimum phase, can be written in innovations form 
 

  

xt+1 = Axt + But + Kwt

yt = Cxt + Dut + wt

 

 
  K : Kalman gain 
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ML ESTIMATION FOR THE PREDICTION ERROR FORMULATION 
 
If { }tε  are i.i.d. Gaussian with (known) covariance Σ, the ML estimator is 
 

1

1

ˆ argmax ( ) argmin ( ) ( )
N

T
ML t t

t
l

θθ
θ θ ε θ ε θ−

∈Θ∈Θ =

= = Σ∑  

 
Interpretation: 
 

ˆ
MLθ  tries to make the prediction errors “small” 

 
⇒  Prediction Error Methods (PEM): 
 

ˆ argmin ({ ( )}; )PEM tf
θ

θ ε θ θ
∈Θ

=  
 

Typical cost functions: 2

1

1 ( )
2

N

t
tN
ε θ

=
∑  (SISO)  or  

1

1det ( ) ( )
N

T
t t

tN
ε θ ε θ

=

⎡ ⎤
⎢ ⎥⎣ ⎦
∑  (MIMO) 



 

FEL 3201 System Estimation Methods II: Structured Estimation - 9 
 

DETAILS: ML ESTIMATION OF LTI MODELS 
 
To compute the MLE of θ  given    U N :={uN ,…,u1} and    YN :={yN ,…, y1}, we need 
{ | , }N NP Y U θ . By Bayes’ Theorem, 

 

1
1

{ | , } { | , ; }
N

N N t t t
t

P Y U P y Y Uθ θ−
=

=∏  

 
Now, by the rule for transforming random variables: 
 

1
1 1 ( , , ; )

{ | , ; } { | , ; } det { ( ); }
t t t t

t
t t t t t t ty f Y U t

t

P y Y U P Y U P
yε εε θ

εθ ε θ ε θ θ
−

− − = −

⎛ ⎞∂
= ⋅ =⎜ ⎟∂⎝ ⎠

 

 
where 1( ) : ( , , ; )t t t ty f Y U tε θ θ−= − , and { ; }Pε θ⋅  is the conditional density for tε  given 

1tY −  and tU , and may depend on θ . Thus, 
 

1

{ | , } { ( ); }
N

N N t
t

P Y U Pεθ ε θ θ
=

=∏  
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DETAILS: ML ESTIMATION OF LTI MODELS (CONT.) 
 
When { }tε  are i.i.d. Gaussian with covariance Σ, 
 

1 2 1

1

2 1

1

1{ | , } [(2 ) det ] exp ( ) ( )
2

1[(2 ) det ] exp ( ) ( )
2

N
m T

N N t t
t

N
m N T

t t
t

P Y U θ π ε θ ε θ

π ε θ ε θ

− −

=

− −

=

⎛ ⎞⎧ ⎫= Σ − Σ⎨ ⎬⎜ ⎟⎩ ⎭⎝ ⎠
⎧ ⎫= Σ − Σ⎨ ⎬
⎩ ⎭

∏

∑
 

 
Hence the log likelihood function is 
 

1

1

1( ) ln { | , } ln 2 ln det ( ) ( )
2 2 2

N
T

N N t t
t

Nm Nl P Y Uθ θ π ε θ ε θ−

=

= = − − Σ − Σ∑  

 
Therefore, the MLE is 
 

1

1

ˆ argmax ( ) argmin ( ) ( )
N

T
t t

t
l

θθ
θ θ ε θ ε θ−

∈Θ∈Θ =

= = Σ∑  
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LINEAR REGRESSION 
 
For some model structures (e.g. ARX, FIR), the predictor is linear in θ : 
 

| 1ˆ T
t t ty ϕ θ− =  

 
Then, the PEM cost function is a least-squares (LS) criterion: 
 

2

1

1( ) : [ ]
2

N
T

N t t
t

V y
N

θ ϕ θ
=

= −∑  

 
The minimizer of ( )NV θ  has an explicit expression: 
 

1

1 1

1 1ˆ : argmin ( )
N N

T
LS N t t t t

t t
V y

N Nθ
θ θ ϕ ϕ ϕ

−

= =

⎡ ⎤= = ⎢ ⎥⎣ ⎦
∑ ∑  
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LINEAR REGRESSION (CONT.) 
 

Properties: 
 
If 0

T
t t ty wϕ θ= + , and the signals are quasi-stationary, then 

 
1

. . 1
0

1 1

1 1ˆ [ ]
N N

a sT
LS t t t t N

t t
w R f

N N
θ θ ϕ ϕ ϕ

−
∗ − ∗

→∞
= =

⎡ ⎤− = ⎯⎯⎯→⎢ ⎥⎣ ⎦
∑ ∑  

 
where 
 

{ }, { }T
t t t tR E f E wϕϕ ϕ∗ ∗= =  

 
Therefore, LS is consistent if: 
• R∗ is nonsingular (persistence of excitation and identifiability) 
• 0f ∗ = , i.e., { }tw  is uncorrelated with { }tϕ  (e.g. if { }tw  is white noise, or for FIR) 
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LINEAR REGRESSION (CONT.) 
 
Example: ARX 
 

  A(q)yt = B(q)ut + wt ⇒ ŷt|t−1 = [1− A(q)]yt + B(q)ut  
 
Then,     

   
ϕt = [ − yt−1  − yt−na ut−1  ut−nb ]T  

 
and       

   
θ = [ a1  ana b1  bnb ]T  

 
 

What happens if the noise is colored, e.g. 1( ) ( )
( )t t tA q y B q u w
D q

= + ? 

 
One possibility: High-order ARX model 
 

( ) ( ) ( ) ( )t t tA q D q y B q D q u w= +  
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THE CORRELATION APPROACH (INSTRUMENTAL VARIABLES) 
 

In LS:      
1

1 ˆ[ ] 0
N

T
t t t LS

t
y

N
ϕ ϕ θ

=

− =∑  

 
There is a problem when { }tϕ  is correlated with { }tw  
 
Idea: Instrumental Variables 
 

  

1
N

ζ t[yt −ϕt
Tθ̂ IV ]

t=1

N

∑ = 0 ⇒ θ̂ IV = 1
N

ζ tϕt
T

t=1

N

∑⎡

⎣
⎢

⎤

⎦
⎥

−1
1
N

ζ t yt
t=1

N

∑  

 
where for consistency: 
• { }tζ  highly correlated with { }tu   ( { }Tt tE ζ ϕ  nonsingular) 
• { }tζ  uncorrelated with { }tw     (  E{ζ t wt−τ}= 0  for all τ ) 
 
Good choices: past inputs, noiseless outputs (from LS estimation) 
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FREQUENCY DOMAIN IDENTIFICATION 
 
The ML estimator of θ  can be computed from frequency domain data: 
 

   
Uk =

1
N

ute
− iω kt

t=0

N−1

∑ , Yk =
1
N

yte
− iω kt

t=0

N−1

∑ , ω k =
2π
N

k, k = 0,…, N −1 

 
Due to the invariance principle, the ML estimate should be exactly the same if we 
compute it in the time or frequency domain... however, for some time researchers 
claimed that these estimates differ! 
 
Reason for discrepancy: treatment of initial (and final) conditions! 
 
Time domain:       Frequency domain: 
1.   x0 = 0          1.   α := x0 − xN = 0 
2.   x0  deterministic (parameter)    2.  α  deterministic (parameter) 
3. 

   x0  N (µx0
,Σ0 )       3. α  hidden random variable 
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FREQUENCY DOMAIN IDENTIFICATION (CONT.) 
 
Time domain ML: (state-space, innovations form) 

  
yt = F(q)δ t x0 +G(q)ut + H (q)wt = CAt x0 + CAt−l−1Bul

l=0

t−1

∑⎡
⎣
⎢

⎤

⎦
⎥ + Dut + CAt−l−1Kwl

l=0

t−1

∑⎡
⎣
⎢

⎤

⎦
⎥ + wl  

 

For 
   x0  N (µx0

,Σ0 ): 
  
l(θ ,µx0

,Σ0 ) = − 1
2

[N ln(2π )+ lndetΣYN
+ (YN − µYN

)T ΣYN

−1 (YN − µYN
)] 

where:   µYN
= ΛU N + Γµx0

, ΣYN
= ΓΣ0Γ

T +σ w
2ΩΩT  

 

   

Γ =

C
CA


CAN−1

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

,Ω =

I 0
CK I
 

CAN−2K CAN−3K  I

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

, Λ =

D 0
CB D
 

CAN−2B CAN−3B  D

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

 
The other 2 assumptions on   x0  follow easily from this expression (exercise!) 
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FREQUENCY DOMAIN IDENTIFICATION (CONT.) 
 
Frequency domain ML: 
 
Difficulty:   Uk ,Yk  are complex for   k ≠ 0, N 2  ! 
 

   Z  N (0, P)     means   

  

p(Z ) =

exp{−(1 2)ZT P−1Z}

(2π )N det P
, Z  real

exp{−ZT P−1Z}
π N det P

, Z  complex

⎧

⎨

⎪
⎪

⎩

⎪
⎪

 

 
Taking the DFT of the state space equations gives 
 

  

eiω k Xk +
eiω k

N
(xN − x0 ) = AXk + BUk + KWk

Yk = CXk + DUk +Wk
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FREQUENCY DOMAIN IDENTIFICATION (CONT.) 
 
Equivalence: 
 
Due to the invariance principle, and that the DFT is a linear transformation, it can be 
shown that the time- and frequency-domain ML are identical. In particular, if 
 

   

α
WN

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
 N

µα

0

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
,

Σα ΣαWN

ΣαWN
σ w

2 I

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

 

 
then for different choices of µα , Σα  and  ΣαWN

 the ML estimator gives the same result 
as for the 3 time-domain and 2 remaining frequency domain assumptions 
 
For details, see (Agüero, Yuz, Goodwin & Delgado, 2010). 

 


