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egenskapen. Ett ostabilt system
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Stabilitet ar viktigast

Regulatorn &r den del av 6verforings-  Segway ar 1 sig
funktionen man kan paverka. Med den Instabil, det ar

. oyl s regulatorn som
kan man kompensera for ”brister” | g6 den till ett

processens dverforingsfunktion. anvandbart
v fordon.
Y
_R g ‘.,I Gp s Gp - S
e
Hegu!aror_. Pro::ess_
Givare
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Stabilitet ar viktigast

Men dven om processen ar stabil, kan felaktiga
regulatorinstallningar resultera i ett ostabilt system!

Kretsoverforing: G, (s) =G,(s)-G,(s)-G;(s) (Open loop)

V
G (5) },
GE‘ Gp -|~ 4 -
4
zﬂ?egu!aro?- Process
=+
Givare
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Nyquistkriteriet for stabilitet

(eg. Det forenklade Nyquistkriteriet)

Man studerar det Oppna systemet G.

Kommer en sinusformad stérning att oG ¥

vaxa till en ’stOrre kopia” efter ett varv? -
G (S) v Harry Nyquist

K
ﬁ,_._ Gp U - -I-.,é-k > Gp [ i
_ GG e -
| sa fall kommer den, i ett slutet system, att vaxa varv efter varv
helt ostabilt! A i

William Sandqvist william@kth.se



Nyquistkriteriet for stabilitet

(eg. Det forenklade Nyquistkriteriet)

e Finns det nagot o da insignal och utsignal till G, ar i "fas”?

LG (Jo)=p (@
Gy (Jo) = ¢ (v) —180° +@ =-360° dvs. i fas
o (,) =-180° _180° ( = kopia)!

e Har amplituden 6kat nagot vid den frekvensen?
‘Q < (ja))‘ =A (o) >1 . 0 |

i sa fall blir det slutna systemet instabilt! {_ , T BYERR

e Detta w Kallas for o, — egensvéngningsfrekvensen. V' |/ |/

William Sandqvist william@kth.se



Nyquistkriteriet for stabilitet

(eg. Det forenklade Nyquistkriteriet)

o (0. )=-180° A (w )<1 stabilt

614 e stabilt G iolh e OStabilt ¥

;’O" 10t

+—-90° O, ; +-90°

0,01 -180° Q0] - -180°

Stabilt svstem JG,{( Et);)‘f </ Instabilt system ‘C’k’(mﬁ)‘ > 1
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Stabilitetsmarginaler

Hur stabilt ar ett ”stabilt” system? Om systemet slits, eller
utsatts for extrema temperaturer sa att dverforingsfunktionen
blir nagot férandrad — kan det da bli instabilt?

Man vill ha siffervarden pa hur langt ifran ”stabilitetsgransen”

som systemet ligger. o o —_180° |
e Amplitudmarginal !t . be. Typiskt:
1 101 ' A
— m
Ac(@,) | . 2.5
e Fasmarginal | D
@m =18OO+§0K (a)C) 27 30°...60°
-180°
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Polbestamning for stabilitet

e Slutna systemets overforingsfunktion.
s-planet. s=oc + |

~ 4 jo s-plan
Oka%nde frekWT /W\/\j\ﬁx (s-pian)

Ostabilt!
< DA pnin"g/\/\ﬁx FOrstarkning —

b
L4
2

—_—

\/V\Jx
5"
g .
E% xu\[\/v\/\ W\/\/\!x
5 \_ J

Amplituden minskar ¢ » Amplituden okar
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Polbestamning for stabilitet

En 6verforingsfunktion ar stabil om{ndmnarpolynomet

Inte har rotter som ger poler i1 hogra halvplanet.

A
@ Im(s)| ®) m(s)|
——
stable unstable stable unstable
< & 48 > o« >
Re(s) Re(s)
——
L' 3 b
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Gyllene regeln

"N (=37 Ingapoler ]
. . 1 hdger
L  halvplan!
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EX. stabilt?

Y
i G, =5 o, - 1 :
_ S°+55+6
5 1
G — GG, _ " s*+55+6 _ 5 _
Pl 146G, 1+ 0 s’ +55+6+5
2 -
STHOSHE = Stabilt!
> 2+ 35 11=0 [ Im
— X+ oX + = X
[s®+5s+11) | |
2.179449472i
Quadratic Equation 2_179449472; X Re
Solver ‘ It has Complex Roots !
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9gra halvplanet eller ej, utan att man behdver l6sa
hela namnarpolynomet! Edward Routh

$°+25° +s+14+0+0

o (1/5707
Borjan pa 1/1
Routh- 2/1 0

tabellen < Adolf Hurwitz

William Sandqvist william@kth.se



Routh-Hurwitz metod

s®+2s°+s+1

Fortsatt- [ |1 1|0
ningen pa 2\(1 0 21-11_ ¢
Routh- < 05 2 Y
tabellen ’

Ny
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Routh-Hurwitz metod

s®+2s°+s+1

Fortsatt- | 1>1<,0
ningen pa 57 10 2-:0-1-0

Routh- < 2
tabellen 0510 10
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Routh-Hurwitz metod

s®+2s°+s+1

Fortsatt- 1 1 0
ningenpa |[ o 1] o 05-1-2-0 _
Routh- < 0 5><O 0 05
tabellen !

K 1
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Routh-Hurwitz metod

s®+2s°+s+1

Fortsatt- 1 1 0
ningenpa |[ o 1. o 05-0-2-0
Routh- < 05>0<‘O 05
tabellen !

K 11010
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Routh-Hurwitz metod

s®+2s°+s+1

-

Routh- 111 0

It(a:bellen ar nu < 1 0
ar.

3+1 rader for 0510 0

gradtal 3. 1700

L]

Alla i forsta kolumnen har positivt tecken = Stabilt!
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Routh-Hurwitz metod

Ett annat ndmnarpolynom:

s°+25°+5+9

N1 0
271" 0 2:1-1.9
L~ :_3,5
(=35 0 2
\’
o Nukan man sluta att rakna.

Minst en | forsta kolumnen &r negativ (teckenbyte) =
ostabilt!
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Routh-Hurwitz metod

Routh’s metod kan enkelt ge algebraiska vilkor for stabilitet.

— Hur stor forstarkning K kan integratorn maximalt ha?

K 3
. G, == »| G, = >
N s (L+s)? G, -G,
Cror Z10 6 G
1 2

K 3
6 __S (L+5)° _ 3K _ 3K
1ot 1 K3 s(1+s)°+3K [s°+25°+s+3K
s (1+5)°

William Sandqvist william@kth.se



Routh-Hurwitz metod

s°+2s° +s+3K

1 1 0 Vilkor for stabilitet:
2 |3K 0

2810 0 = 2-3K>0

3K |1 0 0 = 3K>0

Man far tydligen inte vridaupp = |0<K <§

Integratorns forstarkning
K over 0,66 !
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10.1 Stabilitet

Vilka processer ar stabila?

. . S+ 2
a) Yy+y—-6y=X+X g) 7 s 6
b) 2y+6y—-8y=3X
2
c) y+10y+21y=x+4x h) S”+35+2
S+4

d) y"+3y"-2y'+y=u'+5u
e)) y'+7y"+y' +4y=u"+3u
f)) y"+3y"+y' +6y=u'"+7u
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») 10.1 e l0sning, Stabilitet

y'+7y"+y +4y=u"+3u {L:}

2
VS* 1 TYS? +Ys+4Y =Us? 430 = S 1SS

U (s°+7s*°+s+4

Routh

s°+7s°+s+4

l / MATLAB
/ / 7.1-1.4 » pole(tf([1,3,0],.[1,7,1,41))
1 = ans =
-6.9390
/7 4 0 3

-0.0305+ 0.7586i

== ~0.0305- 0.75861
0 O

N

3
>
4 Inga teckenbyten, stabilt poler 1 vhp, stabilt
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) 10.1 f I6sning, Stabilitet

y"+3y"+y'+6y=u'"+7u {L:}

Ys? 1 3YS? 4 Vs 4 6Y =Us+7U oS!
U | s7+3s"+s+6

Routh

5> +35°+5S+6

l / MATLAB
» pole(tf([1,7]1,[1,3,1,61))
/1/3’11‘61 ans =
2 1670 3 -3.2583

0.1291+ 1.3509i
0.1291- 1.3509i
0 O

-1

N

6 teckenbyte, ostabilt poler 1 hhp, ostabilt
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10.1 g 10sning, Stabilitet

S+2 s:ii %+6z£@£—

S°—5—6 2 212
poler I hhp, ostabilt

g)

MATLAB

» pole(tf([1,2],[1,-1,-61))
ans =

2 < pol 1 hhp, ostabilt
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10.1 h I6sning, Stabilitet

2
+35+2
h) S 38 S =—4 polivhp, stabilt

S+4

MATLAB

» pole(tf([1,3,2]1,[1.,4]1))
ans =

-4 «—— pol i1 vhp, stabilt
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Statisk noggrannhet

— Nar systemet val ar stabilt forséker man ocksa att
uppfylla ytterligare prestandakrav.

e Statisk noggrannhet — litet kvarvarande fel.

Regulator Process

Y Kvarvarande

V —
}
R— G, O Gp ] fel?

e BOrvardesandringar
e Processtorningar
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Statisk noggrannhet g, e, e,

e Gransvarde vid stegformad borvardesandring:
Fegulator v ¢+ Process
¥ a

a-
R G O] G, Te'n]jm
_ 5—>01+GR+GP

e Gransvarde vid rampformad borvardesandring:
Fegulator v ¢ +  Process
¥ h

_;2..[ — G, (O G Te =lim
- R F ! s—0 S+(1+GR+GP)

e Gransvarde vid stegformad processtérning:
(1
Fegulator V¢I Process

+

F _GP+H

R G, O+ G e, =lim— 2 ¢
_’f - d | =0 14 G, -G,

Bevis | appendix.
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Kommer Du ihag OP-foljaren?

~~.op .libopamp.sub
SRR N U11999'9D9"'V
------- . >—=——\Vout >
- | OP-FOrstarkning |~
"4 1100000 ggr -
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Om OP-forstarkning 5 ggr?

833.333mV -
. U1 . Rt g T
- Vout >
+ s =
il.
Open Sj,lml:u:ul:l MlibhzpmiOpampzhopamp. asy :
Attribute | val | wis |
Prefis =,
InstMame I *, ;
S picekd odel .
" alue opamp
Yalue2 ;
Spiceline ’ﬁa .
SpiceLine? EEe=10kMeq :
_Caca | o< | |
&
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V1 andrar OP-
modellen fran
Aol=100K till
Aol=5.

Nu ar
forstarkningen
bara fem
ganger!



Om OP-forstarkning 5 ggr?

~~.op .libopamp.sub
[ | e
1V - 0,1666| 5 = Vout >

"~ |e,=1-0,8333 = 0,1666
- {16% fel!

| | . a 1
N e0:||m —
""" S_>O 1+ GR .GP 1+5.1

=0,1666

William Sandqvist william@kth.se



Operationsforstarkaren

L Operationsforstarkarens
hin forstarkningskurva faller en

“ \\\ dekad/dekad | Bodediagrammet.

i NI Trots att den har 100000 ggr

bl forstarkning kan den darfor stabilt

N motkopplas enda ned till

-an I
W
1.

~1., forstarkningen ett.

1 10 1 103 1IZI4 1IZI5 1IZIﬁ llil? 10

Frekvenskurvan faller brantare forst vid lagre férstarkning an
ett (under 0dB). Vid tillverkningen har man lagt till en
kondensator for att fa denna effekt!

e Men till reglerteknikens processer kan man av stabilitetsskal

oftast bara anvanda laga” forstarkningsvarden.
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EX. utan/med Integrerande regulator

e Processtorning. Proportionell regulator K

a=1
Eegulator ‘T’?¢+—I_ Process . _G -a
R Gp=K G, = 2 ) e, =lim :
h ; P 1+Ts | s—=0 14 GR 'GP

- Lo K K
e, =lim—1H1S — —jim——"° - v
s—0 14K . KP s—>0]_-|-TS—|—KKP 1HK Kp
1+Ts

Litet kvarvarande fel e,, kraver hog regulatorforstarkning K
— Risk for stabilitetsproblem.
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Ex. utan/med Integrerande regulator

e Processtorning. Integrerande regulator 1/T,S

a=1
Fegulator Vb_—l_ Process — G -a
R — Gy=— g, = > e =lim P
\ T.5 O_’ 1+ Ts T v s—0 1+ GR 'GP
— KP 1
e, =lim 11+TSK =lim Kl S =—i:=0
20,4 Ky 0T s(1+Ts)+Kp Kp
T,-s 1+Ts

e Inget kvarvarande fel!

For att eliminera kvarstaende fel efter en stegformad process-

stérning kravs en‘integrerande regulator.\
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Fel vid borvardesandring

e BOrvardesandring. Stegformad borvardesandring.

Eegulator v Process
r ¥ ¥ d '
1 5. | 5, o = lim —° Har har det ingen
A | 0 1+Gp-Gp | betydelse var
Integreringen
ar placerad.

For att eliminera kvarstaende fel efter en stegformad bérvardeséndring

kravs att/antingen regulatorn eller processen ar integrerande.

e, =0 omG; eller G, integrerande
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Sammanfattning e, e,

Regulator v : Process

Y

_R L? GR LO—» GP T e=0

FOr att eliminera en steg-borvardesandring R Kravs:
o Gy eller G; ar integrerande

FOr att eliminera en steg-storning V kravs:
o Gg ar integrerande
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Ex. Steg, ramp borvarde/storning

2 h 3)(1
)EI_T—/ Regulator v :I_ Process G — 1
1) + + : . 1 Y arvarande P (1
£ —..._ Gp=3 —...O—p G, = s T’ fé‘-ﬁ? S R\ + S)
integrering
Borvarde: 1) G, i1 integrering e, =0
S
, h h h h
e; = lim — i — i __
T 5 (14 Gy Gy) 2) ramp & L'ﬂgs " Isl_r>r0| s+s)+3 3
s(1+5) 1+s
Storning: 33
A : _s(1+ S) T —a a
e, =lim Gp-a 3) steg e =lm 3 Isl—>0 S(L+5)+3 T3
0 1+ G, -G, 1+ e
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EXx. steg, ramp borvarde/storning

2) R 3)ar-

(I_I— Fegulator v ,L+ Frocess
1) Y kvarvarande

+ 1
R — Gp=3 —rO—rGJM:MJTfEP
a

h
1) &= 2) 91:§ 3) eV=—§

_h : a
| 3 9;3033 3
Bérvarde r ! - :
: Utsignal y vid I
\ processtérning .
) 051
Utsignal y ( e 2033
b : — {id(s) 3 7 3 = phd(s)
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10.14 Statisk noggrannhet

Y

| (1+5)1+10s)

] - 6,=017?

Stéll in regulatorns forstarkning K sa att €, =0,1.
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10.14 16sning 10% fel

+ R 1 Y; —
R _’? K=7? 1 @+s)(@+10s) ] - 6 =017
. 1 . 1 1 1
& =1im = lim : ==
S 1+GR'GP S 1+K' 1+_ K‘I‘l
(1+s)(1+10s) 1
1

<0l =» 1<01+01K = 01K>09 = [K>9

K+1
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Stigtid Keri
Snabbhet a4 scilloskopsiarm

|
e —

9c o/, = - Himm.gm: 1333
e Stigtid t. Y

10%s / T

S P

vV ! Dm ! Marks nw

Stigtid tr

Stigtiden kan enkelt matas med oscilloskop, de har
=8 ofta nagon "inbyggd matfunktion” for detta.

For overforingsfunktioner som har hoga gradtal ar det dock
besvarligt att berakna vilket exakt varde stigtiden bor ha.
Darfor anvander man tumregler nar man varderar
stigtidsmatningar.
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Snabbhet, tumregel

Kretsoverforingen, den éppna overforingsfunktionen, har
overkorsningsfrekvensen o 1 Bodediagammet.
( Skarningen med A(w) =1)

FOr ofta forekommande, "normala”, 6verforingsfunktioner
anvander man foljande aproximativa tumregel:

Au

t ~ 22

N

o. @
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Avlasning av felen e, e; ur Bodediagrammet

Ur kretsoverforingen (0ppna systemet)

t TypO + Typ 1
Alw~0) | R Lutning
\\ 1 dekad/dekad
A=1IL : A=1 o :
w~0 a)\
1
_ 1 _
=g, = 1 =e,=0
1+ A(w = 0)
1
/Z> € =00 = € = C()_
1
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Sammanfattning av Bodediagrammet

G} Typ 1
|Gk |

Fel vid ramp-
stdrning

Stigtid vid

borvardessteg

e

= (1)

Stabilitet
Fasmarginal

William Sandqvist william@kth.se

| Stabilitet
Amplitud-
marginal

-180°
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10.17 Bodediagram

A =2 & =7 t =7

e, =7 e ="

Y

R i’? Gy (s)

i

d)
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10.17 a Bodediagram

IG| 201 G| dB
20 e | (G

10 2o
:h\_\_.____ r—1--r=-r--"1-—-r-t—--4-—-t-1----t—-1-—-F-t—"4—-—F—1— 90

. I N NS fas I S PR VI raaliiay o fuodunbig 1

-20 —

SR e it S B e S B B e A N T -t -+-—f—-1---180

0.01 +-40
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10.17 a l0sn Bodediagram

IG| 20 log |G| dB
20 (G
VD IL
10;{ J
Il aldNhnfaaratorn -1 -1~ 1 9"~ 1°1 90
5 w = \UJ| 'l LUHIUI.L 1
; 17 ¥
N + —
2 - ‘.I,G[ L.u — _lgl .
| I Q
— 0.1 0.2 0.5 1 w0 = el
l 0 1 i 1 i [ \ | o s tevaadesial 1 P 1 [ | _I_ e 0
: \\’ A x i § rad/s
0.5 S = T
e |— R Y J|41'
02 0:8 ==
4 _r_ 4 1 1 _ ] S RS S R IS | e e o, N o e el 90
o \
0.1 420 —
n - "‘\
0.05 (G e
~=
5 A5——
0.02 A
44 Py N -t -d—-—F—-+--180
0.01 -0 N
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10.17 b Bodediagram

IGI 20 log |G| dB
10 - gl | &l

i IS SR R M S SN SN SRR N SN IV SR S S I BN I N DU RN I 90

1 :_0 0'1| ' P 11(1).?111 PeTL N PR nuhpn's ] | | I T PR :211%11 sl Imns-u-i_ | _HT laﬂj—u 0

rad/s |

1/

B s T I SRS JUSN EpHY WUV pRONY NOUG! SHVN JQES NpU DU WU IV o "R SORY TS P Hyiy S ')

0.01 |40 N
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10.17 b 10sn Bodediagram

IGI 20 log |G| dB
" g |Gl

77 ) e e B i s e o
5 ] |Gl 1 4
‘[ 1 = =10,p6
el —+ — 0:) ;' k"‘\ 5 e
21~ a4l . 14 : B i
0.1 1045t | 0.5 1 2 511110
1 2o a1 S EueTs TN T L | { | | 4_* ...-’I;m | | -llf-a&/s i ﬂ
—_—— =0 :J
05 16+ s I \%. m nLC
I N U,J
0.2 \\ : \\
AN S N S S S R R b NG B b L g b e PN ] L f e
0.1 f-20 \ \
7] N \
: ~ .
0.05 N
L% \\\
N N
Pas [oYa Yo X 2N \
00 T o :_é&ﬁ} TN oY ko
0.01 |40 N
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10.17 c Bodediagram

|G| 20 log |G| dB
- og | /s

10 ¢ 20

1:0 i R A \ —yTP 0

4

0.5 -

0.2 - AN

0.1 120 ™,

0.05- 16 _ — N

0.02 ‘ ‘ - ' < S 5 s

d

0.01 --40
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10.17 c I6sn Bodediagram

IG| 20 log |G| dB
20 - /G
yp-1
10 + 20 ) - T 1o
~re-=0integrator-{—1— -1
: ~ N 142l
> = A
\\h IG' _APr .... == :U’
2 = y. 4
0.1 ——1+—0.2 — 0 et 1 l"“ ) 15_\_| o 1.0..
140 BlE 11 T S | ! st a7 0
0O o 19 N
: D - — 7 <
0.5 - 1 LT h e —
D N !
: A\, 0,26
3 N
0.2 = g N\
s S s I By ol ST e ) P RN ) M) e I TR S . AN OO R T
0.1 20 ‘\j N
0.05- | : : \i
= 7 Ia) =
Dl =170° -
o hr_.u______.______,_m.__..__.__d__,.______.._x______w:_\;_______h_- 180
i ~
0.01 ¢ -40
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10.17 d Bodediagram

G
I |]0 20 log |G| dB : /G

——vl—__._-..-—-—l.——.-J —_)t e e —_— e - = —

P FEPET RS U PR IUTTI APt e B B [ P B PTL R PO e I L
1 st { rad/s 0

/
/
/

0.5 ~

0.2 - N

0.1 20- .

0.05 AN

v/

0.02

0.01 }-40 N
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10.17 d losn Bodediagram

IGI 20 log |G| dB
0 og |Gl G

1= I 11T tad__ 1t 4 -4 J-L-d- A -d--}—+-4d090
TyproT— 1
141 ol -+ + N 2K
5 © \ @ ’L‘\J
1B i
2 "'*- Etr — T~ ] O,: D
0.1 | 0.2 Lt .05 11 J_l L vl léu y 1] 1 1110"— 0
1 ] e S N <l rndlﬂ‘ B
. <.
~
0.2 - \\
44 SN -] - ==+ —--] -90
0.14-20 '\“
- I\‘
0.05 ﬂ I ‘\‘
i —im v | \\
o (NN SRV (NN AN S SR A AU P ED D - __-.__{,_ _____ SN - - -180
0.01 -} -40 N
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Styrsignalstorlek?

Hur stor blir styrsignalen U ? Det ar ingen mening med en
matematiskt perfekt regulator som genererar orimliga
styrsignaler under regleringen!
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ol .

R 1+G,G,
@ _ — GGy
V, 1+G,Gq,

0_ -G

= Styrsignalaktiviteten kan

W 1+G,Gp simuleras, eller studeras med
@ -G, Bodediagram.
V, 1+G.G,
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Styrsignaloverforingsfunktioner

For hoga frekvenser ar det vanligt att| G, — O,
Styr-signalerna beror da mest pa regulatorns hogfrekvens-
egenskaper:

U Gy U -G,
= = . Gy .
R 1+G,Gy W 1+G,G,  Ilim 6.6l lim |G|
U -G, ~0
V, 1+G,G,
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