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William Sandgvist william@kth.se



Lektion 2 kap 5, 6

o Differentialekvationer
« Laplace-transformer

 Dynamik hos vanliga processer
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Stegsvar
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—»1 Process (——» /
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Stegsvar y(t)

Enhetssteget ar den vanligaste "testsignalen”.
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Kommer Du ihag ...

(Forsta ordningens differentialekvationer)
Stegsvar fory = insignal,y = utsignal):
differentialekvation enhetssteg begynnelsevarde

%+ay:bu ut)=1 t>0 ||y(0)=0

Y=Y T Ys VisOker summan av en transient
och en stationar l6sning

d a . .
Yro YT ay=0 = %(93 COée"™ | « Transient lI6sning

Kontrollera Wning):
d

EC [+ alClle*=- d1d1&+ acé=0
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(Forsta ordningens differentialekvationer)

Y iay=b = y(h=Cloe™+ y * Total I6sning y + Y

dt (ys ar en konstany
Insattning:

O+aly,=b = | y,= b  Stationar losning

a

 satt in begynnelsevarde

y(t):c:Ee-awg { 0) =0} o:c:m+§l IR

y(t) =2 (1- &)
a
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(Ex. Forsta ordn. Differentialekvation)

Stegsvar fory = insignal,y = utsignal); y+5y = 28u
Begynnelsevardg0) = 0. Enhetsstegi(t) = 1 fort > 0.

y+5y=28 y=y+y
yr: y+5y=0= y ()= CO&" e Transient Idsning

28 e e
st ¥s=& e Stationar l6sning
YO =CE*+2 { §0)=0} = C=-=

ORI B
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(FOrsta ordningens differentialekvationer
snabbformler)

differentialekvation enhetssteg begynnelsevarde

%+ay:bu ut)=1 t>0 |y(0)=0
Du kan redan snabb- y
formlerna: f
_t b
X(t)=x,—-(X,—x,)e | @ SR
A 63%0 | — —— L
t =T [n hela _ |
"resten” kil -
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Kommer Du ihag ...

(Andra ordningens differentialekvationer)
d°y
dt’
e Transient |I6sning — karakteristisk ekvation

y+ay+ay=0 { K§ K+ ak a=0

1) Rétternek, ochk, reella och olika  y, = Al@“ + B[@“
2) Rottern, ochk, reella och lika %y, = A" (A+ B )

3) Rotternegk, ochk, komplexkonjugerade
k, =a+jd k,=a-jd y, =e*(ALtosdt + Bsindt)
b
e Stationar losning Ys = —
a2
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+a1%+a2y=bu ut)=1t>0 y(@©0)=0 y(@0)=0
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(Ex. Andra ordn. Differentialekvationer)
y+5y+6y=Dbu Y0)=0 y0)=0 w1t (

* Transient [6sning
y+5y+6y=0 {KE} K+5k+6=0

2
= 5, @ _6:_51(_1 N
2 2 2 4

k1 =2 kz =-3 P, g-formeln
y, = AE* + BUe*
e Stationar l0sning A :%
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(Ex. Andra ordn. Differentialekvationer)

e Total Iosning y+ yq
y(t) = % + ALe*' + BOe”

Insattning av begynnelsevarden:
y(O):%+A+ B=0 A

y(t) = -2 A" - 3B0e™
y(0)=-2a-3B=10

y(t) = 1_12, 1= | Detblev ett stegsvar med
6 2 3 tva tidkonstanter.
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(Ex. Andra ordn. Differentialekvationer)

y(t) = 1_ 1,2 ,1a Detblev ettstegsvar med
6 2 3 tva tidkonstanter.
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Laplacetransformen

F(s)=L[f(t)] = jo‘”f(t) esidt f(t), t>0

Ex. Stegfunktion (Heaviside step function)

0 t<O0
O'(t): A
1 t=0 1

00

F(S)=Te‘St dt:{—ﬁ} :0—(—%:}
’ s |, s) s
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Laplacetransformer

F(s)=L[f(t)] = jo‘”f(t) @St f(t), t>0

Ex. FOordrojd stegfunktion
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Laplacetransformer

F(s)=L[f(t)]= jo‘”f(t) @sdt  f(t), t>0
Ex. Rampfunktion
0 t<O 1V
) =
A {[ﬂ t=0 : > 1
F(9) = Tt St {_ et [ﬂ} _T_ e st i Partiell integrering]
0 S o O S jf'ﬂgdt:
R R T
S 0 S S
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Laplacetransformer

F(s)=L[f(t)] = jo‘”f(t) @St f(t), t>0

Ex. Rektangelpuls

1
» 1
T
F(s):]oe'stdt{—iﬁ[ﬂ} S 1 Ly e
O s |, s s s
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Laplacetransformer

F(s)=L[f(t)] = jo‘”f(t) @St f(t), t>0

Ex. Exponentialfunktion i

e_at a0 K

o o _ (ats)t ] 1
F(s)= f e [@°'dt = f e“""*S)‘dt:{— © } s
0 0 0

at+s
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Superpositionsregeln

L[al f,(t) +blf,(0)] = alF,(s) +blF,(s)

Det var ju enkelt och bra ...
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FOrdrojningssatsen

t 1
1 1% gte
t » 1

=
L[f(t-T)]=F(s)l& '

Fordrojningssatsen En tidsfordrojd signal far exponentiellt

dampad Laplacetransform.
DampningssatsenEn exponentiellt dampad signal far en

forskjuten Laplacetransform.
L[f(t)[&*]=F(s+a)
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Derivata/integral

L[ f'(t)] FS[F(s) - f (0)

L[ [f (t)dt} :é F(s)

Deriveringssatsen och integreringssatsen ar grupden
for Laplacetransformens anvandbarhet vid I6sangdet
av differentialekvationer.
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Ex. Derivataihtegral

Rampenar ett

tidsintegrerat | , (==
) S
Sprang :
* Integrering 1% 1
1
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Ex. Derivata/integral

R Impulsen ar ett
. . _ 1 B
tidsderiverat 14 = L= 571

Sprang

0l

* Derivering(s
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Begynnelse och slutvarde

tIirp f(t)=lim s[F(S)

lim f(t) = Iing S[F(S) - slutvarde

| RN

Vad som hander efter lang tid avgors av
laplacetransformens lagfrekvensegenskaper.
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Ex. Laplacetransformtabell

< >

Basic Laplace Transform Pairs
Signal or Function f(t) F(s)
Impulse o(?) 1
Step u@@)=1, >0 L
Ramp r()=t, t=0 1
Exponential e e u(d) 1
Damped Ramp fo™ Giay
Sine sin(pt) T
Cosine cos(ft) ey
Damped Sine e sin(f) e
Damped Cosine ecos(ft) | s
Simple Complex Pole | see next pg see next pg
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Laplacetransformeringsmetoden

* Tidsdomanen Laplace transform

inverse Laplace
transform

e Frekvensdomandn

algebra

Senvae
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Dynamik hos processmodeller

e Process med en tidskonstant

 Process med tva tidkonstanter

e Process med tre tidkonstanter

« Andra ordningens system med komplexa rotter

* ( Processer med bade poler och 0-stéllen) - senare
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Dynamik hos processmodelleré:

e Process medntidkonstant

e Stegsvar

* Impulssvar

it

G

K

s U
g

Ts+1

Figure Mo, 1

File Edit ‘Window
10

Help

=10l x|

N e =

4
!

plot(step(G))

&0 100

150
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Y
_>

Y=GMU =

Y

=G[U =

A

(Ts+1 s

» K 1
Ts+1

Tidsfunktionerna
fas algebraiskt
med Laplacetabell
eller numeriskt
med Matlab

EX
10

bs+1

Matlab-kommandon
G=tf([10],[5,1])

plot(step(G))
plot(impulse(G))

Figure Mo, 1

=10l x|

File Edit MWindow Help
T

15}

plot(impulse(G)
L

a a0

1t

0.5t

a

100 150




Dynamik hos p

EX.
10

rocessmodellerc= (5s+1)(3s+1)

e Process metyatidkonstanter

G A B Matlab-kommandon
U K Yy U K 1 |y | A=t([10],[5,1]);
= > > = —» —> — | B=tf(1,[3,1]);
Ts+1(T,s+1 Ts+1 T.s+1
(Lo Hs ™D i : G=series(A,B):

» A=tf(10,[5,1])

Transfer function:

» G=series(A,B)
Transfer function:

» B=tf(1,[3,1])
Transfer function:

10 1 10
5s+1 3s+1 15s"2+8s+1
CiEi 1=
File Edit Window Help File Edit ‘Window Help

10 1 : .
‘ |

Al gz plot(impulse(G))

plot(step(G)) I
0 I 1 1 I I | |:| L
] 20 40 B0 50 100 120 n A A0 1AM
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EX.

Dynamik hos processmodellerc=~—

s*+02s+1

« Process mekomplexa rétter (ordningstal tva)

Om en dverforingsfunktions taljare har komplexaatsa
far stegsvaret "6versvangar”. Overforingsfunktiomeakar
da anges meparametrar «, och¢ . Ko

@, Resonansfrekvens (odampad) = S* +20 %S+ af

¢ Dampfaktor
wO0=1;
Z=0.1;
[num,den]=ord2(w0,Z);
G=tf(num,den)
plot(step(G));

I =[]

Arnplitude

] 10 20 30 40 a0 B0
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EX.
. 1
Dynamik hos processmodellerc=,.;

« Process mekomplexa rétter (ordningstal tva)

yit)

|
// K &, Resonansfrekvens
/; B ﬁﬁ A1 (odampad)
[k ;_% i //’\\ ¢ Dampfaktor
R ~—%=  Dampfaktor 0 ... 2
) 7N
04 7//2’0 . \\./_/ ol \ G= > KCL{?
N <N \/, \ S? +2{cS+ af

0 / 2 3 4 5 6 7 8 9 10 11 12
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6.13 Processparametrar

Beskriv processens stegsvar. Givet:
Relativa dampninged. Odampad G(s) = 2 ?
egen-svangningy,. C")versvéng\/lp, s* + 096s+ 2

tid for dversvand,,.

Formelsamling (2:a ordningens system med komplexa
rotter):

Kag M, = exp < t,=— "

G(S):SZ'FZZC()OS"‘C(,g I 1_{2_ % 1_(2
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6.13 I0sning Processparametrar

Processens stegsvar. Relativa Givet:
dampningerf. Odampad egen- G(s) = 2
svangninguw,. C")versvéng\/lp, tid for s* + 096s+ 2
oversvand,,
Parametrar for andra ordningens system:
G(s) = O = a)é 2@ =+2
T4 Zw + » 2(40 096
_ 096
= 034
2\F
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6.13 I0sning Processparametrar

Formelsamling (2:a ordningens system med komplexa
rotter):

G(S): K&g MP:exp _Zﬂz tP: 71 2
$? + 20w, + af Rl wpy1-¢
_ — T _ _ /1 _
Mol=exg —— |= p F =
- 03400 _ L
=exX = 032(32% - T 4
Ty BN TR TS
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6.13 Process stegsvar MATLAB

1T=0:0.1:10;
wn=sqrt(2); Z=0.34;
[num,den]=ord2(wn,Z);
G=tf(num,den)

plot(T,step(G,T));
=0l
File Edit Window Help tP —_ 2,$
07 . ' ' '
o8 /i\
05— )
0.4} M P — 32%
03t
02t
0.1 / 100%
oLV, : : ' I I I I I
o 1 2 3 4 5 & 7 8 8 10
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6.5 Fran diffekv. till 6verféringsfunktion
() y+5y =X

(b)) y'+3y = 4x = ),
(c) y'~-5y'+6y = X . Y

(d)) y'-3y'+2y = 3X'+X

&) V+3y+2y—X+3x=0
fy 4(y+3y+x)+8X=0
g) y+y+3y=2X

William Sandgvist william@kth.se



6.5a,b 10sning, overforingsfunktion

y'+5y = X

] x| X1
L[y'+5y] = L[X] SY+BY =X | <=
(b)) y"+3y = 4x

Y 4

L[y"+3y|=L[4x] = sY+3r=4X | —=
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6.5c,d losning, overforingsfunktion

(c) y'-5y'+6y =X
L[y"-5y+6y|=L|x] = s*¥-5sY+6Y =X
Y 1

X s2-55+6
y'=3y'+2y = 3X'+X
Y 3s+1

Ly=3y+2y|=Laxen] = | ==
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6.6 Overforingsfunktion

y =X+ 5I xdt + 2X PID-regulator
b) y=5Xx+ 3j xdt Pl-regulator

@ y(t) =x(t-5) Dodtidsprocess
dy Y () +y(t) =2x(t-10) psdtidsprocess

William Sandgvist william@kth.se



6.6 a losning, overforingsfunktion

y =X+ 5I xdt + 2X PID-regulator

Lly]= L[x+5jxdt+ 2>'<] - Y=X +§x + 25X

l:1+§+25
X S
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6.6 c l0sning, overforingsfunktion

@ y(t) = x(t -5 Dédtidsprocess
L[y(t)] = '—[X(t ‘5)] = Y=e> X = % =g
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6.7 fran overforingsfunktion till diffekv.

_Y(s) . 3+s
(9= U(s) s°+4s+1
Y(s) 2eF
_U(s)  Bs+1

c) G(S) :% =3+4s

b) G(S)

Y(s) _ s+4
U(s) 2s°+3

d G(s)=
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6.7 a losn.G(s) till diffekv.

Y(s) 3+s

? G()_U(s) S° +4s+1

S°Y +4sY+Y=3U +sU < | y+4y+y=u+3u
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6.8 stegsvar fran overforingsfunktion

1 1
=216 G(S)_s(s+1)
_ 3 _ 4
) G5 0 GO igis
1
@ G(S)_s+2

William Sandgvist william@kth.se



6.8 a losning stegsvar

1 F - f(@) t>0

G(S) = — () t) t>
S +16 % Stegfunktion o(t)
: . 1 ( ‘.z] , _jz“[] — cos at]

L[unltstep]—— SR a
S
1ot oy =2 a-cosa
S (s°+16) 16
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6.8 a lIosning MATLAB

1 G=tf([1],[1,0,16]);
2) G(S)_s2+16 plot(step(G));

=10l x]

File Edit MWindow Help

0.14

012 F §
0.1+ §
0.0s - §
0.06 - §
0.04 - §
002 - §
0 ! ! ! ! Y,

20 40 all] 80 100 1

o 20
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6.8 c I0sning stegsvar

(9) G(s)=—— F(9 - f@) t>0
S¥ 2 % Stegfunktion of(?)
. 1 ’ _r_
L[unltstep] =— s(1+as) f-¢ 8
S
1 B L 1 d: - 1

: —
S (s+2) 2 S (05s+1)
t
05

— y(t)——(l e %)= 05(1-e)
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6.8 ¢ losning MATLAB

_ 1 G=tf([1],[1,2));
G(s) = S+ 2 plot(step(G));

=10l x]

File Edit Window Help

0.5

0.4 -

0.3+

02r

0.1 r

a

o 20 40 &l 80 100 120
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6.8 e I0sning stegsvar

1 F(s) - f() t>0
G(s) =
S S(s+1) :

= Stegfunktion o(t)
. 1 i ) Rampfunktion ¢
L[unltstep] = — / |
S s+a e
1 1 1
— [ = = ?
S s(s+1) s°(s+1)

 Finns ej med i tabellen — da maste man partialbrasdeip. ...
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6.8 e I0sning stegsvar

. ———= Detkan ha statt sa har innan
1) _as+b . C man gjorde allt liknamnigt!

s*(s+1) s S+1 (ansatt taljarens gradtal ett
gradtal lagre an namnarens)

as+b | ¢ _(as+b)(s+D+cs” _

s°  |s+1 s°(s+1)
qa+o)s*+(a+b)s+h> [atc=0 [a=-1
) S (s+1) m{a+b=0 ={ b=1
- b=1 ' c=1
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N\

6.8 e I0sning stegsvar

-

a=-1 L1
=< b=1 > L :_18; +——
s°(s+1) S s+1
' c=1
1 1
+— = | yt)=-1+t+e"
Z 51 y(t)
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6.8 e losning MATLAB

1 G=tf([1].[1, 1, Q));
e) G(S) S(S+1) plot(step(G));

=10l x|

a 20 40 B0 80 100 120

y(t) =-1+t+e”
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6.12 Partialbraksuppdelning

9-3s s° +4s+5
G(s) = G(s) =
) (s+1(s+7) e) G S’ +28° +35+2

4s+2 5s+12

b) G(s) = f —

) G s(s+1)(s+2) ) G(s) s° +55+6

2
) G(s) = 4s° + /s+4

 (s+2)(s? +s+1)

d) G(S): 3s° —2s+1
(s—3)(s—2)(s-1
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6.12a l6sn. metod Handpalaggning

_ 9-3s
S = i Ds+7)

9-3(-1) | 9-3(-7)
0-3s | (D+7 | (-7)+1

(s+1)(s+7 s+1 S+7
s=-1 s=-7
0 0 9 2

Ss+1 s+7/ - s+1 s+7/
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6.12a l6sn. metod Handpalaggning

9-3s

3 G9= s+

9-3(-1) [9-3(-7)
0-3s| = (-D)+7 | (-7)+1
(s+1(s+7) s+1 S+7

el 1 12 30
=0 =0 G(S):€+?—2+5

s+1 s+7__s+1 S+ 7/
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6.12a l6sn. metod Handpalaggning

_ 9-3s
a) G(s)= (s+1)(s+7)

9-3(-1) 9-3(-7)
9-3s  _ (-D+7 _ (-D+1

(s+1D(s+7) s+1 S+7

G(s) = 2 N 5
sS+1 s+7/
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6.9 Impulssvar fran éverféringsfunktion

2
G(s) =
(9 s° +55+6
S+1
b =
) G s +4
3
G(s) =——
2 () S+1
2
d G(s)=

_sa+5$
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6.9 a It')sning Impulssvar

() G(s) =— F(s) - f(@) t>0
S +5S+6 ] . m_ﬁ bt
. s s b —
L[impulsd =1 i, b-a

s’ +55+6 P, g-formeln

5 [(5)
=2+ 12| -6 s=-2 5 =-
T2 J(zj 27705

2

G(S):(s+2)(s+3) = | yt)=2(e“ —e ")
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6.9 a Iosning MATLAB

2 G=tf([2],[1, 5, 6]);
a) G(s)= 2 15546 plot(impulse(G));

=10l x|

o 20 40 a1l 80 100 120

y(t) =2(e™ —e™)
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6.10stegsvar fran tempsensor

Ty s

_> _> s .
TemperatufC Spanning V

G(s) = 02
10s+1

Rita stegsvaret?
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6.10 l0sning, stegsvar

G(s) = 0,2
10s+1
1

L[unitsted = <

}D 0,2
s 10s+1

—

F(s) < f(t) t>0
/
s(1+as) ’ [—e “

y(t) = 0,2(1—e‘5)
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6.10 losning, MATLAB

0.2 T=0:1:50: % 0...50 sek
G(s) =—— G=tf([0.2],[10, 1]):
10s+1 plot(T,step(G,T)):

Vi har skickat med
en tidvektor T, nu
stammer tidskalan.

|

0 10 20 30 40 50 B0

y(t) = 02(1- e‘lt_O)

William Sandgvist william@kth.se



William Sandgvist william@kth.se



6.4 Robotarm

O=45°

6=90°
G (M[Nm]) — 3
UM 14T s
G (G)[rad] ) — 1 o Likstroms-
2\ M[N| Jsz_l_ bS Spanning u motor +

vaxel

vridmoment Efterfragat:

M ! vinkelhastighet?
U G G, o

vridningsvinkel

motorspanning

Elmotor Robotarm

Vad blir robotarmens sluthastighet i sort@mv/minut [rpm] om ett
spanningssprand = 6 [V] laggs pa motorn?

Anvand slutvardessatsen. Robotarmens troghetsmahwe0t45 [kgr.

Luftmotstandeb = 1,3 [Nm/rad]. Motorns tidkonstaii{ = 0,7 [s].
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9o
dt




slutvardessatsen

6.4 Robotarm l6sning | lim f(t) —I|m S[F(s)

t(ijdsderivata e
O[rad/sek  stegandring
O =sB(9 = G(%Hr) =566 26
Sokt vinkelhastighet S
6 3 1
(9 =U(906 T $16G= S+ T 9 (J8+ by
lim O(t) —I|m s[®( 9 =lim &= 18 = 18
oo 5-0 (1+Tf s)qd bt J3 L

18 18 18 60
——r d/d =—[F—[rom]| =130 rpm
n [ g 132n[p] O rpm]
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6.4 robotarm - MATLAB

3 1
D=5s5|Gl= --------- R= ----cc e
0.7 s + 1 0.45 s*"2 + 1.3 s

T=0.7; b=1.3; J=0.45;
D=tf([1, O],[0O, 1])
Gl=tf([3],[T, 1])

G=tt([1].[J, b, 01) spanningssprang 6V
G=series(D, Gl) och omvandling mellan

G=series(G &) / rad/s till varv/s

plot( ( 6*60/(2*pi) )*step(Q );
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6.4 robotarm - MATLAB

G(%me) = s 6
MATLAB series()  berédknar den totala dverforingsfunktionen.

(T
0.315 s"3 + 1.36 s"2 + 1.3 s
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0. 4 robotarm - I\/IATLAB

FI Edit ‘Window  Help

140
120 -
130
Spannings- " varv/minut
sprang 6V 1 Inte tid
- direkt, utan
samplens
nummer
e

plot( ( 6*60/(2*pi) )*step(Q );
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6.11stegsvar fran robotar

- U, A
Spanning [V] Vridvinkel [rad]
2y+y=u |,

Rita stegsvaret?
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6.11 lIOosning, stegsvar

Overforingsfunktion:
2§+y=u < L[2y+y]=L[u]
Y 1

2s’Y +sY=U =—
U 2s°+s

Stegsvar: Llunitsteq :%

1D1 1

s 28%+s  S2(2s+1)
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6.11 l0sning, stegsvar q

Partialbraksuppdela:

1 _§S+b+ C _
s°(2s+1) s° —2s+1
_(as+b)(2s+1)+cs® q2a+c)s*+(a+2b)s+b

s°(2s+1) s°(2s+1)
2a+c=0 [a=-2 , .
la+20=0 ={ b=1 mw) o t+

S? 2s+1

b=1 c=4

\
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6.11 I0sning, stegsvar ‘] q

_ 28+1 A iE=IN
———+ = F(s) = f(t) t>0
S 2Ss+1 /
- Stegfunktion of(1)
-2, 1 2 y
— + . + 7 Rampfunktion 7
S S S+ 0,5 / e
s+a

y(t) = -2+t +2e"
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6.11 l6sning, MATLAB ] q

[ |

T=0:1:50; % 0...50 sek =
1
G = < 1 G=tf([1].[2, 1, O]);
S TS plot(T,step(G,T)):
I-TE
1ot Y(t) — _2+t + Ze—O,St -
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6.11 MATLAB forstoring q

1 T=0:0.1:5;
G=— G=tf([1],[2, 1, O]);
28" +s plot(T,step(G,T));
BEE

File Edit Window Help

3.5

L
25+
2L
1581
11
05+

a

o 0.5

1 1.5 2 25 3 3.5 4 4.5 ]

William Sandgvist william@kth.se

_.'I =l

Det robotarmen
missar | starten tar
den aldrig igen —
det kan vi kanske
forbattra senare |
kursen! (med ett
reglersystem).
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6.14 Diffekv. poler/O-stallen

y'+9y'+14y = 3

b) y+6y+1ly+14y=u+4u
C) VYy'+4y+3y=u'+u

1) Overforingsfunktioner
2) Poler och O-stallen

3) Statisk forstarkning
4) Tidkonstanter
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6.14al0sn. Diffekv. poler/O-stallen

y'+9y'+14y = 3

V'+Oy'+14y =3u < SY+9sY+14Y =3U

3 9 9\’ Poler:
G(s) = - _> | — _ — _
(&)= Zioes1a S° 21\/(2j 14 |s=-2 s,=-7

~ 3 ~ 3]
(s+2(s+7) 200+ is)A+1s)

Gain=G(s - 0) :2—:?7= 021 17,=05 r1,=015

G(s)
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6.14alosn. poler/O-stallen MATLAB

3 G=tf([3].[1,9,14]);
s° +9s+14 pzmap(G);
il

File Edit Window Help

G(s) =

Fale-zera map
1

05t SZ:_7 Sl=—2
T — @ :

08¢

Imnag Axis
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