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TARGET PROBLEM

Which kind of sources for vector fields do we have in nature?
SOME EXAMPLES
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TARGET PROBLEM

Characterization of different vector field sources:

* Point source (punktkdllan)
It is a single identifiable localized source with negligible extent.

In some particular conditions,
(for example: 3D space, emission homogenous in all directions, no absorption and no loss...)

the field produced by the source decreases with r?

(dipolskdllan)

Two identical but opposite sources (i.e. a source and a sink)
separated by a distance d#0.

» Vortex (virveltraden)
The velocity field in a water vortex
Magnetic field around a straight wire



POINT SOURCE

A single identifiable localized source with negligible extent.

Let’s calculate the velocity field of the water
that flows from a thin pipe into a large pool.

:
N

Assumptions

1- The source is homogeneous in time
the rate of the water from the pipe
is constant: Volume/s=constant=F

2- The emission is homogeneous in all
directions

3- No absorption, no losses

Then:
F=S-v _ F
_ =V=—7 €
S =4nr’e drr
. _ - S n
In general, the vector field generated by a point sourceis: | A(7)=—e,




POINT SOURCE

The vector field generated by a point source located in the origin is:

If the source is not in the origin, then:

AF)=s Lo

where 7, is the position of the source
|r — 1,

3

* For the electrostatic field we have:

p— 1 A .

E = q —26 with s = 9
dre, r dre,

» For the gravitational field we have:

= —GMLe with s=-GM
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POINT SOURCE

The flux produced by a point source through a closed surface S
(with S boundary of the volume V) is:

S . — 0 If the source is outside V
ﬁ—z e, - ds =
s T TS

If the source is inside V

THEOREM 1 (1.1 in the book)

PROOF 4

1. The origin is outside V V

In V the field is continuously differentiable.
Therefore we can apply the Gauss’ theorem:

A

#;—2 é,-dS = [|[ div (riz é,,jdV S
S vV

v



2. The origin is inside V
In V the field is not continuous,
since the origin is a singular point!
Therefore we can NOT
apply the Gauss’ theorem in V.

But we can divide V into two volumes:
V=V+V,

V.is a “small” sphere with radius ¢
with centre on the source (the origin).
V,is the remaining part of V

Gauss 'theorem.

V, does not b 14 7
contain the 0rigiN<+S€ —Sg

:”div(izérjdV— [[56, a5 = -

v

A

H_e (=4,)dS = ”_ds_—”ds_—47zg — 475

l Area of the sphere
with radius &



THE POTENTIAL OF A POINT SOURCE

S
The potential from a point source is: ¢ = ——+const.
r
og . 10¢. 1 0¢. a(le s .
In fact: radg=—"e +———e¢, + e =—s—| —|e. =—e
nfact gradg = et e g0~ ol ) T Y
—— —

=0

ELECTROSTATIC FIELD FROM A POINT SOURCE

The electrostatic field from a point source is E =

e,

g 1
47[8 2

In electrostatic the potential is often defined as E=- grad ¢E

Therefore, the electrostatic potential is: ¢E =

The flux of the electric field is:

I g
drg, 1
” E-dS = 9 where q is the total charge inside S
E
S 0




DIPOLE SOURCE

Two identical but opposite sources (i.e. a source and a sink)
separated by a distant 4. P

° Az

The origin O is in the middle between
the positive and the negative charge.

If r>d
rRV RV
r —r. ~dcosl

The potential due to the dipole is:

N S -=s r —r d cos @
¢(r):—+—=s — RS——
r, r rr. 7

|deal dipole: ds = constant

The dipole moment is defined as: p= sd

The field generated by the dipole is: ¢(_) _pr

ST

_ D7
E(r)z—grad¢=—grad£pr3 j= -t _




DIPOLE SOURCE (example)

| 1 L] | I L] L] 7 | | T T L]
0.6 B
_ s S
)2 |
r. r
_ dcosf I
¢(r ) =3 2 0.z .
r I~ J_.i
gt good
N0 pproximation -
RP
—0.21 N
—0.4k E(F) = , _
r ~_ Goagd
. Perpendicular.to approxitation
t thle level Isurfacgs. | | | o
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VORTEX (or similar fields)

The velocity field in a water vortex, the magnetic field around a straight wire...

The vector field generated by a vortex has the shape: A(r)=—¢,
o,
The circulation of this vector field is
k where N is number of turns of L
THEOREM 2 .2 in the boo —_ 2 . o
(112 mile booly egp dr =27kN around the z-axis
L ,0 N is positive if the turn is along +L

N is negative if the turn is along -L

PROOF

The field has a singularity on the z-axis.
Therefore the Stokes’ theorem cannot be applied directly.

We consider a circular path L, with radius ¢

jﬁAw'dF:I k"(p.dfzj ké(p'dF-F ké{p.d?: Yz

L P L+L.-L . +L -1 P L+L +1 -1, p —L, p

k) = k. 0 ok ..
”mt(—ewj-dS + | — w,f«’dF:JZ Ege e dp =2k
/ 0 (2N

S P -L, P ; & ~

dr =-¢ge,dg

Closed path that does not contain the z-axis.
We can apply the Stokes’ theorem! L
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WHICH STATEMENT IS WRONG?

q

1- The vector field —-¢. is produced by a point source (yellow)
r

2- The vector field 5@, can represent the velocity field of a vortex
(red) P

3- The flux of the field from a point source is always (green)

”izér-d§=47zs
dr

k .
4- The circulation j;% -dr =27k if L has only one turn around z (blue)
L
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LAPLACE AND POISSON EQUATIONS

TARGET PROBLEM

A sphere has radius R and a charge density p=p..
Calculate:

- the electric field and

- the electrostatic potential

inside and outside the sphere.

We know:
v.E=Ffe
‘90
E:_V¢E

P
Therefore: V2¢E -
€y

This equation is an example of:

Laplace’s equation | V¢ =0

Poisson’s equation V2¢ =p

z

P

v

12



SYMMETRIC SOLUTIONS

OF THE

LAPLACE EQUATION V?¢=0

PLANAR SYMMETRY ¢ =¢(X)  (NOyandzdependences)

In cartesian coord.

Vg Eazqﬁ P9, a%} d*¢(x)
ox* oy oz

=0 = ¢(x):ax+b

CYLINDRICAL SYMMETRY ¢ = ¢(p) (NO ¢ and z dependences)

In cylindrical coord.
V2¢=£l 0 [pa¢j+ 1 82¢+52¢} 14 (pd¢(p) 0| = pd¢('0):a
pop\" dp) p’op’ o pdp\" dp dp

SPHERICAL SYMMETRY ¢ — ¢(7") (NO @and ¢ dependences)

In spherical coord.
2
SN T N PP S )

r>or\' or) r’sin@ 06 00 ) r*sin’ 0 0¢’
d d
i2 d r’ ¢(r) =0= r? ¢(r)
redr dr

7 13




LAPLACE AND POISSON EQUATIONS

In general, it is not easy to solve these equations. However some theorems could help us.

THEOREM 1 (122 in the book)

PROOF
We know: V-(fV)z(Vf)-V+fV-V (ID2)
g:@}: V(¢VP)=V§-Vg+$(V-V§)=(Vg) +4V’¢
=0
V($V)- (V) =0 :jﬁ[v ¢V¢ (Vo) | =0

If ¢ has continuous second derivatives in the volume V
and ¢ =0 on the surface S that encloses ¥, then the solution

to the Laplace equation V°¢=0 is:
¢ (x,,z)=0 in V

th orem I

”¢V¢-dS—III@2dV:O = ¢=0

>0

=0

because ¢=0on S
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DIRICHLET BOUNDARY CONDITIONS

Vig=p
¢p=0 onS

Dirichlet boundary condition

THEOREM 2 (123 in the book)

What can we say about the solution?

The Poisson’s equationV°¢ = p in V
with boundary condition ¢=con S
has only one solution.

PROOF Let’s assume that ¢, and ¢, are two solution:

Let’s now define ¢y=¢;-¢,

V2¢o =V’ (¢1_¢2):ﬁ_%20

Vg=p and ¢ =0 onS

V¢,=p and ¢,=c onS

P P

Due to theorem 1:

&, :ﬁ—ﬂz:o onS

o

@=0inV

$=gpin V
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NEUMANN BOUNDARY CONDITIONS

Vig=p

a¢—n -Vo=y on$S
on

Neumann boundary condition

THEOREM 3 (12.4n the book)

What can we say about the solution?

The solution to the Poisson’s equation V’¢=p inV

with boundary condition n-Vg=y onS
is not unique. If ¢ is a solution then ¢+c is also solution

where ¢ is an arbitrary constant.

PROOF Let’s assume that ¢, and ¢, are two solution:

V¢=p and #-Vé=y onS
V¢,=p and #-Vé,=y onS

Let’'s now define @gy=¢,-¢,

V2¢o =V? (¢1 _¢2):
V4, =i-(V

0= ”.¢OV¢O -ndS —J”V o,V @, dV = JI[ V¢O dV = V¢,=0 = ¢, =const.

p p
—r —r

Vg —-Vh =0 -
A-V0, = -V, =0= ¢V -i=0 onS= [[4V, - 7dS =0
S

—V¢2) -0 onS

>0 = @ =¢, +const.

see proof of

Gauss’ theorem
theorem 1
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TARGET PROBLEM !

A sphere has radius R and charge density p=p..
Calculate:

- the electric field and
- the electrostatic potential

inside and outside the sphere.

v

Spherical symmetry: ¢ = ¢(r)

Outside the sphere
typically

V2¢E:0 — ¢gut(,,):_ﬁ+b limg, (r)=0 = b=0 X
r
E:—V¢ =— d¢E (l") ld¢E(r) 1 d¢E(r) :>E0ut __d¢l:0“ut (I") __i
‘ dr 'r do ’rsind dg R F
Inside the sphere
Vig, = L izdi[rz %(r)]:_&
&y rodar r L2
i 20 (0)_ P dg(r)  pr e g
ltiplying by 2 “YE P. e yo, . yo,
and integrating: r =——4C = == 4+ = —_ I +d
d integrating dl’ 3(90 d]/' 36‘0 ]/'2 : ¢E (r) 680
. d in
E,in:_ ¢2(r) :+3pcr—£2
r E, r
"N

Divergent at r=0
NOT physical! = c¢=0 17



TARGET PROBLEM

We still have to calculate ¢ and d!
Boundary conditions:

3
E(R)=E"(R) = -2 -2R o AKX
R 380 350
f " PR PR p.R’
ou _ _P g J=
E (R) E (R) = 680 + 380R = 250
out P, R3 out ,OCR3
=2C D S A -
() 3g,r ' +380r2
2 2
én(r)ngR [3—r2j Er=+2L
€ R 3¢g,
E} A
R If R I"=

v
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